Google 


This  is  a  digital  copy  of  a  book  that  was  prcscrvod  for  gcncrations  on  library  shclvcs  bcforc  it  was  carcfully  scannod  by  Google  as  pari  of  a  projcct 

to  make  the  world's  books  discoverablc  online. 

It  has  survived  long  enough  for  the  Copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  Copyright  or  whose  legal  Copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  cultuie  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  flle  -  a  reminder  of  this  book's  long  journcy  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  Steps  to 
prcvcnt  abuse  by  commercial  parties,  including  placing  lechnical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  ofthefiles  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  System:  If  you  are  conducting  research  on  machinc 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  laige  amount  of  text  is  helpful,  please  contact  us.  We  encouragc  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  flle  is essential  for  informingpcoplcabout  this  projcct  and  hclping  them  lind 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  lesponsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  Copyright  varies  from  country  to  country,  and  we  can'l  offer  guidance  on  whether  any  speciflc  use  of 
any  speciflc  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  mcans  it  can  bc  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

Äbout  Google  Book  Search 

Google's  mission  is  to  organizc  the  world's  Information  and  to  make  it  univcrsally  accessible  and  uscful.   Google  Book  Search  hclps  rcadcrs 
discover  the  world's  books  while  hclping  authors  and  publishers  rcach  ncw  audicnccs.  You  can  search  through  the  füll  icxi  of  ihis  book  on  the  web 

at|http: //books.  google  .com/l 


THE  ELEMENTS 


OP 


ALGEBRA. 


GamMDge: 


FBINTXD    BT    C  J.  CLAV.  U.A. 
AT  THX   UinVXBaiTY  PBU8. 


THE   ELEMENTS 


OP 


ALGEBRA 

DESIGNED    FOR    THE    XJSE    OF    STXJDENTS 
IN    THE    UNIVERSITY. 


BT 


The    late    JAMES    WOOD,    D.D. 

DEAN  OF  ELT,  AND  M A0TKR  OF  ST  JOUITB  OOLLEOB, 

CAMBRIDOK. 

^/'^  ^r' -^^-^ 
X'  "'•'■      '  ■  ^^  •  * 


FIFTEENTH  EDITION, 

CA  REPULL  r    REVISED    AND    MUCH    ENLARQED 

BT 

THOMAS   LUND,    B.D. 

LATE  FELLOW  AND  8ADLKRIAN  LECTUBBB  OF  ST  J0HN*8  OOLLIOB, 

CAUBBIDGE. 


LONDON: 

LONOMAN,  BROWN,  GREEN,  L0NGMAN8,  AND  ROBERTS, 

PATEBNOSTER.ROW. 

1857. 


///.     ^.// 


ADVERTISEMENT  TO  THE  FIFTEENTH  EDITION. 


Thi8  Edition  has  been  revised  throughout,  and  some  new  matter 
carefuUy  introduced  by  the  Bev.  J.  B.  Limn,  Fellow  of  St  John^s 
Ck>Il^e,  whose  assistance,  through  continued  ill  health,  I  was  compelied 
to  seek.  By  this  circumstance  the  public  at  least,  I  am  persuaded, 
will  be  gainers,  inasmuch  as  a  youthful  freshness  has  been  imparted  to 
the  book  which  I  could  scarcely  hope  to  have  given  it  myself.  Besides 
various  other  improvements  the  Articles,  to  which  duplicate  numbers 
with  an  asterisk  are  prefixed,  and  the  Notes  at  the  end,  are  insertions 
entirely  due  to  Mr  Lunn. 

The  Bev.  G.  F.  Beyner  also,  one  of  the  most  able  and  experienced 
Sadlerian  Lecturers  in  the  University,  has  lent  his  valuable  aid  in  per- 
fecting  the  work;  and  has  supplied  me  with  a  new  series  of  original 
Problems  of  a  very  superior  class. 

And,  lastly,  through  the  kindness  of  the  Bev.  J.  G.  Ebden,  formerly 
Fellow  and  Tutor  of  Trinity  Hall,  a  coUection  of  Notes  has  been  placed 
in  my  hands,  the  work  of  a  deceased  friend  of  his,  the  late*Bev.  B.  B. 
Wildig,  of  Gaius  College,  which  amount  to  a  complete  recension  of  the 
last  Edition,  and  exhibit  an  uncommon  degree  of  acuteness  and  depth  of 
thought.    These  Notes  have  been  found  most  useful. 

With  help  of  such  an  extent  and  character  I  may  fairly  assert,  that 
the  present  Edition  will  issue  from  the  Press  under  great  advantages  and 
with  many  solid  improvements;  although  I  have  resisted  extensive  altera- 
tions,  suggested  by  others,  out  of  a  due  regard  to  the  stability  which, 
ffi  the  mainj  I  conceive  ought  to  belong  to  such  a  book. 

As  before,  that  for  which  Dr.  Wood  is  answerabie  is  printed  in  the 
larger  type,  so  as  to  be  easily  distinguishable  at  a  glance. 

T.L, 

MorUm  ReoUiryt  near  Aifrdon, 
Od.  6,  i8?7. 


"  At  the  latter  end  of  the  last  oentury  Dr  Wood,  the  prcsent  learned  and 
venerable  Mastor  of  St  John*s  College,  Cambridge,  in  conjunction  with  the  late 
Professor  Vinco,  undertook  the  publication  of  a  sorics  of  elementary  works  on 
analysis,  and  on  the  application  of  mathematics  to  different  branches  of  natural 
philosophy,  principally  with  a  view  to  the  benefit  of  students  at  the  Univer- 
sities.  The  works  of  the  latter  of  these  two  writers  havo  already  fallen  into  very 
general  neglect,  in  consoquonce  partly  of  their  want  of  elegance,  and  partly  in 
consequence  of  their  total  unfitness  to  teach  the  more  modern  and  improved 
forms  of  those  different  branches  of  sdence.  But  the  works  of  his  coUeague  in 
this  tmdertaking  havo  continued  to  increase  in  drculation,  and  are  likely  to 
exercise  for  many  years  a  considerable  influence  upon  our  national  system  of 
oducation;  for  they  possess  in  a  very  eminent  degree  the  great  requisites  of 
simplicity  and  el^ance,  both  in  their  composition  and  in  their  dcsign.  The 
propositions  are  clearly  stated  and  demonstrated,  and  are  not  incumbered  with 
unnocossary  explanations  and  illustrations.  There  is  no  attempt  to  bring  promi- 
nently  forward  the  peculiar  views  and  researches  of  the  author,  and  the  different 
parts  of  the  subjocts  discussed  are  made  to  bear  a  proper  Subordination  to  each 
other.  It  is  the  union  of  all  these  qualities  which  has  given  to  his  works,  and  par- 
ticnlarly  to  his  Algebra,  so  great  a  degree  of  popularity,  and  which  has  secured,  and 
is  likely  to  continue  to  secure,  their  adoption  as  text-books  for  lectures  and 
instruction,  notwithstanding  the  absence  of  very  profound  and  philosophical 
views  of  the  first  principles,  and  their  want  of  adaptation,  in  many  important 
particulars,  to  the  mothods  which  have  been  followed  by  the  great  Continental 
writers.        « 

''  In  later  ümes  a  great  number  of  elementary  works  on  Algebra,  possessing 
various  degrees  of  merit,  have  been  published.  Those,  however,  which  have  been 
writton  for  purposes  of  instruction  only,  without  any  reference  to  the  advancement 
of  now  views,  either  of  the  principles  of  the  science,  or  to  the  extension  of  its 
applications,  have  generally  Med  in  those  great  and  essential  requisites  of  sim- 
plidty,  and  of  adequate,  but  not  excessive,  Illustration,  for  which  the  work  of 
Dr  Wood  is  so  remarkably  distinguished ;  whüst  othcr  works,  which  havo  pos- 
sessed  a  more  ambitious  character,  have  been  generally  devoted  too  cxclusively 
to  the  development  of  some  peculiar  views  of  their  authors,  and  have  conscquently 
not  been  entiÜed  to  be  generally  adopted  as  text-books  in  a  system  of  acade- 
mical  or  national  education."— PrQ/'e«or  Peacocl^  Report  to  t/ie  British  Asso- 
ciation  "  On  Certain  Branches  <\fAnalymP 
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ERRATA. 


Page   K3,  line  19,  after  2n+l  intert  the  word  "digits.*' 
...    2fiO,  line  3  from   bottom,  /«w   — ^read 


n-1  n+1 ' 

...    324,   Ux.  2(\.    The  denominator  of  the  firat  fraction  should  be 

v^^+V*«^^  instead  of  ^^jr+^^^«. 

...    332,  Ex.39.     The  an8wer*=:V/5(V2-l)8houldbcJ=V  i (s/2-1). 

...    350,  Prob.  «V    For  all  after  the  second  paragraph  Substitute  the  following: 

These  houni  are  those  indicated  by  the  clock :  and  since  theclock  gains 

Ol*  in  24  hours,  24x60x00*  + Ol«  of  clock  time»  24x60x00'  of  real  time. 

,  ,  ^       ,    .  24x60x00  +  01  ^  r   1     1     : 

.'.  1  hour  of  real  time  »  ~«.   „^  »^ —  hourt  of  clock  time ; 

24x60x60 

^      .  .      ,     ,         ^  ^24x60x60  +  0-1      r 

.-.  the  watch  gam»  upon  the  clock  to  the  amount  of  — — ^  ,.,,  ..., —  x  •=- 

24x60xWI         o 


Let  X  be  the  gaining  rate  of  the  watch  per  hour  :  then  since  ^  is  the 
gaining  rate  of  the  clock,  jr  — —  is  the  gain  of  the  watch  upon  the  clock 


per  hour, 

OJ      24x60x60 +  0i      1 
•••'*~24"      24x60x60      ^6' 

1        1  Ol 

or  .r  =  :r::,  +  «  + 


240^6      6x24x60x60' 

nr         -.^  -.  „  -^ 

10  ^     36 


I  0*000^ 

.*.  the  diumal  gain  of  the  watch  is  24.r,  or  —+4-6+  " , 


t. e.  40000056... seconds. 

...    350,  line  3  from  bottom,  far  A  <n  read  a<n. 

...    350,  last  line,  and  p.  360,  lines  1,  5,.  6,  for  whole  number  next  Icss  than, 
rfad  whole  number  equal  to,  or  next  less  than, 

...    360,  Ime  6, /or     — ..---read r.^^ — -, 

P        P - 1  P^      P  ^^ 

....   496,  line  3  from  bottom,  for  i^'2U.  13«.  id.  read  £417.  lOf.,  and  supply  th« 
following  Ans  wer: 

Cost  of  type  at  Cambridge  =^60. 
Oxford       =^1000. 
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2  VÜLQAB  FRACTIOKS. 

6.  A  quantity  consisting  of  a  whole  number  and  a  fraction 
18  called  a  mived  number,  as  7^^»   which  signifies  7  integera 

together  with  —  of  an  integer. 

7*     Every  integer  may  be  conridered  as  a  fraction  whose 

5 

denominator  is  1 ;  thus  5.  or  5  units,  is  ~  • 

1 
5 
And  --  may  be  read  5  integerSy  or  5  whdUt» 

8.  A  cantinued  fraction  is  one  whose  denominator  is  continued 
by  being  itself  a  mixed  number,  and  the  denominator  of  the  fractional 
part  again  continued  as  before^  and  so  on :  thus 

•  1-  5 

— .-  ,    7 +•»—<-  are  called  continued  Jiractions*^ 

^^1  9  +  &C. 

9.  To  muUipIy  a  fraction  by  any  whole  nutnber. 

RuLB.  Multiply  the  num^rator  by  that  number  and  re- 
tain  the  satne  denominator. 

Thus  —  multiplied  by  7  is  — .     For  the  unit  in  each  of 

Ä  14  ...  . 

the  fractions  —  and  —  is  divided  into  15  equal  parts,  and  7 

fimes  as  many  of  those  parts  are  tatcen  in  the  latter  case  as  in 
the  former. 

10.  To  divide  a  fraction  by  any  wkole  number. 

RuLE.  Multiply  the  denominator  -by  tbät  number  and 
retain  the  same  numerator. 

-Thus  -  divided  by  4  is  —  .     For,  the  unit  beiiig  dfvided 
5  •'20  ® 

5  3 

into  four  times  as  many  equal  parts  in  ^  as  it  is  in  - ,  each  of 

the  parts  in  the  latter  case  is  four  times  as  great  as  in  the 
former,  änd  the  same  number  of  parts  is  taken  in  böth  cases ; 
therefore  the  former  fraction  is  one  fourth  of  the  latter. 

*  To  aroid  repttittoD  tht  rtader  it  rafored  to  the  fint  lectlon  of  iche  Algeir» 
for  the  cxplanatioD  of  the  signt  +,  «^  x,  «,  -h,  &c. 


TüLaAB  FRACnOKSU  8 

11.  A  ringle  fraeHan  may  he  eonHdered  as  representing 
ihe  quotimU  ariaingfram  the  diviHon  ofthe  numerator  by  the 
denaminaior. 

Thus  the  fraction  -  represents  the  quotient  of  S  divided 
by  4;  for  S  is  -  (Art.  7)»  and  this  divided  by  4  is  the  fraction 

~  (Art.  10).     If  the  integer  be  supposed  a  pound,  or  twenty 

3  1 

Shillings,  -  of  £1^  which  is  15  Shillings,  is  equal  to  -  of  £8^ 

4  4 

which  is  also  15  Shillings. 

13.  If  the  numerater  and  denanünaiar  of  a  fracHan  he 
hoih  mulHpKed  by  the  same  numher^  the  value  of  the  fraction 
is  not  altered. 

For,  if  the  numerator  be  multiplied  by  any  number,  the 
fraction  is  multiplied  by  that  number  (Art.  9);  and  if  the 
denominator  be  multiplied  by  the  same  number,  the  fraction  is 
divided  by  it  (Art.  10);  and  if  a  quantity  be  both  multiplied 
and  divided  by  the  same  number,  its  value  is  not  altered« 

^,        5      15     150     ^ 
Thus  —  «■  —  =  — ,  &C. 
14     42     420 

Cor.  Hence,  if  the  numerator  and  denominator  of  a 
fraction  be  both  dieided  by  the  same  number,  its  value  is  not 

altered ;  smce  — -  «  —  «  — . 

4S0     42     14 


BEDTJOTION.       . 

The  Operation  by  which  a  quantity  is  changed  from  one 
denomination  to  another,  or  by  which  a  fraction  has  its  terms 
diminiahed,  untKout  altering  its  value^  is  called  Reduction. 

18.  To  reduce  a  tohole  number  to  a  fraction  with  a  givem 
denominator, 

RüLE.  Multiply  the  proposed  number  by  the  given  de- 
lioaiinator,  and  the  product  will  be  the  numerator  of  the 
fraction  required. 

1— a 


4  TULOAR  FRAcrnoKs: 

Ex.     Beduce  5  to  a  fraction  whose  denominatör  is  6. 
This  is  -—  or  ~ ;    because  5  may  be  con))idered  aa  a 

5 
fraction  -  (Art,  7),  the  nümerator  and  denominatör  of  which 

are  multiplied  by  6,  therefore  its  value  is  not  alterecl,   (Art.  12.) 

14.     To  reduce  a  miwed  number  io  an  improper  fraction. 

RüLE.  Multiply  the  integral  by  the  denominatör  of  the 
fractional  part,  to  this  product  add  the.  nümerator  of  th^ 
fractional  part,  and  make  its  denominatör  the  denominatör  of 
the  sum. 

Ex.  1.     Reduce  7y  to  an  improper  fraction. 

r«^«  .        A  .  4       , .  ,    .  ^       S5     4      sg 

The  quantity  7y  is  7  +  - ,  which  is  equal  to  —  +  -  or  —  ; 

O  ö  ö  ö 

85  4 

for  7  (by  last  Art.)  is  equal  to  —  ,  and  if  to  this  -  be  added^ 

the  whole  is  — . 

5 

Ex.  2.     Also  2SÄ X.  = , 

."  11  11 

;15.     7V>  reduce  an  improper  fraction  io  a  miäted  number. 

RüLB.  Divide  the  nümerator  by  the  denominatör  fbr  the 
integral  part,  and  make  the  remainder  the  numerato^  of  thc^ 
fractional  part,  and  the  divisor  its  denominatör. 

sg 

Ex.     Reduce  —  to  a  mixed  number. 

5 

S9  .  .  . 

The  fraction  — •  «7^;  because  the  unit  being  divided  into 

5  partSy  89  such  parts  are  to  be  taken,  that  is,  7  units  and 
4  such  parts. 

16.    To  reduce  a  Compound  fraction. to  a  simple  one. 

RüLB.  Multiply  all  the  numerators  together  for  a  new 
nümerator,  and  all  the  denominators  for  a  ne.w  denominatör« 


.TULGAB  FRACTIONS. 


2        4       8  4         4 

Ex.  1.     -  of  -  ■■  —  ;  for  one  third  of  -  is  — ,  (Art.  10)  ; 

therefore  two  thirds  of  the  same  quantity,  which   must  be 

twice  as  great,  is  —  (Art.  9). 

_  8    ^        3    ^5     15 

Ex.  2.     -  of  5  -  -  of  -  =  —  • 
4  4        14 

Ex.  3,    ?of  lof  ^r   ^^ 


3       5        11     165' 

Mixed  Dumbers  must  be  reduced  to  improper  fractions 
before  the  rule  can  be  applied.     Thug 

Ex,  4.     -  of  -  of  3i  «  —  of  3a  »  —  of  —  (Art.  14)  «  — - . 

8       9         "      72       ^      72        12^  ^864 

17*     To  reduce  a  conlinued  Jraclion  to  a  simple  one. 

Apply  the  rule  (Art.  14)  fbr  reducinff  a  mixed  number  to  an 
improper  fWiction,  commencing  at  the  lowest  extremity  of  the 
continued  fWiction,  and  proceeding  gradually  upwards  until  the 
whole  is  reduced  to  a  simple  fraction.  But  as  this  Operation  re- 
quires  the  use  of  a  rule  not  yet  proved,  the  example  is  deferred  to 
Art  38. 

« 

18.  To  reduce  a  fraction  io  lower  terms. 

Rule.  Whenever  the  numerator  and  denominator  of  a 
fraction  have  a  common  measure^  that  is,  a  number  whieh  du 
videe  eäch  cf  them  u>Uhoui  remainder,  greater  than  unity,  the 
fraction  may  be  reduced  to  lower  terms  by  dividing  both  the 
numerator  and  denominator  by  this  common  measure. 

Ex.     —  is  reduced  to  —  by  dividinir  both  the  numerator 
120  24    -^  ® 

21  7 

and  denominator  by  5 ;   and  —  is  again  reduced  to  -  by  di- 

24  8 

viding  its  numerator  and  denominator  by  3.     That  the  value 

of  the  fraction  is  not  altered  appears  from  Art.  12^  Cor. 

'  ,  168      84      28     4 

In  the  same  manner  —  ■■  —  »  _  «  - . 

210      105      S5     5 

19.  The  ^^  Greateat  Common  Measure^  of  two  numbere 
iefound  hy  dividing  the  greater  hy  the  lessj  and  the  preceding 
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divisar  hy  the  remaindery  amtinuaüy^  HU  nothing  ü  kfi :  the 
last  divisor  is  the  greatesi  common  measure  required. 

Dir.  The  GreatesI  Common  Meatmne  of  two  or  more  numbers 
is  the  greatest  number  which  will  divide  each  of  them  withoat 
remainder. 

£x.     To  find  the  greatest  common  measure  of  189  and  224« 

189^2<I 

189 

35^189^5 
176 

«8 

7^14(^2 
14 


By  proceeding  according  to  the  ruk,  it  appears  that  7  is 
the  last  divisor,  or  the  Greatest  Common  Measure  sought. 

The  proof  of  this  rule  will  be  given  hereafter,  See  Art« 
103. 

20.  A  fracHon  is  redueed  to  its  lowest  terms  hy  dividing 
its  numerator  and  denominator  by  their  greatest  Common 
Measure. 

JBx,     To  reduce  -^  to  its  lowest  terms. 

396 

By  the  Rule  given  in  the  last  Art.  the  greatest  Common 
Measure  of  the  numerator  and  denominator  is  found  to  be  1 1 ; 

and  therefore  rrz  is  the  Araction  in  its  lowest  terms« 

86 

CoB«  If  unity  be  the  greatest  Coromöh  Measure  of  the 
numerator  änd  denomiüator,  the  fraction  is  already  in  its 
lowest  terms. 

21.  To  reduce  any  nu$nber  ofjraotions  to  a  common 
denominator. 
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RüLS.     Having  reduced,  if  there  be  any,  Compound  frac- 

tiong  to  dmple  ones,  and  mixed  numbers  to  improper  fractiong, 

multiply  each  numerator  by  all  the  denominators  except  its 

own  fot  the  new  numerator,  and  all  the  denominators  together 

for  a  common  denominator. 

12  3 

£x.  1.     Reduce  -9-9  and  -  to  a  common  denominator. 

2  3     4 

1x3x4  2x2x4    ,  2x3x3     12   I6     ,18 

, •  and ;  or  —  ,  — ,  and  — 

2x3x4     2x3x4  2x3x4  24     24  24 

are  the  fractions  required.     These  fractions  are  respectively 
equal  to  the  former,  the  numerator  and  denominator  in  each 
case  having  been  multiplied  by  the  same  numbers,  namely, 
the  product  of  the  denominators  of  the  rest  (Art.  12), 
1x3x4      1      2x2x4      2  ,  2x3x3      3 

"   '      ■■  - ;  — — —  M  - ;  and  '         m  - . 

2x3x4      2      2x3x4      3  2x3x4      4 

2       3 
£x.  2.     Reduce  -  of  -  and  4l  to  a  common  denominaton 

5       4  ^ 

rr.t.  6-13  8        ,  13       ,       I.        9        j  150 

These  are  —  and  — ,  or  —  and  —  ;  therefore  —  and  — 

20  3  10  3  SO  30. 

are  the  fractions  requirecL 

22.  If  the  denominator  of  one  of  two  fractions  contain 

the  denominator  of  the  other  a  certain  number  oftimes  ewactly, 

mukiplg  the  numerator  and  denominator  of  the  latter  by  that 

number,  and  it  wiU  be  reduced  to  the  same  denominator  witk 

thefbrmer. 

5  2 

Ex.     Reduce  —  and  -  to  a  common  denominator. 

12         3 

Since  12  contains  3  four  times  exactly,  multiply  both  the 

2  8 
numerator  and  denominator  of  -  by  4,  and  it  becomes  — ,  a 

3  "^  12 

5 
fraction  having  the  same  denominator  with  ^  • 

In  the  reduction  of  fWictions  to  a  common  denominator  the 
foHowing  rule  is  frequently  required,  in  order  that  the  reduced 
fractions  may  be  in  their  umest  terms  i^^ 

23.  Toßnd  the  ^^Least  Common  MKltipU"  of  anif  numbers. 

Dbf.  The  ''Least  Common  Multiple**  of  any  numbers  is  the 
leaft  number  which  is  divisible  by  each  of  them  without  remainder» 
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RuLK.  To  find  it,  write  down  in  one  line  die  nombert  of  whicb 
the  least  common  multiple  is  required,  teparating  them  by  some 
mark,  as  a  comma.  Divide  aÜ  tkose  which  kave  a  common  measure  hy 
that  common  measure*,  and  bring  down  the  other  numbers  placed  in 
a  line  with  the  quotienta,  separated  as  before ;  and  repeat  this  pro« 
cess  as  long  as  any  common  measure  exists  between  two  er  more  of 
thep9*  The  Least  Common  Multiple  required  will  be  the  continued 
produot  of  the  divisors  and  of  the  final  quodents. 

£z.    Required  the  Least  Common  Multiple  ofSj  18,  and  18. 

9     8,     12,     18 

2 

8 

2,       1,       8 
Least  Cmn.  Mült  is  2x2x5x2x1x5  or  72. 

The  proof  of  this  rule  will  be  given  hereafter«    See  Art  115. 

N.B.  In  finding  the  Least  Common  Multiple  of  any  numbers 
care  must  be  taken  to  foUow  the  Rule  strictly,  viz.  to  "  divide  all 
those  which  have  a  common  measure  by  that  conkmon  measure." 
Thus,  as  above,  the  Least  Common  Multiple  of  8,  12,  and  18  is 
correctly  found  to  be  72;  but  the  Operation  might  be  carelessly 
attempted  as  follows:  ' 

'  first  taking  fof  a  divisbr  6,  the  common 


A      6.      9 


2,      5, 


8,    2,    8  measure  of  12  and  18,  instead  of  2,  the 

**      common  measure  of  otf  / 


4,     1,     8 

from  which  we  should  conclude  that  the  Least  Common  Multiple 
required  is  6x2x4x1x3,  or  144;  which  is  twice  as  great  as  the  true 
lf«tft  Common  Multiple. 

Also,  it  is  obvious  that  in  any  proposed  case  those  numbers  may 
be  entirely  omitted  in  the  Operation  which  are  contained  in  any 
of  the  others.  Thus,  to  find  the  Least  Common  Multiple,  of  6,  7> 
12,  and  14,  we  observe  that  6  is  contained  in  12,  and  7  in  14;  there- 
före  it  remains  only  to  find  the  Least  Common  Multiple  of  12  and 
14,  which  is  84. 

34.  To  reduce  fraciioni  to  a  common  denondnator^  in  their  tomesi 
terms f  ßnd  the  '* Least  Common  Multiple"  qf  all  the  denominators, 
and  make  that  the  common  denominator  by  muUip^fing  bolh  the 
numerator  and  denominator  qf  eachfraction  6y  the  quotieni  qf  Least 
Common  Multiple  dividcd  hy  the  denominator^ 

12      5      12  5 

£x.     Reduce  to  a  common  denominator  c  >  ;r  >  tt»  öT  '^^  7  * 

*  That  is,  the  difisor  must  be  prime  to  those  numbera  which  it  döes  not 
it^oMwre,  We  are  sure  we  comply  with  the  dirtetiön,  if  we  diVide  by  prim«  num» 
Bert  onljr. 
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Th«  Lawt  Common  Multiple  of  the  denominators  by  Art  23  is 
foimd  lo  be  84;  and  therefore  the  required  fractions  are 

28x1  12x2       6x8       4x12     21x3 

28x3'  12x7»   6x14'   4x21*  21x4* 

28  24  18  48  63 

^84'  84'        84'        84'        84' 

25.  Cov.    By  reducing  fractions  to  a  common  denomi- 
uator  tbeir  values  may  be  compared. 

4  7 

Thus  -  and  — ,  when  reduced  to  a  common  denominator« 

7         12 

48         49 
are  —  and  — ;  that  is,  the  fractions  have  the  same  relative 
84  84 

Talues  that  48  and  49  have. 

26.  By  reducing  fractions  to  a  common  numerator  also  their 
values  may  be  compared. 

3  4 

Thus  -^  and  •-- ,  when  reduced  to  a  common  numerator«  are 
13  17 

12  12  .  ' 

zz:  and  -^ ;  and  since  the  former  of  these  fractions  sifnifies  that  the 

52         51  ^ 

unit  18  divided  into  52  equal  parts  of  which  12  are  taken,  and  the 

latter  signifies  that  the  unit  is  divided  into  51  equal  parts  of  which 

12  are  taken,  it  is  obvious  that  the  latter  fraction  is  the  greater  of  the 

two^  or  that  which  has  the  smaller  denominator. 

27«     Toßnd  the  value  of  a  fraotion  of  a  pröpoaed  deno^ 
mination  in  terms  of  a  lower  denomination, 

RuLE.     Multiply  the  fraction  by  the  number  of  integers 

of  the  lower  denomination   contained  in  one  integer  of  the 

higher,  and  the  product  is  the  value  required.     The  value  of 

any  fractional  part  of  the  lower  denomination  may  be  obtained 

in  the  same  manner,  tili  we  come  to  the  lowest. 

5 
Ex.  1.     What  is  the  value  of  -  of  £l  ? 

7 

5     '  5 

First,  -  of  £l  is  -  of  20  Shillings, 

or  -  of  —  Shillings  ■■  —  « 14|-  Shillings ; 

Next,   -   of  a  Shilling  «  -  of  —  pence, 

24 
«  —  pence  «  Sf  pence ; 
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Lastly,  -  of  a  penny  «  -  of  4  farthings  «  -  of  -, 

or  —  farthings  m  i|.  farthings : 

5  «.     d   9. 

hence»  -  of  a  pound  is  14.3.  l^. 

The  Operation  is  usually  performed  in  tbe  following  manner: 

£5 
20 


7^100 

14— £«. 

12 

7>4 

S-Sd. 

4 

7^12 

1- 

Aks. 

14 

d. 
.5 

9- 

.if 

What 

• 

18 

5 

the  value  of  -  of  a 

9 

ßC 

5 

• 

9>5 

2-7*. 

12 

9;84 

9"3d. 

4 

9^12 

1— Sg, 

Ans. 

d. 

9. 

if. 

TULGAB  FBACTIONS.  11 

28.     To  reduce  a  quantity  to  a  fraciian  of  any  denami'    , 

RüLB.  Make  the  given  quantity  the  numerator,  and  the 
Dumber  of  integers  of  iu  denomination  in  oae  of  the  proposed 
denominatioQ  the  denominator,  and  the  fraction  required  is 
determined* 

».      d.       q, 

£x.     What  fraction  of  a  pound  is  12  •  7  •  3  ? 

*  d.         4L  flL  f. 

12.7.8«  607 ;  and  one  pound  m  96O ; 

607 
therefiore  --^  is  the  fraction  sought :  because  the  integer  being 

«.     d.    9. 
divided  into  960  equal   parts,    12  •  7  •  3   contains  607  such 

parts. 

29*  In  the  last  example  we  were  oUiged  to' reduce  the 
whole  to  farthings ;  and  in  general,  if  the  higher  denoinina- 
tion  do  not  contain  the  lower  an  exact  number  of  times,  reduce 
them  to  a  common  denomination,  and  proceed  as  before. 

Ex.     What  fraction  of  a  guinea  is  half  a  crown  ? 

Here  sixpence  is  the  greatest  common  denomination,  of 

which  a  guinea  contains  42,  and  half  a  crown  5,  therefbre 
5 
—  is  the  fraction  required. 

42 

Any  common  denomination  would  answer  the  purpose; 
but,  if  the  greaieat  be  taken,  the  resulting  fraction  is  in  the 
lowest  tervM. 

30.     To  reduce  a  fraction  to  any  denomination. 

RüLB.  Find  what  fraction  of  the  proposed  denomination 
an  nteger  of  the  denomination  of  the  given  fmction  is,  and 
the  fraction  required  will  be  found  by  Art.  l6. 

1  2  .   .  2 

1  Shilling  is  —  of  a  pound,  therefore  -  of  ]  Shilling  is  - 

20  3  3 

of  —  of  a  pound,  ■»  tt  ■■  —  of  a  pound. 
20    *^   '   60  80    ^ 
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5 

£x,  2.     What  fraction  of  a  yard  is  -  of  an  inch  ? 

1  inch  is  — -  of  a  yard.  therefore  -  of  an  inch  is  -  of  -- 
86  ^      '  7  7        S6 

of  a  yard.  ■•  —  of  a  yard. 

4 
Ex.  S.     What  fraction  of  a  guinea  is  -  of  a  pound  ? 

.      20  .  4r 

1  pound  is  —  of  a  guinea  (Art  29) ;  hence  -  of  a  pound 

4        20  .80 

is  -  of  —  of  a  iruinea  ■•  —  of  a  ffumea. 
9       21  *  189 


ADDITION  OF  FRACTIONS. 

31.     Tofind  the  sum  oftwo  or  mare  fractions, 

RuLE  I.  IffracHons  have  a  common  denominator^  their 
sum  isfound  by  taking  the  sum  of  the  numerators^  and  «ti6- 
joining  the  common  denominator. 

12     3 
Thus  -  +  -«-.     For,  if  an  integer  be  divided  into  five 
5     5      5 

equal  parts,  one  of  those  parts,  together  with  two  parts  of  th^ 

same  kind,  must  make  three  such  parts. 

82.  RuLE  II.  If  the  fractions  have  not  a  eomm,on  de* 
nominator^  reduce  them  to  a  common  denominator,  and  pro* 
ceed  OS  before. 

2       8  4 

Ex.     Required  the  sum  of  -  ^    - ,   and  - . 

40      45 
These  reduced  to  a  common  denominator  are  t-  »  -r-  >  ^Q^ 

60     60 

48       .  .    133  ,3 

rr  %  whose  sum  is  -:— ,  or  2^. 
60*  60  '         ^ 

33.  When  mixed  numbere  are  to  be  added,  to  the  sum 
of  the  fractional  parts,  found  as  before,  add  the  sum  of  the 
integers. 
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8        1 

Ex.     Add  together  5^,  6|>  and  -  of  - . 

5      1       «       815      140      24^     479        » 
4'*"s'*'85""42Ö"*"^"*'420"42Ö""    ®^' 

therefore  the  whole  sum  required  is  5  +  6  -f  1^»  or  1^^* 

SXJBTRAOnON. 

34.  Tofind  the  difference  of  ttoo  fractuma. 

RuLE  I.  The  difference  of  itvo  fracüons  which  have  a 
common  denominator  is  found  by  taking  the  difference  oftheir 
numeratoraf  and  eubjoining  the  common  denominator. 

4SI 

Thu8 ■>-.     For,   if  the  unit  be  supposed  to  be 

5     5      5 

divided  into  five  equal  parts,  and  three  of  those  partsbe  takeu 
from  four,  the  remainder  must  be  one  of  the  parts,  or  -  • 

35.  'BuLE  !!•  If  the  fractions  have  not  a  common  de* 
fiomtno/or,  lei  them  be  reduced  to  a  common  denominator^ 
and  then  take  the  difference  aa  before. 

Ex.  1. 


From  — 
11 

1     4 

take-» 

5 

9^_ 

4      45 

44 

1 

ll" 

5'' 55^ 

55 

"IE' 

From  — 
12 

of  -  take  - 
5           8 

'^i- 

Ex.  s. 

11  8      83  ,  1     1,7       7 
—  of  -  «  —  ,  and  -  of  -  «  -7 ; 

12  5      60  8       8     24 

60      24      120      120  ^  '      120 

When  tnixed  numbert  are  to  be  subtracted,  the  integers  uhlj  be 
subtracted  separately,  and  then  the  fractional  parts.    Thus, 

8i-2i=S-2+i«i-l+i-li. 

And  if  the  fractional  part  of  the  mixed  number  to  be  subtracted 
ia  greater  than  that  of  the  other,  deduct  a  unit  from  the  ffreater 
number  and  add  it  t»  afraelUmalform  to  the  smaller  fhictioniu  part ; 
then  proceed  as  before.    Thus, 
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MXJLTIPLICATION. 

36.  Dbf.  To  muUiply  one  fraction  bff  another  is  to 
iahe  such  pari  or  paris  of  ihe  former  as  the  latter  expresses. 

IluLB.  This  is  done  by  multiplying  the  numerators  of 
the  two  fractions  together  for  a  new  numerator^  and  the  de- 
nominatars  far  a  new  denaminator. 

Thug  -  X  -  «  — ;  for  2  multiplied  by  -  is,  accordiiig  to 

the  definition  of  multiplication,  -  of  - ,  or  «-  ,  (Art.  l6).    (See 
^ Companion*  p.  S.) 

If  there  be  more  than  two  fractions  to  be  multiplied  together,  a 
similar  rule  applies : — ^multiply  all  the  numerators  together  for  a  new 
numerator,  and  all  the  denominators  for  a  new  denominator. 

Thus,  -x-x-.---;  forgof--.,  andgof-«-. 

Compound  fractions  must  be  reduced  to  simple  ones,  and 
mixed  numbers  to  improper  fractions,  and  they  may  then  be 
multiplied  as  before. 

2        9 
JEx.  I.     Multiply  -  of  -^  by  7^. 

2        9       18  57 

-  of  —  =  — ;  and  7i  =  — ; 
5       IS     65  ^8 

therefore  their  product  is 

18    57     1026 

65^T      520  =*^®5-^«»- 

Ex.  2.     Multiply  —  by  7. 

2  2x7       2 

217       "  217  *"il  * 

Hence  it  appears,  tbat  a  fraction  may  be  multiplied  by  a 
whole  number  by  dividing  the  denominator  by  that  number» 
when  this  division  can  take  place. 
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Much  trouble  is  fi'equently  saved  by  observing  what  multipliers 
are  common  to  the  new  nnmerator  and  detaominator^  and  ttriking 
them  out  (Art.  12^  Cor.)  hefore  the  muUiplication  is  effected, 

12     8  4 

Thut  the  product  of  -,  -,  -»  and-«  is^  bj  the  nile, 

Ixgx8x4 
2x3x4x5 ' 

wbich  we  see  at  onoe  to  be  -,  by  striking  out  the  quantity  2x8x4 

common  to  the  nnmerator  and  denominator. 

Again,  if  in  the  proposed  fractions,  to  be  multiplied  together, 
there  l^  any  nnmerator  and  any  denominator  which  have  a  common 
measure«  divido  them  both  by  that  common  measure,  and  uae  the 
reaulting  quotients  for  the  purpose  of  forming  the  required  product. 

.^        18  57      0    57     513      .  ,       ,  • 

^*  ^^"8""^^T"°iB5*  ""^  ^^  *"    ^      ^®         common 
measnre  2. 

^^  \'^h'^\i^\'y'\i '  (*^**"fi^  ^  *"^  27  by  8,) 

-Yx|><^,  ( 4  and  16  by  4,) 

-  Y»«g^3 »     ( 7  and  21  by  7,) 

'27  • 

DIVISION. 
37.      To  dUride  anefracHon  bff  another. 

RüLE.  To  divide  one  fracHon  hy  anoiher^  or  to  deter- 
tnine  how  ofien  one  is  ooniained  in  the  other,  invert  the  nu^ 
merator  and  denominator  of  the  divisor,  and  proceed  as  in 
muUiplication. 

— .  ^  •■•••■««      5.87     21         I 

Ex.  1.     -  diTided  by  -  is  -x-  «  —  -  lA. 
4  «^  7       4    5     20       ** 

For,  from  the  nature  of  division,  the  divisor  multiplied  by 

the  quotient  must  produce  the  dividend :  therefore  -xquotient 

g 

» - ;   let  these  ^equal  quantities  be  multiplied  by  the  aame 

4 
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7  y  5 

quaDtity-,  and  the  products  must  be  equal;  that  is, -x-x. 

S    7         35  .  21     .       35  t       ^        , 

quotient «  -x-,  or  — ^^xquotient  -  — ;  but  — -■  1 ;  therefore  the 
4    5         35  20  35 

21 
quotient » — ,   as  was  found  by  tbe   ruie.     And   tbe  same 

method  of  proof  is  applicable  to  all  cases. 

Compound  fractions  must  be  reduced  to  simple  ones,  and 
mixed  numbersto  improper  fractions,  before  tbe  rule  can  be 
applied. 

5       4 
Ex.  2.     Divide  -  of  -  by  3l. 

5    ^4     20  ,     ,      10 

-  of  -  ■»  -r- ,   and  84  -  — ; 
9       7     63*  ^3 

therefore  the  quotient  required  w  ^^ —  ■  —  • 


38.  It  will  often  happen  in  practice  that  fractions  present 
themselves  which  require  the  applicatipn,  not  of  one  sinffle  rule 
onfy,  BS  of  Addition,  or  Subtracdon,  or  Multiplication,  &c.,  but 
of  several  rules  in  one*  Operation.    Thus, 

Ex.  1*  Required  to  find  the  single  fraction  which  is  equi-* 
valent  to 


|x{lOO-|oflOO+|i}. 


Fiwt,  100-1  of  100-1  oflOO-i^, 

o  o  3 

22 

and  3-4-^^?«??; 
2i     9.      S      4    27' 

4 

therefore  the  whole  quautity  is  equivalent  to 

5  flOO     88) 

5  900+88 

■"7''     27      ' 
^5^988^4940 
"7^27  ^  189  ' 

ssSß— 


t 


pEOiUAL  FRACTIONS;  17 


Bk.  2.    Reciuoft  — ^  to  a  simple  fintction. 


Herc  S+-7""r»  '^^  — 7"To  =  T^-    Therefore 

mm  ^1      lo      15 

S4-— aS+r^ar^»  andthe  fractiönTequiredi8~  or--. 

DEQIM AL  FR ACTIONS. 

39.  In  Order  to  lessen  the  trouble  which  in  many  cases. 
attends  the  use.  of  vulgär  fractioos,  decimal  fractions  have 
been  introduced,  which  differ  from  the  former  in  this  respect, 
that  their  denominators  arc  always  10  or  some  power  of  10, 
as  100,  1000^  10000,  &c.  and  instead  of  writing  the  denpmi- 
tiatör  under  the  numerator,  it  is  expressed  by  pointing  off 
from  the  right  of  the  numerator  as  niany  figures  as  there  are 
eyphers  in  the  denominator ; 

thus  *S  signifies  — , 

»•  10  •  '  ' 

« 

23 
•«3       , 

100 


t 


127 

127     '• 

1000 


13 

'0013  , 

10000 

7        437 

43-7    4.3äor  —  • 

*®         10 

40.  Cor.  l.  The  value  of  each  figure  in  a  decimal 
decrease»  from  the  left  to  the  right'  in  a  tenfold  proportion,. 
that  is,  each  iSgure  is  ten  times  as  great  as  if  it  were  removed 
ope  place  to  the  right,  as  in  whole  numbers ;  thus 

2  2  2 

•2«  — ;  but*02B  —  ,  and*002«i ,  &c.; 

JO  100  lOOO' 

and  the  decimal  *127  is  one  tenth,  two  hundredths,  and  seven 
thousandths,  of  an  unit. 

2 
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41.     Cor.  2.     Adding  cypbers  to  the  right  of  9  decinial 
does  not  alter  its  value ;  thus  ^ 


•2 

2   SO 

«  — -20, 

10   100 

200 
«     1  -200, 
1000 

2000 

10000      ' 

-  &c. 

the  numerator  and  denominator  having  been  multiplied  by  tbe 
same  nuniber.     (Art.  12.) 

42.  Cor.  3.  Decimals  may  be  reduced  to  a  common 
denominator  by  adding  cyphers  to  the  right,  where  it  is  neces- 
sary,  tili  the  number  of  decimal  places  is  the  same  in  all. 

Ex.  *5,  'Ol,  and  *311,  reduced  to  a  common  denominator, 
are  *500,  '010  and  '311; 

,        .       500        10  ,    Sil 

that  18    ,  ,   and  . 

1000      1000  1000 

43.  Cor.  4.  Hence  in  all  complicated  numerical  reductions 
decimal  fractions  possess  great  advantages  over  vulgär  fractions. 
For,  Ist,  the  denominators  of  the  former  being  always  10  er  some 
power  of  10,  their  reduction  to  a  common  denominator  is  easily 
effected,  and  consequently  all  Operations  requiring  that  previous 
reduction  are  facilitated :  2nd,  the  numeratörs  and  denominators  of 
decimal  fractions  being  usually  written  in  one  line,  and  the  value 
of  each  figure  decreasing  in  a  tenfold  proportion,  from  left  to  right, 
as  in  whole  numbers,  the  common  rules  of  Arithmetic  are  im- 
mediately  applicable  to  such  fractions,  care  only  being  taken,  by 
means  of  rules  for  that  purpose,  to  mark  off  correctly  the  decimal 
result 

As  decimals  are  only  fractions  of  a  particular  description, 
their  Operations  must  depend  upon  the  principles  already  laid 
down. 

ADDITION  OF  DECIMALS. 

44.  RuLB.  Toßnd  the  sum  of  any  number  of  decimah 
place  the  figures  in  auch  a  manner  that  those  of  the  same  de^ 
namination  may  stand  under  each  other ;  add  them  together 
as  in  whole  numbers^  and  place  the  decimal  point  in  the 
sum  under  the  other  points. 
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Ex.     Add  together7-9,  51-4«  and  -0118. 

These,  when  reduced  to  a  common  denominator,  are  7'9000 
51*4300  and  *0118;  and  proceeding  according  to  tbe  rule, 

7*9000  . 
51-4300 
'0118 

59*3418  B  the  sum  required.     (Art.  31.) 

In  the  Operation  the  cyphers  may  be  omitted,  if  the  seve« 
ral  decimal  points  stand  exaetly  under  each  other  thus, 

7-9 
51-43 

•0118 
593418 


SUBTRACTION. 

45.  RuLS.  To  fixkd  the  difference  oftwo  dedmals  place 
theßgares  of  the  eame  deiurmination  under  each  other ;  then 
eubtract  ae  in  whole  numberSf  and  place  the  decimal  point 
under  the  other  points. 

£x.      From  6l-3  take  42012. 

These,  reduced  to  a  common  denominator,  are  61*300  and 
42*012;  therefore  their  difference  is  19*288  (Art.  34).  In  the 
Operation  the  cyphers  may  be  omitted  thus, 

6l*3 
42*012 

19288 


MULTIPLICATION. 

46.  RuLB.  To  müUiply  one  decimal  by  another  muUfply, 
the  figurea  as  in  whole  numbere,  and  point  offas  many  decimal 
placee  in  the  product  aa  there  are  in  the  multipKer  and  mul^ 
tiplicänd  together. 

Ex.      51*3x4*6  -  235-98. 

-_      513   46     23598      ,  ,.  ,      ,     .      t 

For  — X —  es s  (accordme  to  the  decimal  notation) 

10    10       100       ^  ^  ^ 

S35'98.    And  a  siroilar  proof  may  be  given  in  all  other  cases. 

2—2 
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47.  When  tliere  are  fewer  figures  in  the  product  than 
there  are  decimals  in  the  multiplier  and  multiplicand  together, 
cyphers  must  be  annexed  to  the  Uft  of  the  product,  that  the 
decimal  places  may  be  properly  represented. 

25     3         75 

Ex.     'SSx-S  «  "075 ;  for  — x— -■  (according  to  the 

100  10      1000      ^  ^ 

decimal  Dotation)  *075. 

DIVISION. 

48.  RuLB.  Division  in  decimals  is  per/ormed  as  in. 
whole  numbers,  observing  to  poini  off  as  many  decimals  in 
the  quotient  as  the  number  of  decimal  places  in  the  dividend 
ewceeds  the  number  in  the  divisor. 

Ex.     Divide  77922  by  3*7. 

77922 

—^—«2106: 
S-7 

here  there  are  three  decimals  in  the  dividend  and  one  in  the 
divisor ;  therefore,  there  are  two  in  the  quotient. 

The  truth  of  this  rule  is  apparent  from  the  nature  of  mul-- 
tiplication ;  for  the  product  of  the  divisor  and  quotient  is  the 
dividend ;  there  are,  therefore,  as  many  places  of  decimals  in 
the  dividend,  as  there  are  in  the  divisor  and  quotient  together 
(Art.  46) ;  consequently  there  are  as  many  in  the  quotient  as 
the  number  in  the  dividend  exceeds  the  number  in  the  divisor» 

49.  If  figures  be  wanting  in  the  quotient  to  make  up' 
the  proper  number  of  decimal  places,  cyphers  must  be  added 
to  the  Uft. 

Ex.     Divide  '336  by  42. 

336 
—  -8; 

42 

and  as  the  quotient  of  *336  divided  by  42  must  contain  three 

decimal  places,  that  quotient  is  '008. 

-,       SS6    j.  . ,   ,  ,  .336  8         ,      .     , 

For divided  by  42  is  ,  or ,  that  is,  (ac- 

1000  "^  42000  1000  ^ 

cording  to  the  decimal  notation)  -OOä. 

50.  When  the  dividend  does  not  contain  as  many  deci- 
mals as  the  divisor,  cyphers  must  be  added  to  the  right  of  the 
decimals  in  the  dividend,  tili  that  is  the  case.     (Art.  41.)         :y 
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Ex.     Divide  86  by  •012. 

36  -  36*000, 
and  86  000  divided  by  '012  is  8000,  according  to  the  rule. 

REDUCTION. 

61.     To  reduee  a  vulgär  ftaction  to  a  decitnal. 

RüLX.  Add  cypbers  at  pleasure,  as  decimals,  in  tbe 
numerator,  and  divide  by  the  denominator  according  to  tbe  rule 
for  the  division  of  decimals.  The  truth  of  tbis  rule  is  evident 
from  Art.  11. 

^  8     8-00 

Ex.  1.     - «  '75. 

4        4 

^      ^       7     7-000 

Ex.  2.     - e  -875. 

8         8  ,. 

-^      ^        4       4-0000 

Ex.  8.      -r—  -  — m  -0064. 

625        625 

-_      ^       1      1000  &c. 

Ex.  4.     -  « *838  &C. 

8  8 

_      ^        4       40000  &c. 

Ex.  5.     — a  -1212  &c. 

88  38 

52.  In  some  cases,  as  in  the  last  two  examples,  tbe  vulgär 
fraction  cannot  exactly  be  made  up  of  tenths,  bundredths,  &c» 
but  the  decimal  will  go  on  witbout  ever  coming  to  an  end*,  the 

*  Ic  U  crident  that  no  vulgär  fraction  cmn  be  exaeüy  expressed  bj  a  decimal, 
niiless  it  either  has,  or  can  i>e  reduced  to  another  which  has,  10  or  some  power  of  10, 
for  iu  denominator,  (Art.  99).    Thus,  reverting  to  the  Exs.  of  tbe  last  Art. 

3  3x6!^      76 

4  2«x6«-l0«    '^®» 

4       4x2«      64     ^.^^ 
Si-i^-lli"^^' 

«■dl  of  wbicfa  Tttigar  fractions  is  expressed  dedmally  with  perfect  exactness.    Bat 

th^foUowing  Exs.  Tis.  -,  and  ^,  since  thej  eanmd  be  expressed  bj  equivalent 

S  99 

ftmetions  witb  a  denominator  of  10  or  some  power  of  10,  are  not  capable  of  being 
•zpressed  by  terminating  decimals. 

Also  since  10,  and  its  powers,  are  divisible  bj  2  and  A  only,  and  their  powers, 
it  foUows  tliat  HO  mdgarfraeHon  ean  be  ejfpreated  bf  a  terminaiinff  dedmai  unhss, 
mhen  UU  ktiiM  hweti  terme^  Ut  denaminaiar  U  diombh  bponear  boih  qfthe  man* 
ben,  S  and  b,  or  tMr  powert^  and  bff  no  other  number.    Ed. 
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sameßgure  orflgurts  recurring  in  the  aame  order  *;  but  llK>i|gh 
we  cannot  represent  the  exact  value  of  the  vulgär  fraction,  yet, 
by  increasing  the  number  of  decimal  places,  we  may  approach 

to  it  as  near  aa  we  please.     Thus  -  «  *llll  &c.     Now  *!,  or 

—  •  is  less  than  the  true  value  by  — ;  •!!,  or  — ,  is  too 
10  ^  90  100 

little  by  — ;  and  so  on. 

^  900 

41 
Again  ^^^«'123128  &c.,  the  figures  123  being  repeated  without 

4  5 

end;  ^»*148148  &c.;  ^='138888  Sic.;  and  so  on. 

Decimals  of  this  kind  are  calied  recurring  or  circulating 
decimals. 

Hence,  although  sinne  vulgär  fractions  cannot  be  accurately 
represented  by  dedmals,  this  affbrds  no  objection  to  the  uae  of  deci- 
mals, because  for  such  fractions  equivalent  dedmab  can  be  fbund 
approximating  to  the  true  value  as  nearly  as  we  pleasef. 

*  Thii  is  easUj  shewn  bj  a  pmiticuUr  instance ;  and  it  maj  thcDce  be  leen  to  be 

true  in  all  cases.    Thus,  suppose  it  is  required  to  find  the  decimal  equivalent  to  ^  • 

The  required  decimal  is  found  bj  dividing  400000  &c.  bj  27 ;  and  if  the  qootient 
does  not  terminate,  after  each  divisioa  there  wiU  be  a  reraainder  less  than  97* 
Therefore,  under  the  most  unfavourable  drcumstances,  at  least  after  the  qootient  haa 
reached  to  26  figures,  one  of  the  remainders  1,  2,  3,  &C...26  mitsi  recur;  and  conse- 
quently  after  tbat  the  figures  in  the  quotient  wiU  recur.  In  the  case  proposed  the 
remainder  for  one  figure  in  the  quotient  is  13 ;  for  two  figures,  22 ;  for  three  figures,  4  ; 
which  is  a  recurrence  of  the  original  figure :  oonsequently  the  decimal  is  0*148148,  &c. 
the  figures  148  being  repeated  in  inßnitum,    Similarlj  also  in  other  cases.    Ed. 

+  **  The  addition,  subtractioo,  multiplication,  and  division,  of  decimal  fractions, 
are  much  easier  than  those  of  common  fractions ;  and  though  we  cannot  reduce  all 
common  fractions  to  decimals,  yet  we  can  find  decimal  fractions  so  near  to  each  of 
them,  that  the  error  arising  from  using  the  decimal  instead  of  the  common  fraction 
will  not  be  perceptible.  For  example,  if  we  suppose  an  inch  to  be  divided  into 
ten  miUion  of  equal  parte,  one  of  those  parts  bj  itself  will  not  be  visible  to  the 
eye.  Therefore,  in  finding  a  length,  an  error  of  a  ten-millionth  part  of  an  inch  is 
of  no  conseqnence,  even  where  the  finest  measurement  is  necessarj.** 

*^  In  applying  Arithmetic  to  practice,  nothing  can  be  measured  so  accuratelj 
as  to  be  represented  in  numbers  without  any  error  whaterer,  whether  it  be  length« 
weight,  or  any  other  species  of  magnitude.  It  is  therefore  unnecessary  to  use  anj 
other  than  decimal  fractions ;  since,  by  means  of  them,  any  quantity  may  be  re* 
presented  with  as  much  conectness  as  by  anj  other  method.**  D0  Morgan*» 
Arithmetic,  pp.  68-9.    . 
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53.  The  method  of  reducing  a  iermiuailng  decinul  to  a  vulgär 
fraction  b  pointed  out  in  Art  Sg.  The  fcdlowing  method  will  serve 
for  Converting  recurring  decimaU  into  their  equivalent  vulgär  frac« 
tions.— 

It  appears,  bj  actual  division,  that 

i-O'lUll  

^-o-oioioi 

^-^•«>^^^ 

--^ =0-0001 0001 

9999 

and  8o  on;  where  the  recurring  part  of  the  decimal  is  always  1, 
preceded  bv  as  many  cyphers  as  make  the  number  of  recurring  digiti 
equal  to  the  numl>er  of  9't  recurring  in  the  denominator  of  the 
fraction. 

If  thcn»  for  instance,  the  vulgär  fraction  equivalent  to  0*1212  &c. 
be  reqnired,  we  have 

01212  &C-00101  ^c-^12^^^^2»^-^ 

Again  0-12S128  &c.«0-001001  ^c.xl2S»^xl23-^«^. 

If  the  recurring  period  does  not  begin  with  the  firtt  figure  after 
the  dedmal  point,  multiply  and  divide  by  such  a  power  of  10  as 
will  move  the  decimal  point  to  the  required  posidon;  then  proceed 
as  before.    Thus, 

Ex.  1.    004545  &c-2i5j5-^=^xO-0101  &c.x45, 

10^^99  "990  "22* 

•^                           «        18*888  &c      18      *888  && 
Ex.«.    0.18888  &c.—  j5^ löö^-löö-- 

1         8 
Now  0-888  &c.»0-lll  &c,x8--x8--; 

p«.       -  -         18        8       125      5 

Therefbre  0-18888  &C.«-r;^+;r;;;r  =  —;;r=s2» 

100     900     900    30 

10 
SimiLurly  it  may  be  shewn,  that  009009009  ^^^''ttt* 
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64  If  it  be  suffideiit  for  the  purposes  of  any  calctdation  to  take 
a  number  of  dedmals  less  than  tne  number  given  or  obtained,  the 
foUowing  rule  it  to  be  observed  >— 

RuLB.  When  the  first  of  the  figures  strack  off  is  5  or  >  5>  add 
1  to  the  last  remaining  figure. 

Thus,  if  2*7182818  be  the  dedmal  under  consideration,  2*72  ia 
nearer  to  the  true  value  than  27])  for  27182818-2*71i  is  0*0082818; 
and  2*72-2*7182818  is  0*0017182^  which  is  considerably  less  than 
the  former  difference.  Also  2*7183  is  nearer  tb  the  true  value  than 
2*7 182^  as  may  be  shewn  in  a  similar  manner. 

It  may  also  be  observed  here,  that  in  the  multiplication  of  deci« 
mals  some  caution  is  reqüisite  in  taking  the  product  as  correct  to  a 
certain  number  of  places  of  decimals^  when  either  the  multiplicand 
or  multiplier  is  onl^  approximately  correct  Thus»  if  8*12  express  a 
certain  length  in  inches,  and  is  known  to  be  correct  withm  the 
thousandth  part  of  an  inch»  the  true  length  may  be  any  thing 

1                       i 
between  8*12+ and  3*12 .  that  is.  between  3*121  and 

1000  1000'  '  »^ww;u  o«£  «m 

3*119;  and  if  the  proposed  number  is  tb  be  multiplied  by  10»  for 
example,  the  product  is  31*2 ;  whereas  it  may  be  any  thing  between 
31*21  and  31'19,  and  therefore  may  not  be  correct  even  to  one 
decimal  place. 

55.  Töfind  the  valtie  ofa  decimal  of  oM  denominaiion 
in  terms  of  a  lower  denomination. 

This  may  be  done  by  the  rule  laid  down  in  Art.  27* 

"     Ex.     Required  the  value  of  •615625  £. 

•615625  £ 
20 


12*312500  Shillings 
12 


3*7500     pence 

4        . 


3*00        farthings. 


§,        d,        q» 

The  value  required  is    12  .  3  .  3. 


First, 

•615625  £  B   12*3125  shiUings. 

Next, 

•3125«.        B     3'75....pence. 

Lastlyi 

'75  d.           -    S*...... farthings 
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56.  To  reduee  a  quanHiy  to  a  dedmal  of*a  superior 
denaminatian* 

RuLB.  Divide  the  quantlty  by  the  number  of  integers  of 
its  denomination  cpotaincd  in  one  of  the  superior  denomination, 
abd  the  quotient  is  the  deciinal  required.. 

Ex.  1.     What  decimal  of  a  shilliiig  is  threepence  ? 

*25  Ana. 


For  in  the  denomination  Shillings  its  numerical  value  must 
be  —  of  its  value  in  the  denomination  pence. 

_.  *     *    * 

Ex.  2.     What  decimal  of  a  pound  is  18  •  4  •  3  ? 

4J  S-00 
UJ  4'75  ^ 

ZO)  13-3958333  &c. 
•66979166  &c. 


First,  we  find  wliat  decimal  of  a  penny  3  is ;  this,  by  the 

rule,  is  *75 ;  then,  what  decimal  of  a  Shilling  4  •  8  or  4i'75d. 
is;  this  is found  in  the  same  manner  to  be  '8958333  &c.;  lastly, 
we  find,  by  the  same  rule,  what  decimal  of  a  pound  13*3958333^ 
&c.  sh.  is,  which  appears  to  be  *66979l66  &c 

The  conclusion  will  be  :the  same  if  we  reduee  the  quantity 
to  a  vulgär  fraction  (Art.  28),  and  this  fraction  to  a  decimal 
(Art.  51). 

67-  It  will  often  happen  in  pracUce  tbat  a  whole  series  of 
vulgär  fhictions,  instead  et  a  Single  one^  is  to  be  reduced  to  a  de« 
cimal,  and  in  such  cases  considerable  trouble  may  frequently  be 
saved  by  making  each  fraction,  when  reduced,  subservient  to  the 
reduction  of  some  one  or  more  of  the  others.    Thus, 

Ex.  1.  Required  to  reduee  to  a  ringte  decimal  having  5  decimal 
places  thefoUoning  series  ofjractions  .•— 

2       1  1  1         .  • 

—  + H H 7  +  &C. 

1     1x2     1x2x8     1x2x3x4 
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2 

- 

»2*000000 

1 

1-000 

f=  ~r—  =  -500000 

1x2 

2 

1 

•5000 

»  S^  .  .166667  (Art^). 

lx2xS* 

1 

^-166667^^^ 

1x2x3x4 

1 

.•^f  7-   008833 

0 

IxSUfSxAiCH 

1 

■  *008S8S 

"      g      «  -001889 

1x2x8x4x5x6 

1 

J901^'^K  HK)0198 

1x2x3x4x5x6x7 

1 

-•«'°'9»-  -OOOO^S 

1x2x3x4x5x6x7x8 

1 

-000025       ,,,,,,^« 

1 x2x3x4x5x6x7x8x< 

j         9 

SuinB27l8282 
Henoe  the  decimal  required  is  271828. 

Each  Single  fraction  is  calculated  to  six  pUiees  of  dedmaliy  diat 
the  figure  which  occupies  the  5^  place  in  their  mm  may  be  correct; 
and  no  more  terms  of  the  seriefl  need  be  added^  because  the  firat  five 
places  of  decimals  are  not  affected  by  them. 

£x.  2.  Required  to  convert  into  a  tingle  decimal  having  Jive 
decimal  places  inefolloning  series:"-» 


fl     1    1     11      11  \ 

l7  s'^r'^5Y*"*'7'^f*'*"  r 


Hcre      i= 0-1428571 


1        01428571       r.r^r..^a. 

-5- — ^«0-0204081 

T  7 

i- 000291 54 

i  =  00004164 

*  Some  tTottble  in  writing  maj  be  saved  in  this  and  timilar  examples  by  making 
the  Symbol  [anstand  for  1x2x8,  [4  for  1x2x8x4,  |6^for  1x2x8x4x5;  and  so  on. 
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^-00000594 
;^- 0-0000084 
;^«  0*0000012. 

Since  5  dedmal  places  only  are  required,  it  is  not  necessary  to 
•dd  «Djr  more  terms  of  the  series.    Therefore  we  have 

i  =01428571 

^xri  =0^1009718 

ixi=00000118 

ixl  =00000001 
7  7^  

Sum^O-1438408 

Mult  by  2 

0-2876816 
Therefore  the  required  deciroal  is  0-28768. 


The^proofs  of  the  ruies  for  the  management  of  vulgär  and 
decimal  fractions  here  given  are  necessarily  confined  to  parti- 
cular  instances,  though  the  aame  reasoning  may  be  applied  in 
every  case;  and  by  using  general  signs  the  proofs  mav  be 
made  general.     But  this  requires  a  knowledge  of  Algebra« 

The  Student  is  recommended  to  accustom  hiniself  to  reason  out 
the  place  of  the  decimal  poinL  He  will  find  the  subject  admirably 
treated  in  De  Morgan'*  Ariihmetic,  Section  VI. 


EXAKPLTO. 

,      o  j        ^       •     j         u       173     41         ,  2001 
1.    Reduce  to  mixed  numbers  -:r^ ,  -rjr,  and  — — r . 

lo       4U  ZÜU 

8.    Reduce  to  improper  fractions  S^  I9,  and  lOyjg. 

3.  What  is  ?  of  |  of  21?  Ans.     Ifi- 

47 

4.  Reducetolowe8tterm»|5|,^,^^g. 

(1)  Ans.  |.      (2)  An«.  J|.      (S)  Ans.  — . 
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5.  Reduce  to  a  common  denominator  - ,  -,  ••,  •-,  7,  and  --• 

2  3  4  5  0      7 
.    ^520  1680  1260  1008   840   720 
^'   5040'  5040'  5040'  5040'  5040'  5040* 

27     5 

6.  Reduce  to  a  common  denominator  21»  77 .  ~  and  11. 

16    8  ^ 

.        336    27     10    24 

^""•16'  16'  16' TS- 

7.  Find  the  Least  Common  Malt  of  1, 2,  8,  4,  5,  6, 7>  8,  and  9. 

Ans.    2520. 

8.  Find  the  Least  Com.  Mult  of  21^  22,  23,  and  24. 

Ans.    42504. 

9.  Find  the  Least  Com.  Mult  of  24,  7»  4,  21,  and  14.  Ans.  I68. 

10.  Reduce  to  a  common  denominator  ;=>«,-,  ^r: «  =t* 

7    8'  9'  24'  72 

.         72      189    224     105     49 
"*•  504'  504'  504'  504'  504' 

3 

1 1.  What  is  the  value  of  —  of  half  a  guinea  ?  Ans.    2s.  3d. 

2  3 

12.  What  is  -z  of  a  day-  =  of  an  hour  ?  Ans.    Qk.  lOfiit. 

3  * 

13.  What  fraction  of  half  a  crown  is  -  of  6s.  Sd.}  Ans.    If. 

o 

14.  Add  together  -,  5»  4»  5»  *"^  g  •  ^^^   ^IS» 

15.  Add  together  3871,  285},  394},  and  |  of  3704.     Ans.  2548g; 

16.  From  201i  take  971  Ans.   103{. 

17.  Divide  IJ,  by  1};  and  i  +  i  + J  +  l  +  ±  by  ^  +  5  +  ^  +  ^  • 

(1)  Ans.  1}.  (2)  Ans.   1^. 

18.  Convert  0'08,  0*00125,  iemd  0*0078125  into  their  equivalent 
vulgär  fraetipns.  Ans.  A ,  ^ ,  J- . 

19.  Divide  31  by  0*0025;  and  365  by  0*18349  to6places  of 
decimals.  (1)  Ans.  1240.  (2)  Ans.  1989*209221. 

20.  Reduce  2s.  Uld.  to  the  decimal  of  £l.  Ans.  £0-14895833&c 

21.  Find  the  value  of  0*07  of£2.  10s.  and  express  the  result  as 
the  decimal  of  £l.  Ans.  3s,  6d,  or  £0  J75. 

22.  Prove  that  0*304565321   is   more  nearly  represented  by 
0*30457  than  by  0*30456. 


THE 


ELEMENTS    OF    ALGEBRA. 


DEPINITIONS  AND  EXPLANATION  OP  SIGNa 

58.  Thk  method  of  reprcsenting  the  relation  of  abstract 
quantities  by  letters  and  characters,  whicb  are  made  the  signs  of 
such  quantities  and  their  relations,  is  callcd  Algebra. 

Algebra  is  the  science  of  generalizatum  as  regards  number  and  mag*- 
nitude.  Thus,  for  example,  whilst  Arithmetic  teaches  that  the  sum  of 
^e  two  -numbers  6  and  4  multiplied  by  their  difference  is  equal  to  the 
mfference  of  their  Squares,  Algebra  teaches  that  the  same  is  true  for  any 
two  pumbers  whatever^  whole  or  fractional. 

59.  Known  or  determined  quantities  are  usually  represented 
by  the  iSrst  letters  of  the  aiphabet,  a,  6,  c,  d,  &c.  and  unknown  or. 
undetermined  quantities,  by  the  last,  x^  y,  w^  Wy  &c« 

It  must  be  observed,  that  this  is  simply  a  matter  of  agreement 
amongst  Algebraical  writers,  for  the  sake  of  convenience,  and  not  essen« 
tial  to  the  subject.  Also,  sometimes  the  letters  of  the  Greek  aiphabet 
are  used;  sometimes  A^  B,  C,  D,  &c.  X,  Yf  Z;  and  sometimes  others, 
acoording  to  circumstances  or  the  will  of  the  writer. 

The  füUowing  signs  or  aymboh  are  made  use  of  to  express  the 
relätions  whicb  the  quantities  bear  to  each  other : — 

60.  +  (which  is  read  Plus)  signifies  that  the  quantity  to 
which  it  is  prefixed  must  be  added.  Thus  a  +  6  signifies  that  the 
quantity  represented  by  6  is  to  be  added  to  the  quantity  repre- 
sented by  a;  if  a  represent  5,  and  6  represent  7>  then  a-h6 
represents  12. 

Also  a+ft+c  signifies  that  the  sum  of  the  quantities  represented  by  a, 
i,  and  c,  is  to  be  taken. 

If  no  sign  be  placed  before  a  quantity,  the  sign  +  is  under- 
stood :  thus  a  signifies  +  a.  Such  quantities  are  called  positive^ 
quantities. 

61.  —  (which  is  read  Minus)  signifies  that  the  quantity  to 
which   it   is  prefixed  must  be  subtracted.      Thus  a  -  6  signifies^ 
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that  b  must  be  taken  from  a;  if  a  be  7»  and  6  be  5,  a  —  6  ex- 

presses  7  diminished  by  5,  or  2. 

Quantities  to  which  the  sign  —  is  prefixed  are  called  negative 

quantities. 

>k>  or  ^F,  (the  former  of  which  is  read  plus  or  tninus^  the  latter  minus 
or  plus)  signifies  that  the  quantity  to  which  it  is  prefixed  may  be  either 
added  or  subtracted.     Thus  6^^  is  either  10  or  2, 

62.  X  (which  is  read  Into)  signifies  that  the  quantities  between 
which  it  Stands  are  to  be  multiplied  together.  Thus  axb  signi- 
fies that  the  quantity  represented  by  a  is  to  be  multiplied  by  the 
quantity  represented  by  6*. 

This  sign  is  frequently  omitted ;  thus  abe  signifies  axbxc.     Or 

a  füll  point  is  used  instead  of  it;  thus  1x2x8,  and  1.8.d,  signify  the 

same  thing. 

But  the  siffn  must  never  be  omüied,  for  obvious  reasons,  when  two 
or  more  numerals  are  to  be  multiplied  together. 

Any  quantity  which,  as  a  multiplier,  serves  to  tnake  up  a  producta 

is  called  a  Jacior  of  that  product     Thus,  of  the  product  Sabc^  eaeh  of 

the  quantities,  3,  a,  b,  c  is  hjactor;  as  also  each  of  the  quantities  Sa, 

3b,  3c,  3ab,  3(ic,  SlfCy  ab,  aCy  bc^  abc\   the   former   being   called  iimple 

Jactors,  and  the  latter  Compound  Jactors. 

63.  If  in  multiplication  the  same  quantity  be  repeated  ae  a 

factor  any  number  of  times,  the  product  is  usually  expressed  by 

placing,    above   the    quantity,   the  number  which  represents  how 

often  it  is  repeated;   thus  a,  a^a^  axoxa^  axaxaxa^  &c.  have  respec« 

tively  the  same  signification  as  a\  a^  a*,  <vS  &c.     These  quantities 

are  called  powere;  thus  a\  or  a,  is  called  the  first  power  of  a; 

of  the  second  power,  or  Square,  of  a ;   a'  the  third  power,  or  cube, 

of  a,  8zc.     The  numbers  1,  2,  3,  &c.  (thus  affixed  to  a)  are  called 

the  indices  of  a,  or  e^vponente  of  the  powere  of  a. 

Likewise  a\  o*,  <f,  &c.  are  said  to  be  of  one,  two,  three,  &&  dimensions 
respectively ;  and,  in  general,  any  product  is  said  to  be  of  ii  dimensions, 
if  the  sum  of  the  indices  of  its  several  literal  factori  is  equal  to  n«  Thus 
ab^  that  is  a'6^,  is  of  two  dimensions;  3a*b^  is  of  five  dimensions;  and 
so  on. 

64.  -f-  (which  is  read  Divided  by)  signifies  that  the  former 
of  the  quantities  between  which  it  is  placed  is  to  be  divided  by 
the  latter.  Thus  a-r-b  signifies  that  the  quantity  a  is  to  be 
divided  by  6. 

*  Bjr  quantities  we  undentand  tach  magnitudes  ss  can  be  represented  by  numbers;  we 
may  therefore  without  impropriety  »peak  of  the  multiplication,  divition,  &c.  of  quantities  by 
each  other. 
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The  division  of  one  quantity  by  anotber  is  frequently  repre- 
sented  by  placing  the  dividend  over  -  the  divisor  with  a  line 
between  them»  in  which  case  tbe  expression  is  called  a  Frcustion, 

Thus  ~  signifies  a  divided  by  6*;  and  a  is  the  numerator,  and  h 

the  denoniinator.  of  the  fraction ;  also siirnifies  that  a,  6, 

and  e  added  together,   are  to  be  divided  by  e^  /,  and  g  added 
together, 

65.  A  power  in  the  denominator  of  a  fraction  is  also  expressed 
by  pkcing  it  in  the  numerator^  and  prefixing  the  negative  sign 

to  its  index;   thus  a"*,   o"*,  a"%  a"",  signify  — ,   —  ,    —  ,   — 

respectively ;  these  are  called  the  negative  powers  of  a. 

66.  The  sign  ^^  between  two  quantities  signifies  that  their 
difference  is  to  be  taken.     Thus  a^^/v,  is  a  -  /v,  or  4r  -  a,  accord-. 
ing  as  a  or  w  \s  the  greater;   and  W^ic  signifies  that  the  sum 
or  difference  of  a  and  4r  is  to  be  taken. 

67.  When  several  quantities  are  to  be  taken  coUectively,  they 
are  enclosed  by  brackets^  as  ( ),  {},  [  ].  Thus  (a-&  +  c) 
x(c(  -  e)  signifies  that  the  quantity  represented  by  a  —  6  +  c  is  to 
be  multiplied  by  the  quantity  represented  by  d  —  e. 

Let  a  stand  for  6 ;  b,  5;  c,  4 ;  d,  3\  and  e,  1 ;  then  a  -  6  +  c 
is  6  -  5  -f  4,  or  5 ;  and  c{  -  0  is  3  -  1,  or  2 ; 

therefore  (a  -  6  + c)x(d- e)  is  5x«,  or  10. 

Also  {ab  -  cd)x{ab  -  cd)^  or  {ab  —  cd)\  signifies  that  the  quan- 
tity represented  hy  ab  ^  cd  is  to  be  multiplied  by  itself. 

Sometimes  a  line,  called  a  vinculumj  is  drawn  over  quantities, 

when  taken  coUectively.     Thus   a  — 6  +  cxd  — e  means   the  same 
as  (a  -  6  +  c)x(rf  -  e). 

68.  B  (which  is  read  Equala  or  ia  Equal  to)  signifies  that 
the  quantities  between  which  it  is  placed  are  equal  to  each  other ; 

*  Slnee  |  hM  already  received  «  distinct  Bignification  by  D^itUm  in  Art  S,  it  leemi 

tcarcely  allowable  to  define  it  Again,  m  the  Autbor  has  done  here,  without  shewing  that  the. 

two  Definitioni  are  coincident.     It  is  tme  that  -r  it  equal  io  a^b,  but  it  requirei  to  be 

prcved,    It  was  »hewn  to  be  true  in  a  particular  case  in  Art.  11.    The  generai  proof  will  be 
gl? en  hereafter.    Ed. 
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thus  aa-'bymcd'^ad  signifies  that  the  quantity  cur  -  by  Uequäl to 
the  quantity  cd-i-ad. 

69.  The  sign  >  between  two  quantities  signifies  that  the  former  U 
greater  ihan  the  latter,  and  the  sign  <  that  the  former  is  less  tkan  the  ktter. 

The  sign  •*.  signifies  thereforcj  and  \*  since  or  because. 

70.  The  Square  root  of  any  proposed  quantity  is  that  quan- 
tity whose  Square,  or  second  power,  gives  the  proposed  quantity^ 
The  cube  root  is  that  quantity   whose  cube   gives   the  proposed 

quantity;  and  so  on. 

The  n^  root  is  that  quantity  whose  n^  power  gives  the  proposed  quantity, 

The  signs  ^/  or  \/,  v^,  \/,  &c.  v^  are  used  to  express 
the  Square,  cube,  biquadrate,  &c.  n^  roots  respectively  of  the 
quantities  before  which  they  are  placed. 

s  a,    v/^  «  a,   \/a^  ■  a,  &c.     v  «*  ■  ^ 


111 
These  roots  are  also  represented  by  the  fractions  - ,  -^9  - ,  &c. 

2      S      4 

placed  a  little  above  the  quantities,  to  the  right.     Thus  ai,  a^,  a^, 
1 

a",    represent  the  Square»  cube,  fourth,   and  n*^,  root  of  a,   r^ 

spectively;  ai,  o^,  ^,  represent  the  square  root  of  the  fifth  power, 
the  cube  root  of  the  seventh  power,  the  fifth  root  of  the  cube,. 
of  a,  respectively. 

71.  If  any  of  these  roots  cannot  be  exactly  determined,  the 
quantities  are  said  to  be  irrational^  or  are  called  surda. 

The  quantities  are  called  rational^  when  the  roots  expressed  can  be: 
exactly  determined. 

72.  Certain  points  are  made  use  of  to  denote  proparüon;  thus 
a  :  b  ::  c  :  d  signifies  that  a  bears  the  same  proportion  to  i'that 
cbears  to  d.  t 

Sometimes  this  is  written  thus,  a  :  b^c  :  d* 

73.  The  number  prefixed  to  any  quantity,  aa  a  factor^  and 
which  shews  how  often  the  quantity  is  to  be  taken,  is  called  ita 
coeßcieni.  Thus,  in  2a,  which  signifies  twice  a,  the  coefiicient  of  a 
is  2 ;  and  in  the  quantities  7^4?,  6by,  Sdzj  the  numerals  79  ^>  and, 
3  are  called  the  coeflScients  of  aof,  by,  and  dz,  respectively. 

When  no  number  is  prefixed,  the  quantity  is  to  be  taken  once, 
or  the  coefiicient  1  is  understood. 

Afractiott  is  not  excluded  from  being  a  co^fficieni»  Thus  in-x  the- 
coeffictent  of  j?  is  5  • 
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These  numbers  ai^e  sometimes  represented  by  letters,  .whicH  are 
also  calied  caefficienta. 

Tbus  in  tbe  quantities  pj^j  qx\  rx,  we  call  p,  q,  aQd  r  the  coeß^ 
cienU  of  Ji^,^  «*,  and  x,  respectively ;  since  they  may  be  read  p  times  «*> 
q  times  o:*,  and  r  times  x^  respectively. 

In  fact  coeffideni  simply  means  co-factor;  so  that  in  the  product  ah, 
for  exarople,  a  is  the  coefficient  of  6,  and  b  is  the  coefficient  of  «r. 

74.  SimUar  or  like  algebräical  quantities  are  such  as  differ 
only  in  their  coefficients;  4a,  606,  Qa^^  Sa^bcy  &c.  are  respectively 
Hmilar  to  ISa^  da&,  12a\  15a'&c,  &c. 

ünlike  quantities  are  different  combinations  of  letters;  thus 
ab,  a*bj  abCf  &c.  are  unlike. 

But  a  distinction  must  be  raade  in  those  cases  where  letters  are 
taken  to  represent  coefficients;  for  tu^  and  pj^  are  like  quantities  when 
ig  aad  /rare  toejfficienls  of  «*. 

75«  A  quantity  is  said  to  be  a  multiple  of  anotber,  when  i£ 
cdtttains  it  a  certain  number  of  times  exactly;  thus  l6a  is  a  multiple 
of  4a,  as  it  contains  it  exactly  four  times. 

76'  A  quantity  •  is  calied  a  measure  of  anotber,  when  the 
former  is  contained  in  the  latter  a  certain  number  of  times  exactly; 
tbus.  4ä'  is  a  measure  of  i6a. 

77«  When  two  numbers  have  no  common  measure  but  unity, 
they  are  said  to  be  prime  to  each  other. 

Thus  3  is  prime  to  7;   13  to  31 ;  and  so  on. 

A  prime  number  is  one  which  is  prime  to  every  other  number. 

78.  A  simple  algebräical  quantity  is  one  which  consists  of  a 
nogle  term  ;  as  4a,  -or  ä^lc,  or  6d?y,  &c. 

A.comp(n^nd  algebräical  quantity  consists  of  more  terms  than.  one— 
ihe  number  of  terms  meaning  the  number  of  quantities  connected  together 
by  4-or  *;  as^  a-f6y  or  2a-3«-f4y,  &c. 

A  binomial  !s  a  quantity  consisting  of  two  terms,  as  a  +  6; 
or  2a  -  Sbof.  A  MnamicU  is  a  quantity  consisting  of  tKree  terms, 
as  2a  +  6d  -  3c. 

A  polynomial  or  multinomial  is  a  quantity  consisting  of  many  terms^ 
as  a+bx+cj^-^^+äcc  - 

The  foUowing  examples  will  serve  to  illustrate  the  method  of 
repreaenting  quantities  algebraically. 

Let  a  ■■  8,  6  B  7,~  e  ■>  6,  (2  —  5,  and  e  <»  1 ;  then 

3 
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Ex.  1.     Sa- 2A  +  4C -0-24-14  4  £4-1  »384 

Ex.  2.     a6  +  ce  -  6d  -  56  +  6  -  S5  -  27. 

^  a  +  6     S6-2C     8+7     21-12      15      9      ^ 

Ex.s.    + T-^~7  +  "T — r""r  +  «-®* 

c-ö       a-a       0-1       8  —  5        5       3 
Ex.  4.    cPx(a  -  c)  -  3ce*+  cT-  25x2  - 18  + 125, 

-50 -18 +125  «157. 

Ex.  5.    JT^^^^Ub^^t^-Ze^J 4^x11x^5^1x5» 35. 

Srhe  Student  is  recommended  at  this  stage  to  test  the  accuracy  of  his 
edge  of  the  preceding  Definitions  bj  working  out  the  Extrcises  A, 
placed  at  the  end  of  the  book.]] 

AXIOMS. 

79*  If  equal  quantities  be  added  to  equal  quantities,  the  stims 
will  be  equal. 

80.  If  equal  quantittes  be  taken  from  equal  quantities,  the 
remainders  will  be  equal. 

81.  If  equal  quantities  be  multiplied  bj  the  aame,  or  equal 
quantities,  the  producta  will  be  equaL 

82.  If  equal  quantities  be  divided  by  the  same,  or  equal  quan- 
tities, the  quotients  will  be  equal. 

83.  If  the  same  quantity  be  added  to  and  subtracted  from 
another,  the  value  of  the  latter  will  not  be  altered. 

84.  If  a  quantity  be  both  multiplied  and  divided  by  another, 
it9  value  will  not  be  altered. 

ADDITION  OF  ALGEBRAICAL  QUANTITIES. 

85.  RuLE.  The  addiHon  of  aigebraical  quanHtie^  is  per-^ 
fonned  by  canneciing  those  that  are  unlike  witk  their  proper  eignsi 
and  coUecting  thoae  that  are  similar  into  one  sunu 

Add  together  the  foUowing  unlike  quantities; 

Ex.  1.     aa 

+  e"  Ex.  ^.     a-^-Qb-^c 

-  erf  rf  -  5e  +/ 


»»•»■■^^ 


Sum  »  ax  -  £y  +  0*  -  tfd  Sum  Ba  +  2ö-c  +  d-5e  +/ 
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It  is  immaterial  in  what  order  the  quantities  are  set  down,  if 
we  take  care  to  prefix  to  each  its  proper  sign. 

Generally  speakin^,  however,  it  is  convenient  to  arranga  algebraical 
quantities  in  the  order  in  which  the  letters  occur  in  the  alphäet. 

When  any  terms  are  «imtfar,  they  may  be  incorporated,  and 
the  general  espression  for  the  sum  shortened. 

• 

1*^.  When  Hmilar  quantities  have  the  same  sign,  their  sum 
18  found  by  taking  the  sum  of  the  coefBcients  with  that  sign,  and 
annexing  the  common  letters. 

Ex.  3.     5a --  Sb  Ex.  4.     4aV-lO6<f0 

4a-  7b  ßa^O'*  9bde 


Sum  -9a-106  ^^«'^-  ^^^ 


Sum  s2ia'c-226<fo 


The  reason  is  evident;  5a  to  be  added  (Ex.  3),  together  with 
4a  to  be  added,  makes  9a  to  be  added;  and  Sb  to  be  subtracted, 
together  with  7b  to  be  subtracted,  is  106  to  be  subtracted. 

2^  If  sifnilar  quantities  have  different  sigus,  their  sum  is 
found  by  taking  the  difference  of  the  coefBcients  with  the  sign  of 
the  greater,  and  annexing  the  common  letters  as  before. 

Ex.  5.     7a +  36  E,.  g,    41^ 

1       1 

Sum  -2a -66  5'"*"4^ 

fi         3      1~ 
Sum  =  -«-.-jf 


In  the  first  part  of  the  Operation  (Ex.  5)  we  have  7  times  a  to 
add,  and  5  times  a  to  take  away;  therefore  upon  the  whole  we 
have  2a  to  add.  In  the  latter  part,  we  have  3  times  6  to  add,  and 
9  times  6  to  take  away;  therefore  we  have  upon  the  whole  6 
times  6  to  take  away ;  and  thus  the  sum  of  all  the  quantities  is 
£a-66. 

Ex.  7.     a  +  6  Ex.  8.    l  -*+*• 

a-6  l-^^--^ 


Sum  B  2a 


Sum  «2  +  «-«* 


8Ö  SUBTRACTION. 

It  inu9t  be  borne  in  mind  that  when  any  quantity,  as  a,  or  x,  ör  x*, 
has  no  coefiicient  expressed,  the  coefficient  1  is  undersUxxL 

3^«  If  several  similar  quantities  are  to  be  added  together,  some 
with  positive  and  some  with  negative  signs,  take  the  difference 
betiMreen  the  sum  of  the  positive  and  the  sum  of  the  negative  coeffi- 
cients»  prefix  the  sign  of  the  greater  sum,  and  annex  the  common 
letters. 

Ex,  9.  3a'  + 46c-  c*+10 
-  5a^ -^  6bc  ■{■  2c*- 15 
-4a*-96c-10c*  +  21 


Sum-i-6a'+  6c-  pc'  +  ie 


The  method  of  reasoning  in  this  case  is  the  satne  as  in  Ex.  5. 

Ex.  10.     4ac-l56ci+    eof 

llac+  76*  -19äv 

-41«*+  66d-  7de 


Sum  -15ac-41a*-  96d  +  76*-18cjr-7rfc 


Ex.  11.         pa^^qof-^rx 


Bum  ■(p  +  a)j?'- (qr  +  6)«*-(r+l)47 

In  this  exumple,  letters  are  taken  to  represent  coefficients,  and  the 
coefficients  of  like  powers  of  x  are  enclosed  within  brackeis;  for  it  is  evi- 
dent that  p  times  x*  together  with  a  times  «*  is  the  same  as  (p+o)  times 
a^ ;  also  q  times  j^  to  be  subtracted  together  with  b  times  «^  to  be  sub« 
tracted  is  the  same  as  (9-1-6)  times  j:*  to  be  subtracted ;  and  r  times  4;  to 
be  subtracted  together  with  x,  or  Ix,  to  be  subtracted,  is  (r-fl)  times  4; 
to  be  subtracted.  .  . 

[^Exercises  B.] 

SUBTRACTION. 

86.  RuL«.  Suhtractiofij  or  the  taking  away  ofone  quanixty 
from  anothcTf  is  performed  by  changing  the  sign  of  the  quantity  to 
be  subtracted,  and  then  adding  it  to  the  other  by  the  rules  laid 
down  in  Art*  85. 

Ex.  1.  From  26j^  take  cy,  and  the  difference  is  properly 
represented  by  zbof-^cy;  because  the  -  prefixed  to  cy  shews  that 
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U  is  to  bc  subtracted  from  the  other ;  and  26a?  -  cy  is  the'  sum  of 
26.r  and  -  cy,  (Art.  85).  ^  . 

Ex.  2.  Again,  from  2bx  take  *  cy,  and  the  difference  is  2baf  +  cy ; 
because  2bd7 » 2b.v  +  cy  -  cj^,  (Art.  83);  take  away  -ry  from  tbese 
equal  quantities,  and  the  differences  will  be  equal  (Art.  80);  tbat  is; 
the  ditference  between  26.v  and  —  cy  is  2frdr  +  cy)  the  quäntity  which 
arises  from  adding  -|-cy  to  26cV. 


Ex. 

8. 
5. 

7. 

9. 

From         a  +  6                Ex.  4,     From 
take           a  -  6                              take 

6a-126 
-5a -106 

Difference  -  +  26                            Diff. 

«IIa -26 

Ex. 

From       5a*  +  4a6  -  ftry       Ex.  6.    From  7a-26 +4c-2 
take       lla»+6a6~4a^                     ^^«   6a-66+4c«l^ 

Diff.  -  -  6a«  -  2a6  -  2^y                     ^'"-  "^  ^+*'^-^ 

Ex. 

From        4a-36  +  6c-ll          Ex.  8. 
take          10d;+a-15-2y 

From    «+5^+1 
.  1       1             1 

Ex. 

Diff.  --10jf  +  Sa-S6  +  4  +  6c  +  2y 

From     007*  -  6j;*  +  .r 
take       ps^^qjf^-^-rof 

Diff.  ..(a-;>)c»»-(6-q')«*  +  (l-r)ir 

teke    2*+y+g 
Diff.=-x.-y+- 

•  * 

In  this  example  the  coefficients  of  like  powers  of  x  are  hracketed,  for 
reasons  siniilar  to  those  given  in  Ex.  11,  Art  85. 

{Exerüses  C] 

ADDITION  AND  SUBTRACTION  BY  BBACKETS. 

In  actual  practice  it  seldom  happens  that  either  Addition  or  Subtraction 
of  Alffebraical  quantities  is  presented  to  us  as  in  the  Examples,  Art  ^5. 
and  So.  AH  the  quantities  concemed  are  more  commonly  tu  one  Une,  and 
are  so  retained  through  the  whole  Operation,  for  the  sake  of  cpnvenience« 

This  arrangement  renders  necessary  the  frequent  use  of  BrackeU^ 

Thu9  Ex.S.  Art  85  would  stand  (5a -36)+ (4a -76):=  9^-106. 
Ex.  3.  Art  86   , (a+6)-(a-6)-26. 
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In  the  management  of  Brackets  much  care  is  needed,  and  the  follow« 
ing  rules  are  to  be  observed :-— 

87-  RuLB  I.  Ifany  number  of  quatUities^  enclosed  mithin  Brackets^  be 
preceded  hy  the  tt^n+9  the  brackeis  may  be  Struck  out^  as  pf  no  value  or 
significaiicn. 

RuLB  II.  If  any  number  cf  quaniUies,  enclosed  toilhin  Brackets^  he 
preceded  by  the  sign—,  the  brackets  may  be  Struck  out,  if  the  signs  of  all  the 
quantities  within  the  brackets  be  changed,  namely  +  into--,  and  —  into  +. 

Rule  L  is  obviously  true;  for  in  this  case  all  that  is  meant  is,  diat  a 
number  of  quantities  are  to  be  added ;  and  it  can  clearly  make  no  difference 
whether  they  be  added  collectively  or  separately,  Thus  a+{b-¥c)  is  equiva- 
lent  to  a-^b-k-c;  for  the  former  signifies  that  the  sum  of  b  and  c  is  to  be 
added  to  a,  which  is  evidently  the  sum  of  a,  b,  and  c.  Also  a+(&— c)  is 
eauivalent  to  a+&— c;  for  die  former  signifies  that  a  quantity  is  to  be 
added  to  a  less  than  b  by  the  quantity  c ;  and  the  hitter,  that  when  b  has 
been  added  toa,  c  must  be  subtracted,  which  is  evidently  the  same  thing. 

Rule  IL  is  proved  thus:— - 

Let  a^b,c  represent  any  Algebraical  quantities,  simple  or  Compound,  of 
irhich  6^c  is  to  be  subtracted  from  a ;  this  will  be  expressed  by  a-(6-i-c). 

Now  if  from  a  the  portion  b  be  taken,  the  result  is  a-&;  but  there  is 
not  enough  subtracted  from  a  by  the  quantity  c,  since  b-^c  was  to  be  sub* 
tracted.  Therefore  c  must  also  be  subtracted,  which  leaves  the  result 
a-b-c;  that  is, 

Again,  if  6-c  is  to  be  taken  from  a,  this  will  be  expressed  by 
fl-(5-c). 

Now  if  from  a  the  quantity  b  be  taken,  the  result  is  a-6,  but  there 
has  been  too  much  taken  away  by  the  quantity  c,  since  b-^c  only  was  to 
be  subtracted;  therefore  c  must  be  added,  and  the  result  becomes  a-^b+c; 
that  is, 

The  preceding  rules  apply  also  to  quantities  held  together  by  avirnem-^. 
tum,  since  a  vinculum  serves  the  same  purpose  as  brackets.    Art  67« 

N.B.  It  is  immaterial  whether  a  vinculum  or  brackets  be  used  in  any 
case,  that  being  dependent  solely  upon  the  will  of  the  writer :  but  in  some 
cases  it  is  necessary,  for  distinction's  sake,  to  use  bolh  at  the  same  time,  or 
eise  two  kinds  of  brackets.  Thus,  to  express  a  times  the  difference  between 
b  and  c-d,  we  must  write  either  a.(6-c— if),  or  a.{6-(c-ii)}.  Conse- 
quently  it  requires  to  be  especially  noted,  that  in  all  cases  when  the  Student 
meets  with  (  or  j  or  Q,  he  must  look,  whatever  may  intervene,  for  the 
counterpart  )  or  }  or  J  respectively ;  and  all  that  is  included  within  the 
complete  brächet  must  be  treated,  irrespective  of  other  brackets  or  vincula, 
as  the  sign  which  precedes  it  directs.  So  that  in  striking  put  brackets  hv 
Rules  I  and  II,  each  pair  of  symbols,  as  ( ),  { },  Q  ]],  must  be  Struck 
out  separately,  änd  not  all  confusedly  and  at  once. 
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A  ftw  exiiii|ile6  will  make  this  dearer. 
Ex.  1.    Perform  the  addition  expressed  bj  (a+6)+(a-6). 

(a+5)+(fl-6)-<i+i+a-i,  by  Rule  I, 

£x.  2.    Perform  the  subtraction  expressed  by  (a-^b)—(a—b). 

(a+Q-(fl-6)=a+d-(a-d),  by  Rule  I, 

«fl+6-fl+5,  by  Rule  II) 
-26. 

Ex.  S.     Simplify  a-(x-a)-{jr-(a-x)}. 

—fl-Ä+a-jt+a-lP, 


Ex.4k    SimpKfy  1-{1-(1-12«)}.  

l-.{l-(l-lZi)}mi^l+(l-iri),  ^ 

«=1-1+1-1+Jf, 

Ex.  5.    Simplify  -[-{-(-«)}]. 

-:-{-(-<»)}:-+{-(-«)},  by  Rule  II, 

=-(-a),  by  Rule  I, 
Bfl,  by  Rule  IT. 

MÜLTIPLICATION. 

88.  The  itiuhipliicatioii  of  simple  algebraical  quantlties  mMt 
be  repres^nted  acoording  to  the  Dotation  pointed  out  in  Art  ßi, 

Thus  0x6,  or  ab,  represents  the  prodact  of  a  multiplied  by  6 ; 
abe  the  product  of  the  three  quantities  a,  6,  and  c ;  and  so  on.. 

It  is  also  indifferent  in  what  order  they  are  placed,  axb  and  6xa 
being  equal. 

For  Ixassaxl,  or  1  taken  a  times  is  the  same  with  a  taken 
oiice ;  also  6  taken  a  times,  or  6xa,  is  6  tifties  as  great  as  I  taken 
o  times ;  and  a  taken  6  times,  or  ax6,  is  b  times  as  great  as  a  taken 
once;  therefore  (Art.  81)  6xa^ax6.  Also  abc-eabrnbea^^acb; 
for,  as  in  the  former  case,  lxax6aBax6xl;  and  cxax6  is  e  times 
as  gUNit  as  lxax6;  also  ax6xc  is  c  times  as  great  as  ax6xl;  therefore 
iix6xCBOxax6  (Art.  81);  and  a  similar  proof  may  be  applied  to  the 
other 
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89.  To  determine  tbe  sign  of  the  product,  observe  the  foUow- 
ing  rule : — : 

-  If  the  mulHplier  and  mulHplicand  have  the  same  sign^  the  pro» 
duct  ia  positive;  if  they  have  different  signa^  the  product  is  negative. 

l'^  +ax  +  &r>+a&;  because  in  this  case  a  is  to  *be  taken 
positively  b  times;  therefore  the  product  ab  must  be  positive. 

2^.     —  ax  +  ba— €i&;  becauße  -a  is  to  be  taken  b  times;  that 

IS,  we  must  take  -  a6. 

•     ••  ™ 

s\  +a)f-'&«'^a&{  for  a  quantity  is  said  io  be  multiplied 
by  a  negative  number  —6,  if  it  be  subtracted  6  times;  and  a  sub- 
tracted  6  times  is  —  ab.  .  This  also  appears  from  Art.  92.  Ex.  2. 

4^.  '^ax  — &B  +  a&.  Here  —  a  is  to  be  subtracted  b  times, 
that  is,  —  ab  is  to  be  subtracted ;  but  subtracting  -  ab  is  the  same 
as  adding  +a&  (Afll  B6);  therefore  we  have  to  add  +a6. 

The  2^.  and  4^  casies  may  be  thus  proved;  a-a>-0,  multiply 
these  equals  by  6,  then  ab  together  with  ^axb  must  be  equal  to 
bxOf  or  nothiug*;  therefore  —  a  multiplied  by  b  must  give  -^06,  a 
quantity  whieb  when  added  to  ab  makes  the  sum  nothing. 

Again,  a-aa-0;  multiply  these  equals  by  -6,  then  -a&  to- 
gether with  —  ax  — 6  must  be  equal  to  0;  therefore  — ax-&B4-a6. 

90.  If  the  quantities  to  be  multiplied  have  coeffidents^  these 
miist  be  itiultiplied  together  as  in  common  arithndetic ;  the  sign  and 
the  literal  product  being  determined  by  the  preceding  rules. 

^       Thus  Saxbbtm\5ab\  because  S%ax5%b^Sx5xa7fhml5ab  (Art.  88). 

.  Again,  4«x-llyB —44j^;   -96x -5c— +  456c; 

and  -  6d  x  4m  s  -  24i?}cf. 

«  -        .• 

91*  The  powers  of  the  same  quantity  are  multiplied  together 
by  adding  the  indices;  thus  a'xa^Bso',  for  aa>^aaa«^atKuui.  In 
the  same  manner  a^  xa^^md^;  and  —  Sa V  x  Sojpy'*  ■  - 1 5a^a^^,        ,^ 

'.  *  It  ii  «  common  mistake  of  begumeii  to  say  that  an  algebraical  expression  which 
appeaiB  under  the  form  oxO  is  equal  to  o,  by  suppoiing  it  to  signify  a  not  multiplied 
ät  all ;  whereasf '  tince  ttxb  Isignifiee-  a  taken  b  times,  in  the  säme  manner  <rxO  slgnlfies 
a  taken  0  times,  and  is  therefore  equal  to  0.— £d.  «^      * 
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To  prove  generali^  that  ä^xa^sMa^^  m  and  n  being  any  poiüivt 
integer 9, 

By  De£  Art  6S.    a*"saxaxaxax  &c  continued  to  m  factors; 

also     a'saxaxaxax  &c    Ji    ; 

•*.  a*xtf"«>axaxa...to  iit  factorsxaxaxu... tan  factors, 
Bflxaxa. .. to  iit+n  factors, 
«a"*^,  by  Def.  Art  63. 

Tt  will  be  oroved  hereafter  that  the  same  rule  bolds  Vfhea  tn  and  n  are 
eidier  fractional  or  negative.    (Arts.  132«  162.) 

Also  a'^h*x<^b^^ä^.a?.lr.b^=^a'^b^. 

92.  If  the  multiplier  or  multiplicand  consist  of  several  terms, 
each  term  of  the  latter  must  be  multiplied  by  every  term  of  the 
former,  and  the  sum  of  all  the  producta  taken  for  the  whole  product 
of  the  two  quantitiea. 

Ex.  1.     Mult        a  +  b 
by  c  +  d 


Prod*.   mac-^^bc-^-ad  +  bd 


Here  a  +  6  i$  to  be  taken  c  +  d  times,  that  is,  c  times  and  d 
times,  or  (a  4-  b)c  4-  (a  +  b)d. 

£x.  2.     Muh.        a  +  6 
by  c-d 


Prod*.  moc-k-bc^ad^bd 


Here  a  +  ft  is  to  be  taken  e  -  d  times,  that  is,  e  times  wanting 
d  Xlmesi  or  c  times  positively  and  d  times  negatively;  that  is, 
(a  +  6)£J'-(a+6)d,  orac  +  6c-(ad  +  M),  or  ac  +  6c-ad- W,Art.8J. 

Ex.  3.     MuU.       a  +  6 
by  a  +6 


Prod*.  by  a  »  a'  -h  afr 
...    by  +6-     +a6  +  6' 


Whole  prod*.    «  a* + 2a6  +  6* 


X.  4.     Mult. 

a— 6 

o*+o6 
-aft-ft* 

-  • 

Prod'. 

-o*-6* 

42 
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Ex.  S.     Mult.  Sa* -SM  Ex. 6.    Malt    x^a 

hy  -  Sa*  4  4bd  ^7         flL. 

Prod*.  --15a'  +  S7a»M-S06»d' 

■  •  •  ■ 

Ex.  7.     Mult.     a"  +  2ab  +  &•  Ex.  8.    Mult  jT+jt 

-  2a"6  -  4a*6'-  2a6* 


Prod*.  -  a*  -2aV+  6* 


Ex.  9.     Mult.     1-*  +  ^-^  Ex.  10.    Mult  l*^iy 

by           l  +  or  ^         *     f^ 

■^  by        24f-3y 

l-d?  +  ^-«'  .2 

Jt — xy 

8 


Prod*.  -     1    -  ^  -ö«y+J^ 


2 


Prod».-««-^*y+y 


Ex.  11.    Muh.    jf^-^px-k-q 
by  w  •¥  a 


Prod*.  ■■«*-(p^a)«*+(5r-ap).r+ajr 


Here  the  coefficients  of  «'  and  x  are  bracketed,  since  -  {p  -  a)jr* 
w  -por'  +  aar ;  and  (g  -  ap)x  «  qx^apx. 

Ex.  12.  Malt  ma-+na* 

by  na^+wa* 


iiifia*"+fi*a'*** 


+iii*a"***+iiiiia' 


Prod*.  ■•miia*"+(m*+ii')a"^+iwiia" 


[[£!xfra#e#  D.] 
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It  may  be  useful  to  exhibit  the  Rules  for  Multiplication  as  foUows:— - 

RuLES.   p{a+b)^pa-¥pb (1), 

p(a-6)«pa-/>6 (2), 

(a+b)lc'{'d)^ac+bc'^ad'^ld (3), 

(a+^)(c-if)«sflc+6c-Äif-6cl (4), 

(a-b){c^d)'»ac''bc''ad+hd (5). 

Assuming  (1)  and  (2),  which  are  too  obvious  to  need  a  proof,  to  provo 
(5),  let  a-^b^m^  then, 

(a+ß)(c+d)  »iit(c+d), 

smc+ntcf,  by  (l), 

^(a-^b)c'^(a-k'l)dy 

'^ac'^bc'^-ad+bdj  by  (1). 

Similarly  for  (4). 

To  prove  (5)  let  a-5-»m,  thcn 

(a-d)(c-rf)  aiii(c- d), 

^mc-rndy  by  (2), 

e  HC— bc—iad^  bd), 

szac'-bc'^ad'k-bd,  by  Art  87- 

.  N*B.  The  Rules  for  the  raanagement  of  Brackeis^  given  in  Art  SJ, 
apply  only  to  the  Addition  and  Subtraction  of  quantities  so  enclosed.  If 
a  collection  of  quantities  within  brackets  is  to  be  muUiplied  or  divided  by 
any  quantity  or  collection  of  quantities,  the  brackets  must  not  be  Struck  out 
until  the  multiplication  or  oivision  is  actually  performed.  Thus  (a+6)x 
(c-¥d)  signifies  that  a+b  is  tobe  taken  c+d  times,  and  is  obviously  not 
the  same  as  either  a4  6(c+<f),  or  (a+6)c+dl  Again,  (a+6}-f-(c-f  (/)  is  not 
equivalent  to  either  a+b'i-{c+d)y  or  (a+b)'7-e^d;  but  it  may  be  written 

— -79  the  line  which  separates  the  numerator  and  denominator  serving  as 

a  vinculum  to  both, 

The  leamer  would  do  well  to  practise  multiplication  of  quantities  by 
means  of  brackets  as  early  as  possible*    Thus^ 

Ex.  1.     (a-6)(c-<f)*(«"-*>-(«-*H 

=5flc  -5c—  (ad--  bd)f 
s^ac—bc—ad+bd. 

Ex.  2.    (j?+fl)(«+6)a(«+fl)«+{x+fl)6, 

ssj^+ax-t-bx-haby 
mj^+(a+b)X'^ab» 

Ex.  3.    (*+lX«+2)(dPfS)«(Ä»+2Ti.x+2)(j:+S).    (Ex.  2.) 

«  (*■+ 3x4  2)*+(4r*+Sj?+2)S 
tex'+S*"+2a'+S**+9x+6, 
«x^+ftr'+llx+e. 


44  MULTIPLICATION.' 

It  is  also  useful  to  commit  to  memory  at  an  early  stage  the  three  fol- 
lowing  results ;  as  will  appear  from  the  subjoined  Examplea : — 

{A^B).{Ä-^B)  OT  {A+By^A*+B'+2AB. (i) 

Ia-'B).Ia-B)  or  (^-J?)'«^'+J3'-2^B (ii) 

{A'¥B).{A'B)^A*-B' (iii) 

tvhalever  quaniities  A  and  B  maif  represeni,  simple  or  Compound. 

Ex.  1.     {ax+bif)(ax+bi/)cs(^axy+{bify+2MX.bify  hy  (i), 

=a  V+  5y  +  2ahxy. 

Ex,  2.     (aX'-hi/){ax-bi/)=(axy+(bt^y-^MX.bif,  by  (ii), 

= a*x*+  b*y*-5tabxy. 

Ex.  3,     (ax+bi/)(ax-by)m(axy'-(bify,  by  (iii), 

Ex.  4.     (ajr+6+cy+c0*-(«'+^+c^+^)*i 

«(fljr+&)*+(cy  +  rf)*+2(fljr+6)(cy+rf)^ 
»fl  V+  6'+  2fl6jr + c^y*-^d^+2cdy 

+  2acxy + 2adlr +2&cy +261/. 
Ex.  5.     (fl+6+c)(a+6-c)=(a+6+c)(a+6-c), 

«(a+fc)'-c%  by  (iii), 
■8a'+6*+2fl6-c*. 

Ex.  6.    (6+c*a)(c+a-6)=(c-a-6)(c+fl~6), 

^(^•-(fl-Ä)«,  by  (iii), 
«c*-(aV&*-2a6), 
=c'-a*-6*+2a&. 

SOHOLIUM. 

The  method  of  determining  the  sign  of  a  product  from  the 
consideration  of  abstract  quantities  has  been  found  fault  with  by 
some  algebraical  writers,  who  contend  that  —  a,  without  reference 
to  other  quantities,  19  imaginary,  and  consequently  not  the  object 
of  reason  or  demonstration.  In  answer  to  this  objection  we  may 
observe,  that  whenever  we  make  use  of  the  notation  -  a,  and  say 
it  signifies  a  quantity  to  be  subtracted,  we  make  a  tacit  refefence 
to  other  quantities. 

Thus,  in  numbers,  -a  represents  a  number  to  be  subtracted 
from  those  with  which  it  is  connected;  and  when  we  supjpose  -a 
to  be  taken  6  times,  we  must  understand  that  a  is  to  be  taken  b 
times  from  some  other  numbers.  In  estimating  lines,  or  distances, 
-  a  represents  a  line,  or  distance,  in  a  particular  direction.  •  The 
negative  sign  does  not  render  quantities  imaginary  or  impossible, 
but  points  out  the  relation  of  real  quantities  to  others  with  which 
they  are  concerned. 
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93.  To  äivide  one  quantity  by  another  ia  to  determine  how 
often  the  latter  is  cantained  in  the  formet^  or  what  quantity  mul^ 
tiplied  by  the  latter  will  produce  the  former. 

Thus  to  divide  ab  by  a  is  to  determine  how  often  a  must  be 
taken  to  tnake  up  ab,  that  is,  what  quantity  multiplied  by  a  will 
giye  ab ;  which  we  know  is  6. 

From  tbis  consicieration  are  derived  all  the  rules  for  the  division 
of  algebraical  quantities. 

The  words  Dividend^  Divisor,  and  Quolientj  have  the  same  meaning 
Jiere  as  in  common  Arithmetik 

O^.  If  the  divisor  and  dividend  be  affected  with  like  signs, 
the  sign  of  the  quotient  is  +  ;  but  if  their  signs  be  unlike,  the' sign 
of  the  quotient  is  — .     Thus, 

If  -  a6  be  divided  by  -  a,  the  quotient  is  +b;  because  -  a 
X  H-  6  gives  —  ab ;  and  a  similar  proof  may  be  given  in  the  other 
tases. 

95.     To  dioide  one  simple  quantity  by  another. 

RuLE.  In  the  division  of  rimple  quantities,  if  the  divisor  be 
found  as  a  factor  in  the  dividend,  the  other  part  of  the  dividend, 
with  the  sign  determined  by  the  last  ruie,  is  the  quotient. 

This  is  obvious,  since  Quotient x Divisor = Dividend  in  all  cases. 
Thus -7Ä-f-6=-7;    -ax-^^-a^x;     14Ä6^-7ft=2a.7ft-5-7ft-2Ä. 

Also  abc-r-abmc;  because  ab  multiplied  by  e  gives  a6c. 

If  we  first  divide  by  er,  and  tken  by  b,  the  result  will  be  the 
same;  for  a6c-T-a"*&c,  and  bc-i-bmCf  as  before. 

Cor.  If  any  power  of  a  quantity  be  divided  by  any  other 
POWER  of  the  same  quantity^  the  quotient  is  the  same  quantity 
with  an  index  which  is  found  by  taking  the  indejo  of  the  divisor 
from  the  indew  of  the  dividend. 

Thus  a''-i-(^^a*xa*-i-a*  (Art  90-«*»  (Art  84) ;  and  generally,  if  m 
and  ff  be  positive  integers,  and  iii>ii,  (i*-7-<t^ä'^xa*-i-a*=a* 


Similarly  6a^6«-r-S/i«&*c=2fl«Ä»xSaW-^Sa*Ä»«2a*^;   and  (fl-6-)+(a'^)- 
a--*^-».  o'^'^o'i« =a"-'i"^. 
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96.    Lemma*     To  thew  ihat  a-^b  u  equal  to  ihe  fraction  r-, 

According  to  the  definition  of  a  ^fraction*  the  unit  is  divided  into  6 
equal  parts,  and  a  of  them  are  taken^  to  make  the  quantity  represented  by 

T«    Now,  each  of  these  parts  is  clearly  the  V^  part  of  the  uni^  and  .*.  ^ 

is  equal  to  a  times  the  V^  part  oi\,^x,  suppose.  M ultiply ing  these  equals  by 
h^  (Art  81),  &xa  tiraes  Uie  hf^  part  of  1,  or  ax(  times  the  If^  part  of  l-ftjr; 
but  (  times  the  &^^  part  of  1  Is  clearly  1,  ,\  a^hs,    Now  let  a-i^b^y^  thea 

by  Definition  (Art  93),  a^^hy,  .*.  bx^by,  or  ir«^,  (Art  82) ;  that  is  ^»n^-t. 

97«  In  dividing  one  simple  quantity  by  another,  if  only  apart 
of  the  product  which  forms  the  divisor  be  contained  in  the  dividend» 
the  division  must  be  represented  by  a  fraction  according  to  the 
direction  in  the  last  Art.,  and  the  factors  which  are  common  to 
the  divisor  and  dividend  expunged. 

^^  ...  «        15aVc      -5o6c 

—  Saroof  w 

For,  Ist,  divide  by  '^Sa'b,  and  the  quotient  is  ^5abc;  this 
quantity  is  still  to  be  divided  by  x  (Art.  95)^  and  as  w  is  not  con- 
tained in  it,  the  division  can  only  be  represented  in  the  usual  way ; 

,      .     -  5abc  .     , 

that  is, IS  the  quotient. 

w 

98.  To  divide  a  quantity  of  two  or  more  terms  by  a  simple 
quantity* 

BüLE.  If  the  dividend  consist  of  several  terms,  and  the  divisor 
be  a  simple  quantity,  every  term  of  the  dividend  must  be  separately 
divided  by  it. 

Thus  to  divide  aV  —  öabafl  +  6aj^  by  aa^, 

_       .  oV     5aba^     6aa^       ,       ,        ^  , 

Quotient  m — + m  a^—öbx  +  &t% 

aar       aar       aar 

Also    (fl+6+c)-5-aic«s-7—+--7-  +  -r--7-  + — +-y. 

^  übe    übe    übe    bc    ac    ab 

99.  To  divide  one  quantity  by  another  when  the  divisor 
consists  of  two  or  more  terms. 

RuLB.  When  the  divisor  consists  of  several  terms,  arrange 
both  the  divisor  and  dividend  according  to  the  povoers  of  some  one 
letter*  contained  in  them,  (that  is,  beginning   with   the  bighest 

«  The  opcTAtion  will  be  tborteit  when  that  letter  U  choeen  whose  highest  power  14  the 
dividend  comes  nearett  to  the  highest  power  of  the  same  letter  in  the  divisor ;  and  the  «une 
■irangemcnt  according  to  thepowers  of  that  letter  must  be  kept  up  throughout  the  whole 
operatioo.— £d. 
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power  and  going  regularly  down  to  the  lowest,  or  vice  veraä,)  then 
find  how  often  the  first  term  of  the  divisor  is  contained  in  the  first 
term  of  the  dividend,  and  write  down  this  quantity  for  the  first 
term  in  the  quotient;  multiply  the  whole  divisor  by  it,  subtract 
the  product  from  the  dividend  and  bring  down  to  the  remainder  aa 
many  other  terms  of  the  dividend»  as  the  case  may  require,  and 
repeat  the  Operation  tili  all  the  terms  are  brought  down. 

Ex.  1.     If  a*  -  2ab  ->-  6'  be  divided  by  a^b,  the  Operation  will 
be  aa  follows : 

a  -  6^a»-  Soft  +  6^(^a  -  6 

-  a5  +  6» 

-  a6  +  &• 


The  reason  of  this  and  the  foregoing  rule  }fi,  that  as  the  whole 
dividend  is  made  up  of  all  its  parts,  the  divisor  is  contained  in  the 
whole  as  often  as  it  is  contained  in  all  the  parts.  In  the  preceding 
Operation  we  inquire  first,  how  often  a  is  contained  in  a\  which  gives 
a  for  the  first  term  of  the  quotient;  thea  multiplying  the  whole 
divisor  by  it,  we  have  a*-a&  to  be  subtracted  from  the  dividend,  and 
the  remainder  is  —  a6  +  &^»  with  which  we  are  to  proceed  as  before. 

The  whole  quantity  a*  —  2a&  <f  6*  is  in  reality  divided  into  two 
parts  by  the  process,  eacb  of  which  is  divided  by  a^b;  therefore 
the  true  quotient  is  obtained. 

Ex.  Ä.     a  +  6^ac  +  ad  +  öc  +  M(^c  +  d 

ao-t-6c 

ad-\-bd 
ad-^bd 

•n     «      •         \.       I  •      •     o         Remainder 

Ex.  S.     l-.r)l       Cl +«  +  «'  + 4^  +  &c.  + 

1  -« 

1  -4? 


«■ 

+  *»- 

+ 
+ 

*« 

-h«*&c. 
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Ex.  4.  y-Us^-iij^'+y  +  i 

+if—i  '■■'.• 

From  this  example  it  appears  that  ^—1  is  divisible  by  v— 1  without 
remainder,  the  quotient  heing  y-i-^+1«.  It  may.|>e  shewn  in  the  aame 
manner  that  «*— a*  is  divisible  by  «— a,  the  quotient  being  x'+iijr+a'; 
and  that  «'+a'  is  divisible  bv  ir+a,  the  quotient  being  «*— ax+a*.  These 
results  are  worth  remembenng. 

Ex.  5.    To  divide  4fl6'+51ö«6«+10a*-48a»6-15ft*  by  4ai-5aVs6*. 

First  arrangeth#  terms  of  both  dividend  and  divisor  according  to  the 
powers  of  a,  beginning  with  the  highest. 

10a*- 8a'6 -eo«*« 

-40irt+57ö*&*+4a^ 
-40a»6+52a«6»+24a6' 


25flV-20fl6»-15i* 

Ex. 6.    a?-y^j7"-y"(^«^-*  +  /p*^*y+j7"^y*...+y»-* 

+  «""'y-y" 


This  ^  division  will  obviouslv  terminale  without  remunder  for  any 
proposed  integral  and  positive  value  of  tn,  when  the  quotient  has  reached 
to  m  terms,  the  last  term  being  ^"*~^     Hence  we  have. 
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(a  -p)x*  -  (o*  -  po)« 

+  (a'-pa+7)j7-r 
(o*  —  pa  +  g')j7  -  (c^^pa*  +  7a) 

Remainder     a'  -  pa'  +  ga  —  r 

[[-BarerciVw  E.]     See  Note  1. 

TRANSFORMATION  OF  FRACTIONS  TO  OTHERS  OF 

EQÜAL  VALUK 

100.  If  the  Bigns  of  all  the  terms  both  in  the  numerator  and 
denominator  of  a  fraction  be  changed,  its  value  will  not  be  altered. 

—  a&                                                                          +  ab 
For -a6-r-a(Art.  96)m  +  6» +a&-T-  +  a-i ; 

_        a  —  x    — fl  +  jf    jp  — a 

JliX«       T *=*  — i "^ i  • 

6  — jp     — 6+jp     jp  — 6 

101.  If  the  numerator  and  denominator  of  a  fraction  be  both 
multiplied^  or  both  divided,  hy  the  same  quantity,  its  value  is  not 
altered. 

For  in  r  the  unit  is  divided  into  b  equal  parts,  and  a  of  them  aretaken, 

in  j- bc c  times  as  many  as  before, 

and  a  of  them  taken ;  therefore  in  the  former  case  each  part  is  c  times 

as  great  as  in  the  latter.     But  if  c  times  as  many  of  the  smaller  as  t>f  the 

greater  parts  be  taken  it  is  obvious  that  the  result  in  either  case  will  be 

the  same — that  is,  that  ac  parts  of  the  latter  are  equal  to  a  parts  of  the 

^  ac    a 

former,  ^^-t-^t* 

Hence  a  fraction  is  reduced  to  its  lowest  terms  by  dividing 
both  the  numerator  and  denominator  by  the  greatest  quantity  that 
mecuurea  them,  both. 

This  quantity  is  called  the  Greatest  Common  Measure^  or  Highett 
Common  Divisor^  of  the  numerator  and  denominator. 

102.  A  fraction  which  has  either  its  numerator  or  denominator  a 
simple  algebraical  quantity  is  easily  reduced  to  lowest  terms;  for  the  great-< 
est  common  divisor  of  the  numerator  and  denominator  is  at  once  found 

4 
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by  inspection,  that  is,  by  observing  at  sight  what  faictors  are  common. 

Sa'bc 
Thus  to  reduce  -— rm  to  its  lowest  terms,  wc  see  that  a*6  ig  the  greatest 

5a' od 

common  measure  of  the  numerator  and  denominator;  therefore  the  fraction 

Sc 
requiredis^^. 

.      .      2a  +  5ax  .     ^              jj^2  +  5jf         .      a*      ^       a 
Agam,  — 18  at  once  reduced  to  — - — :  and  -; j  to r . 

But  in  the  case  of  fractions  having  for  both  numerator  and  denomi- 
nator a  Compound  algebraical  quantity  the  following  rule  is  often^  though 
not  always,  needed. 

103.  The  Greatest  Common  Measure  of  two  Compound  alge- 
braical quantities  is  found  by  arranging  them  according  to  the 
powers  of  some  letter  {as  in  division\  and  then  dividing  the 
greater  by  the  less^  and  the  preceding  divisor  always  by  the  last 
remaindery  tili  the  remainder  is  nothing;  the  last  divisor  is  the 
greatest  common  measure  required. 

Let  a  and  b  represent  the  two  quantities,    and  bjai^ 
let  b  be  contained  p  times  in  a,  with  a  remainder     pb 
c;    again,  let  c  be  contained  q  times  in  6,  with  a     ~cjb{^q 
remainder  d;   and   so  on,   tili  nothing  remains;   let  qc 

d  be  the  last  divisor,   and  it    will  be   the  greatest  ~d)c{.r 

common  measure  of  a  and  6.  ^^ 

104.  The   truth    of   this   rule    depends    upon  "ö" 
these  two  principles; 

l'^  If  one  quantity  measure  another,  it  will  also  measure 
any  multiple  of  that  quantity.  Let  <r  measure  y  by  the  units  in  n, 
then  it  will  measure  my  by  the  units  in  mn ;  for  since  y  »  n^r, 
my^mnw(ATU  81)»fnti./r,  that  is,  «v  is  contained  mn  times  in  my, 
or  measures  my  by  the  units  in  mn. 

2^  If  a  quantity  measure  two  others,  it  will  measure  their 
sura  or  di£ference.  Let  a  be  contained  m  times  in  J7,  and  n  times 
in  y;  then  ma^Xy  and  na  —  y\  iheretove  w^y^ ma^ na '»{m^rC^a^ 
that  is,  a  is  contained  m^n  times  in  a^y^  or  it  measures  x^y  by 
the  units  m  m^n. 

106.  Now  it  appears  from  the  Operation  (Art.  103)  that 
a'-pb^e,  andb-fCed;  every  quantity  therefore,  which  mea- 
sures a  and  6,  measures  p&,  and  a-pb^  or  c;  hence  also  it  measures 
qcj  and  b-^qc,  or  d;  that  is,  every  common  measure  of  a  and  6 
measures  d. 
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It  appears  also  from  tbe  division  that  a^^pb  +  o^  b^qc+d^ 
crd;  therefore  d  measures  c,  and  qc^  and  qc  +  d^  or  b;  hence  it 
measures  pby  and  p&  +  c,  or  a.  Every  common  measure  then  of 
a  and  6  measures  el,  and  d  measures  a  and  b ;  therefore  d  is  their 
greatest  common  measure*. 

Ex.  1«    To  find  the  Greatest  Common  Measure  of  a*+2a+l    and 

ii'+2a'+2a+l;  and  to  reduce    ,  ^  ,   ^ — -  to  its  lowest  terms« 


«■+Äa+1  J  «■+2ö*+2fl+l    Ja 


a+1 


a+1 
a+1 

o+l  is  therefore  the  Greatest  Common  Measure  of  the  two  quantities ;  and 

if  they  be  rcspectively  divided  by  it,  the  fraction  is  reduced  to  -5 , 

aod  is  in  its  lowest  terms. 

Ex.  2.     To  find  the  Greatest  Common  Measure  of  a^-«^  and 

-        a*  —  a*j?  —  flwp* + «* 
€^-a*«-a«*+«*;  and  to  reduce to   its  lowest 

terms. 


a^w  -  a  V  -  cMf*  +  ^ 

2o  V  -  2d7* «  2a?'(a*  -  ä?*), 
leaving  out  2j?*,  the  next  divisor  is  o'-«*. 

-  o*Äf  +  «* 

#        -  • 

*  Thit  oondusion  is  more  obrioiis  when  Rtated  thus  i^every  oommoa  dirifor  of  a  and  b 
it  A  diTiior  of  tf,  but  no  quantity  can  be  a  dirlsor  of  d  which  i<  greater  than  d,  therefore 
ereiy  eommon  divisor  of  a  and  6  is  not  greater  than  d ;  and  since  d  is  one  of  them,  therefore 
tf  Is  the  greatest.    £d. 
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Therefore  a^^a^  is  the  6,c.  m.  required;  and  the  fraction  is 

reduced  to ,  and  is  in  its  lowest  terms. 

The  quantity  2^',  found  as  a  factor  in  every  term  of  one  of  the 
divisors,  Za^a^^-Zai*,  but  not  in  every  term  of  the  dividend, 
o'-o'^-ömt'  +  j;',  must  be  left  out;  otberwise  the  quotient  will  be 
fractional,  which  is  contrary  to  the  supposition  roade  in  the  proof 
of  the  rule :  and  by  omitting  this  part,  20?%  no  common  measure  of 
the  divisor  and  dividend  is  left  out,  because,  by  the  aupposition,  no 
part  of  2«v'  is  found  in  all  the  terms  of  the  dividend. 

[_Excrcises  F.] 

106.  The  proof  of  the  rule  for  Unding  the  o.c.m.  of  two  algebraical 
quantities  (Art  103 — 5)  excludes  every  case  in  which  any  one  of  the 
quotients  p,  q,  r,  is  fractional:  for  mb  is  not  considered  a  ''multiple"  of  b, 
unless  m  be  either  a  whole  numbery  or  free  froro  terms  in  a  fractional  form, 
But  the  fractional  quotients  may  always  be  avoided  by  rejecting  certain 
factors  which  can  be  detected  by  inispection. 

(1)  Let  such  factors  be  common  to  the  proposed  quantities;  so  that 
a^ka';  b^W,  where  k  contains  all  such  common  factors.  Then^  as  all 
factors  that  are  common  to  a  and  6,  excepting  h,  are  also  common  to  a'  and 
b',  and  all  that  are  common  to  a'  and  b'  are  also  common  to  a  and  &,  the 
O.C.M.  of  a  and  b  will  a  Arxo.c.M.  of  a'  and  b'.  Whence  we  see  that  such  a 
common  factor  as  k  may  be  neglected^  provided  we  multiply  it  into  the 
G.C.M.  that  will  afterwards  be  obtained. 

(2)  Let  such  factors  be  not  common;  and  let  a''^ma!',  b'=^nb",  where 
m  and  n  contain  all  the  factors  that  can  be  detected  by  inspection ;  a"  and 
b'*  consequently  have  no  such  factors ;  therefore  m  and  n  have  no  factors 
in  common  with  b"  and  a",  and  by  hypothesis  they  have  none  in  common 
themselves;  therefore  all  factors  common  to  a  and  b'  are  also  common  to 
t^'  and  b'\  and  conversely:  therefore  the  o.cm.  of  a'  and  6'>-o.c.m.  of  a!' 
and  b",    The  factors  m  and  n  therefore  may  be  entirely  rejected. 

From  this  also  it  is  evident  that  such  factors  as  the  above  can  be 
inlroduced  into  one  of  the  proposed  quantities,  provided  that  they  do  not 
contain  any  factor  that  already  appears  in  the  other. 

If  then  we  dispose  at  once  of  the  factors  that  we  can  detect  by  inspec- 
tion, according  to  the  foregoing  remarks,  we  can  proceed  to  find  the  o.cm; 
as  follows : 

pb 
c^mc'  suppose 

d^tuT  suppose 
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where  m  and  n  consist  entirely  of  such  factors  as  have  been  considered,  or 
are  not  either  of  them  a  '^measure"  of  the  succeeding  dividend. 

Now  every  common  measure  of  a  and  b  measures  a  ^  pb  or  c,  and 
therefore  is  a  common  measure  o£b  and  c;  also  every  common  measure  of 
b  and  c  roeasures  c+pb  or  a^  and  therefore  is  a  common  measure  of  a 
and  6. 

Therefore  the  o.o.m.  of  a  and  b  is  also  the  o.o.m.  of  b  and  c. 

But  as  m  contains  no  factor  that  appears  in  b,  the  o.c.m.  of  b  and  c 
will  be  also  the  o.c.m.  of  b  and  (/,  by  what  has  been  said  above. 

And  this,  by  ttie  same  reasoning  as  before>  is  also  the  o.c.m.  of  c'  and 
dy  and  therefore  also  of  c  and  (t;  and  so  on:  d'  being  the  last  divisor,  is 
evidently  the  o.c.m.  of  c'  and  d*;  and  therefore  it  is  the  o.c.m.  of  a  and  b. 

All  this  reasoning  will  equally  hold  good,  if  we  introduce  such  factors 
as  m  and  n  in  the  qourse  of  the  Operation,  provided  only  that  by  such 
introduction  they  do  not  become  common  to  the  divisor  and  dividend;  for 
otberwise  the  o.c.m.  of  the  divisor  and  dividend,  which  has  been  proved 
to  be  the  same  as  that  of  the  proposed  quantities,  would  be  increased  by 
such  common  factors,  and  the  result  would  consequently  be  erroneous. 

Care  must  be  taken  therefore,  lest  in  rejectinsr  a  factor,  we  reject  a 
part  of  the  o.c.m.  ;  as  also  in  introducing  a  factor,  Test  we  introduce  one 
which  will  increase  the  common  factors  of  the  proposed  quantities. 

From  what  has  been  said,  it  will  be  seen  that  every  common  measure 
of  a  and  b  will  measure  c\  and  by  the  same  reasoning,  will  measure  d',  and 
so  on:  i.  e.  every  common  measure  of  a  and  6  will  measure  their  o.c.m. 

Ex.  1.     Required  the  o.c.m.  of  9j:'+53j:*-94:-18  and  ot'+IIjp+SO. 

9j:»+99x»+ 270ar 

-46x*-279«-18 
-46j:*-506ar-lS80 


227«+lS62=227(*+6); 

227  18  evidently  not  a  common  divisor  of  the  two  proposed  quantities, 
and  may  therefore  be  rejected. 


5ar+S0 
5« +30 

«%  jr-f6  is  the  o.c.m.  required. 

Ex.  2.     Required  the  o.c.m.  of  2x*+x*-8ar+5  and  7**-12x+5. 

To  avoid  a  fractional  quotient  in  the  first  step  the  former  quantity 
must  be  multiplied  by  7,  which  is  not  a  factor  of  tne  other  quantity,  and 
will  therefore  not  affect  their  o.c.m. 
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2**  +  «•  -  8jr  +  5 

7 


SU'-66*+S5 
28ä*-48«+20 


S4?»-18a;+15-S(«'-&r+5); 

S  18  evidently  not  a  common  divisor  of  the  proposed  quantitieSj  and  may 
therefore  be  rejected. 

«■-6jr+5^7**-12x+  5(J 
7« -42*+ 35 

Sap-S0=30(jr-1);  reject  the  factor  SO; 


.*.  ir— 1  is  the  o.c.M.  required. 

Ex.  S.     Required  the  a.c.M.  of  S6a*-18a*-27Ä*+CHi'  and 
27fl*Ä»-18a*6«-<>aW. 

Here  S6fl'-18a*-27a*+9a"-9fl*(4a-2ö-3a+l), 

and  27«*& -18a*6«-9aW-9a»^«(3fl'-2a-l) ; 

/.  9a'  is  a  factor  of  the  o.c.m.j  and  the  factor  (*  in  the  latter  quantity 
may  be  rejected. 

Proceeding  with  the  other  factors, 

4a"-2a»-Sa+l 

3 


8a*~2a«l^  12fl"-6a'-9fl+S(^4a 
12a»- 8a'- 4a 


2a«-5a  +  S=2a(a-l)-S(a-^l), 
=(2a-S)(a-l); 

2a -3  may  be  easily  seen  not  to  be  a  common  divisor  of  the  proposed 
quantitie8>  and  may  therefore  be  rejected: 

ß-ly)  Sa'-2a-l  (^3a+l 


a-1 
a-1 

/.  a-1  18  the  o.c.M.  of  4a'- 2a*- Sa +1  and  Sa'-2a-l. 
Hence  9a'(a-l)  is  the  o.c.M.  required. 
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107.  To  find  tbe  Greatest  Common  Measure  of  three  quan- 
tities,  a,  b,  c,  find  d  the  Greatest  Common  Measure  of  a  and  6 ; 
and  the  Greatest  Common  Measure  of  d  and  c  is  the  Greatest 
Common  Measure  required. 

Because  every  common  measure  of  a,  i,  and  c,  measures  d  and 
c ;  and  every  measure  of  d  and  c  measures  a,  6,  and  c  (Art.  105) ; 
therefore,  the  Greatest  Common  Measure  of  d  and  c  must  be  the 
Greatest  Common  Measure  of  a,  6,  and  c. 

108.  In  the  same  manner  the  Greatest  Common  Measure  of 
four  or  more  quantities  may   be  found. 

The  Greatest  Common  Measure  of  four  quantities,  a,  6,  c,  d, 
may  be  found  by  finding  o?  the  Greatest  Common  Measure  of  a  and 
b,  and  y  the  Greatest  Common  Measure  of  c  and  d;  theo  the 
Greatest  Common  Measure  of  je  and  y  will  be  the  common  measure 
required. 

109.  It  should  be  bome  in  mind  that  the  Greatest  Common  Measure 
of  two  or  more  algebraical  quantities  found  as  above  is  not  necessarily 
the  Arithmelical  Greatest  Common  Measure  of  the  same  quantities  when 
numerical  value*  are  given  to  the  letters  contained  in  thera ;  and  the  reason 
is  this : — there  may  he  faclon  in  the  several  quantities  which,  in  their 
algebraical  State,  are  prime  to  one  another,  but  become  divisible  by  soroe 
common  number^  when  certain  values  are  given  to  the  letters  contained  in 
them.  For  example,  the  factors  «-7,  and  or— 4,  have  no  common  mea* 
sure  greater  than  1,  as  algebraical  expressions ;  but  if  10  be  put  for  x,  they 
become  3,  and  6,  which  have  a  common  measure,  3.  Hence  it  is  plain> 
that  if  we  exclude  certain  factors  from  the  Greatest  Common  Measure  as 
having  no  common  divisor,  and  ajlerwards  chan^e  their  form  so  as  to  make 
them  to  have  a  common  divisor,  the  Greatest  Common  Measure  obtained 
on  the  former  supposition  cannot  possibly  agree  with  the  Greatest  Common 
Measure  obtained  on  the  latter  supposition.  In  fact,  the  phrases  '  Greatest 
Common  Measure^'  ^Lowest  Terms,'  ^Least  Common  Multiple/  applied  to 
algebraical  quantities^  do  not  regard  comparative  magnitude, 

110.  In  practice  the  Greatest  Common  Measure  of  two  or  more 
algebraical  quantities  is  frequently  found  by  a  more  expeditious  method 
than  the  preceding,  as  follows.     Taking  £x.  2^  Art.  105. 

Ex.     Required  the  o.c.m.  of  a*-**  and  a*— fl*ar— flrx*+j:". 

First,  a*-ar«=(fl«+*«Xö*-*")- 
Also   «•— a*jr— «rx*+ar'Äa'(a— ar)-j:*(fl— jr), 

=  («•-*')(«-*); 

therefore  a'— x*  is  a  common  factor  or  divisor  of  the  proposed  quantities ; 
and  since  the  other  factors  a'+x*  and  a^x  have  no  common  measure 
greater  than  1^  therefore  a'— x*  is  the  Greatest  Common  Measure  required. 
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111.  In  the  same  manner  fractions  are  usually  reduced  to  their 
lowest  terms  without  the  application  of  the  Rule  for  nnding  the  o.c.m.  of 
the  numerator  and  denommator. 

Ex.  1.    Reduce  to  lowest  terms  ^  ,    ^^  .  ^ — -r-, 

a^+Ux+30      ^      x(x+6)-f5(j?4-6) 
pjt'+SSx'-pJP-lS  "  9JfV+6)-(«*+9*+18) ' 

(x+5){x+6) 
"  9*"(*+6)-(x+S)C«+6) ' 
{x+5)(x  +  6) 


«+5 


(divid«.  num'.  and  denom'.  by  jr+6) 


9**-ar-S' 


Ex.  2.     Reduce  -5-77 — r — 7-  to  its  lowest  terms» 

jr'+(a +r)ar+flc»4?'-i-flx+car+flc, 

«  j:(4r + a) + c(ar+  c), 
=  (jr+c)(ar+ö); 
also  «•+(5+c)*+6c=(jr+c)(ar+6); 

.*.  the  fraction  becomes  7 r? — rr* 

and  in  lowest  terms  is  — -, . 

ar+6 

Ex.  S.     Reduce  —    ,    /;  a    A« —  ^  *^  lowest  terms« 

4a*-5a6+6«      ""  4fl(a-6)-6(a-6)  ' 

(3a'-f&')(fl~&) 
*  (4fl-6Xa-6)  ' 

~  4a-6  • 

Ex.  4.     Reduce  \, «   ;  »   J — ^  to  its  lowest  terms. 

Wer—  (a  —  6  -  (ry 

{a+b){(a+by-c'}  (a-¥b)(a-^b+c)(a-^b-c) 


(^a  +  b)(a'\-b+c){a+b-c) 
{a'-{b-cy}{{b^cy-a'\  ' 


(a+6-cXa+c-6)(a+6+cX*+c-fl)' 


are 
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a-^h 

"(a+c-6)(6+c-fl)* 
a+b 

{^Exerciset  G.] 

112.  FracHona  may  he  changed  to  othera  of  equal  value^ 
foiih  a  common  denominator^  hy  multiplying  each  numerator  by 
every  denominator  eacept  its  own^  for  the  new  numerator^  and  all 
the  denominatora  together  for  the  common  denominator. 

fractions  of  the  same  value  respectively  with  the  former,  haring  the 

adf    a      cbf    c  .  ebd     e 

common    denommator   bdf.      For— -i^--;    rr::«-:;   and  ---a- 

•^  bdf     b      bdf    d  bdf    f 

(Art.  101) ;   the  numerator  and  denominator  of  each  fraction  having 

been  multiplied  hy  the  same  quantity,  viz.  the  product  of  the  deno- 

minators  of  all  the  other  fractions. 

113.  When  the  denominators  of  the  proposed  fractions  are  not 
prime  to  each  other,  find  their  Greatest  Common  Measure ;  multiply 
both  the  numerator  and  denominator  of  each  fraction  by  the  deno- 
minators of  all  the  rest,  divided  respectively  by  their  Greatest 
Common  Measure ;  and  the  fractions  will  be  reduced  to  a  common 
denominator  in  lower  terms  than  they  would  have  been  by  proceed- 
ing  according  to  the  former  rule. 

Thus  — ,  — ,  — ,  reduced  to  a  common  denominator,  are 
mof    my    mz 

ayz       bwz       cxy 
mwyz '  mwyz '  mccyz ' 

114.  To  obtain  them  in  the  hwest  terms  each  must  be  reduced 
to  another  of  equal  value,  with  the  denominator  which  is  the  Leaat 
Cofnmon  Multiple,  or  Loweat  Common  Multiple,  of  all  the  denomi- 
nators. 

It  becomes  necessary  therefore  to  investigate  a  ruie  for  finding  the 
Least  Common  Multiple  of  two  or  more  quantities.     And  first, 

115.  To  find  ihe  Least  Common  Multiple  of  any  number  qf  simple 
quantities. 

To  do  this,  observe  the  combinations  of  letters  which  form  the  several 
qnantities,  and  resolve  each  quantity,  by  inspection,  into  its  sirapleyac/or^. 
The  object  then  will  be,  to  construct  such  a  quantity  as  shall  contain  all  the 
different  factors  found  in  the  proposed  quantities^  but  no  factor  repeated 
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vrhlch  18  not  also  siroilarly  repeated  in  some  one  of  them;  for  thus  we  shall 
obviously  form  a  quantity,  and  the  least  quantity,  which  is  divisible  by 
each  of  the  proposed  quantities  without  remainder,  that  is,  the  Least 
Common  Multiple  of  them  all.  To  this  end,  detach  from  each  quantity 
all  the  factors,  which  are  common  to  two  or  more  of  them,  until  the 
quantities  are  leftprime  to  each  other.  The  continued  product  of  tliese 
common  factors  and  prime  results  will  be  the  Least  Common  Multiple 
required. 

Thus,  let  the  l.c.m.  of  Sa,  6aby  and  Sab  he  required.  We  see  that 
the  three  quantities  have  a  common  factor  2a,  which  being  detached 
leaves  the  quantities  1,  3b ^  and  46:  of  these  again,  the  two  latter  have  a 
common  factor  6,  which  being  detached  leaves  the  quantities  l,  3,  and  4; 
and  these  are  prime  to  each  other.     Therefore  the  l.c.m.  required  is 

2axÄxlx3x4,  or  24a6. 

Obs.  Since  the  detaching  of  the  Common  Factors  is  the  same  thing 
as  dlviding  the  quantities  by  their  Greatest  Common  Measures,  it  is  clear 
that  this  method  coincides  with  the  arithmetical  rule  given  in  Art  23. 

It  may  also  be  observed  that  the  preceding  method  is  applicable  to 
Compound  quantities,  as  well  as  simple,  provided  that  each  of  the  quantities 
can  be  reauily  resolved  into  its  component  factors.  Thus,  if  the  l.cm.  of 
ab  +  ad^  and  ab  *—  ad  be  required,  we  see  that  the  quantities  have  a  com- 
mon factor  a,  and  when  stripped  of  this  become  b  +  d^  and  b^d,  which 
are  prime  to  each  other.     Therefore  the  l.c.m.  required  is 

a{b  +  d)(b^d)  or  ab*-ad^. 

The  following  method  is  generally  applicable  to  all  quantities  Simple 
or  Compound. 

1 16.  To  find  the  Least  Common  Multiple  of  two  quantities^ 
or  the  least  quantity  which  is  divisible  by  each  of  them  without 
remainder. 

Let  a  and  b  be  the  two  quantities,  «r  their  greatest  common 

measure,  m  their  least  common  multiple,  and  let  m  contain  a,  p 

times,  and  b,  q  times,  that  is,  let  m»pa^qb;   then  dividing   the 

a     Q 
two  latter   equal   quantities  by  pb  (Art.  82),  7  =  -;  and  since  nt 

b     p 

18  the  least  possible,  p  and  q  are  the  least  possible ;  therefore  - 

a  a 

18  the  fraction  7  in  its  lowest  terms*,  and  consequently  g=  -;  hence 

o  ^ 

a 
m^qb^-xb. 
w 

*  For,  if  not,  let  some  other  fraction  — ,  be  the  fraction  -  in  its  lowest  terms ;  then  tinee 

g/         gm 

-,  =  Tt  multipljing  these  equal  quantities  by  p'b  (Art.  81),  q^bsp'a,  or  there  are  common 

raultiplea  of  a  and  b  less  than  pa  and  qb,  which  is  impos^ible,  since  pa  and  qb  are  Um 
leasi,    £d. 
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The  rule  here  proved  may  be  thus  enunciated:— 

Find  the  o.cm.  of  the  two  proposed  quantities ;  divide  one  of  them 
by  this  O.C.M.;  and  multiply  the  quotient  thus  obtained  by  the  other 
quantity.    The  product  is  the  Least  Common  Multiple  required. 

Ex.    Required  the  Least  Common  Multiple  of  a*-x*  and  a^-a'x 

The  O.O.M.  of  these  two  quantities  (See  Art  105,  Ex.  2),  is  a'— «*; 
and  (a*-«*)-r(a*-jr^=fl*+**.  Therefore  the  Least  Common  Multiple 
required 

117-  Every  other  common  multiple  of  a  and  h  is  a  multiple 
of  m. 

Let  n  be  any  other  common  multiple  of  the  two  quantities ;  and> 
if  possible,  let  m  be  contained  r  times  in  n,  with  a  remainder  «,  which 
18  less  than  m;  then  n-m»»«;  and  since  a  and  6  measure  n  and 
rm^  they  measure  n^rm^  or  e  (Art  104);  that  is,  they  bave  a 
common  multiple  less  than  m,  which  is  contrary  to  the  supposition, 

118.  To  find  the  Least  Common  Multiple  of  three  quantities 
a,  b,  c,  ßnd  m  the  Least  Common  Multiple  of  a  and  b,  and  n  the 
Least  Common  Multiple  of  m  and  c  ;  then  n  is  the  Least  Common 
Multiple  sought. 

For  every  common  multiple  of  a  and  6  is  a  multiple  of  m 
(Art.  117);  therefore  every  common  multiple  of  a,  b,  and  c  is  a 
multiple  of  m  and  c ;  also  every  multiple  of  m  and  c  is  a  multiple  of 
Of  6,  and  c;  consequently  the  Least  Common  Multiple  of  m  and  e 
is  the  Least  Common  Multiple  of  a,  b,  and  c. 

And  similarly  if  there  be  four  or  more  quantities  of  which  the  Least 
Common  Multiple  is  required. 

Ex.     Required  the  Least  Com.  Mult  of  d:*-a'x— j«*+fl",  x*—a\  and 

Here  aji^-ha^x~a^j^—a*^a(j^'\-a^x^aj^'^a^; 
•-•  to  find  the  g.c.m.  of  this  quantity  and  the  first,  reject  the  factor  a; 

«•-a'4:-a*'+a*^i'+a*«-aj:*-fl"(^l 

2a*x  -  2a*=  2a'(x-fl), 
X'-a)  JC*—  a*x  -  ««•+  o*  (^x*-  a* 
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.*.  x-a  is  the  G.o.ir.  of  the  first  and  last  of  the  propoaed  quantities;  an< 
their  least  com.  niult.  is 

(a«'+  o»«  -  fl  V-  a*)(«'~fl') (1). 

The  other  quantity  is 

(4r«+a«)(x'«fl') (2> 

The  G.CM.  of  (1)  and  (2)  is  ^x'-a")xthe  o.c.m.  of  a**+a*«-ay-fl 
and  gf-^a*.    Rejecting  the  factor  a  in  the  former  quantity. 


.*.  the  o.CM.  of  (1)  and  (2)  is  (4?"+fl*)(x"-a'); 
.*.  least  com.  mult  required  is 

or  aj:*-a*«*— fl**+a*. 

119.  A  more  expeditious  method  of  applying  the  preceding  rule 
to  find  the  Least  Com.  Mult,  when  it  can  readily  be  done,  is  that  oi 
resolving  each  quantity  into  its  component  factors,  as  follows: — taking 
the  last  Example, 

(1 )  Ä^-  a*x-  flx*+  a"=x*(4r-  a)  -a\x^a), 

=(j:*-fl«)(x-fl). 

(2)  «•-.fl*-(4:«+fl')(a:»-a«)-(«*+a')(x-.a)(«+a). 

(3)  fld:*+fl**-aV-a*s=a«*(«-fl)+a*(x-fl), 

«a(j:"+a*)(«-fl). 

Now  the  o.CM.  of  (2)  and  (3)  is  («■+a")(«-fl); 

.'.  least  com.  mult  of  (2)  and  (8)  is  a(4r*-fl*) (4). 

Againj  the  o.c.m.  of  (1)  and  (4)  is  x^-a*; 

.*.  least  com.  mult.  required  is  a(j:*-fl*)(«-a), 
or  flx*-aV— a*jr+fl*. 

119*.  The  o.CM.  of  two  or  more  quanlities  is  the  l.c.m.  of  all  the 
common  measures, 

For  the  l.c.m.  of  all  the  common  measures  contains  all  the  factors 
that  appear  in  them,  and  therefore  contains  all  the  factors  common  to  the 
proposed  quantities:  but  their  o.c.m.  contains  all  these  common  factors: 
therefore  the  l.c.m.  in  question  is  either  equal  to,  or  a  multiple  of  the 
o.CM.  But  since  every  common  measure  of  the  proposed  quantities 
measures  their  o.c.m.,  i.e.  their  o.cm.  is  a  common  multiple  of  all  their 
common  measures,  therefore  (Art  117)  this  o.cm.  is  either  equal  to,  or  a 
multiple  of  the  l.c.m.  of  all  the  common  measures.  But  these  two  condi- 
tions  cannot  be  both  satisfied  unless  the  above  o.cm.  and  l.c.m.  are  equal, 
therefore  they  are  equal. 

[^Exerciset  H.] 


FRACTIONS.  61 


ADDITION  AND  SUBTEACTION  OF  FRACTIONa 

120.  If  the  fr  actione  to  be  added  together  have  a  common 
denominaior,  their  sum  is  found  by  adding  the  numerators  together 

for  a  new  numerator  and  retaining  the  common  denominator. 

rr..       a     e     a+c 
Thu8  7  +  r  •=  —r— . 
6     6        6 

This  follows  from  the  principle  laid  down  in  Art.  99^  Ex.  1. 

Or  thus ;  in  each  of  tbe  fractions  the  unit  is  di vided  into  the  same 
number>  h,  of  equal  parts ;  and  it  is  piain  that  a  of  these  parts,  ^^  T*  toge- 
ther with  c  of  the  same  parts,  or  j- ,  must  be  a+c  such  parts,  or  -r-— . 

121.  If  the  fractions  have  not  a  common  denominator  they 
must  be  transformed  to  others  of  the  same  value,  which  have  a 
common  denominator  (Art.  112...114),  and  then  the  addition  may 
take  place  as  before. 

^  a     c     ad     bc     (xd  +  be 

Ex.  1.     -  +  -■■  —  A m , 

b^d     bd     bd        bd 

11  a-6        a+6 

'^'     üTb'^'ii^'^l^^^''*'^'^' 

a~b  +  a  +  b        2a 


a^^b*         a^^b^ 

^                  e     af    e     af+e 
Ex.S.     a+-«— +-«-^^ . 

f     f     f       f 
Here  a  is  considered  as  a  fraction  whose  denominator  is  1. 

a  +  6     a-6     Sia*^2b*     a»+2a6  +  6« 

Ex.  4.     2  + + =  — - — —  + — — h 

a-6     a  +  6       a'-6'  a'-6' 

a*-  2ab  +  V     2a*-  26*  +  a"+ 2a6  +  6*+  a*-  2aö  +  6* 


a^^b' 


-.  a       6       c       ayz       hxz       cxy 

mx    my    ms    mxyz    mxyz    mxyz 

ayz-hbxz-^cxy 
mxyz 
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2                              3 
Ex.  6.     Required  the  sum  of    ,     , and  -= — i , 

By  Art  ll6  or  Art.  119  the  Least  Com.  Mult  of  the  denominators  is 
found  to  be  j^-1 ;  therefore  the  sum  required  is 

g(x>l)     3(jg+l) 
2ar-2+Sjr+S 


5*+l 


122.  ijf  /ti;o  fractiona  have  a  common  denominator,  their 
difference  is  found  by  taking  the  difference  of  the  numerators  for 
a  new  numerator  and  retaining  the  common  denominator. 

Thus  %  r  "  -T—  •     (See  Art.  99,  Ex.  1.) 
ob        o 

Or,  the  same  reasoning  will  apply  aa  that  in. Art  120. 

123.  If  they  have  not  a  common  denominator,  they  must  be 
transformed  to  others  of  the  same  value,  which  have  a  common 
denominator,  and  then  the  subtraction  may  take  place  as  befbre. 

^  a     c     ad     bc     ad—bc 

Ex.  1.       T--.=  — .- r-. 


Ex.  2. 


Ex.  S.     -  —  —  - 

6     c  -  d     bc-bd     bc-bd  bc-bd 

The  sign  of  bd  in  the  numerator  is  negative,  because  every  part 
of  the  latter  fraction  is  to  be  taken  from  the  former«     (See  Art.  87.) 

a  +  b     a-6     a*+2a6  +  6'     a*-2a6  +  6' 


b     d     bd     bd        bd     ' 

cd     ab     cd     ab -cd 

^      b"  b       b"      b 

a     c  +  d     ac-ad     bc  +  bd 

ac^ad-bc-bd 

B — 

Ex.  4. 


a-6     a  +  b  a^—b*  a^—b* 

d*+  Saft  +  ft'-  a'+  2a6  -  6*       4a6 


V      K      ^-*-^^       2       8+2x     2(1-}-«) 


S+2x-2-2x 


[Exercites  I.] 
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MULTIPLICATION  AND   DIVISION  OF  FRACTIONS. 

124.  To  multiply  a  fracHon  hy  any  quantity  muÜiply  the 
numerator  by  that  quantity  and  retain  the  denominator. 

_,       a         ac 
Thus  i-><c«--7-. 
6  b 

For  in  both  the  fractions  t>  T~9  ^^^  ^^^^  is  divided  into  the  same 

0        0 

number  of  equal  parts  (since  the  denominators  are  the  same),  and  c  times 
as  many  of  these  equal  parts  are  taken  in  the  latter  as  in  the  former, 
therefore  the  latter  fraction  is  c  times  as  great  as  the  former. 

a  ab  ,      , 

125.  Cor.  1.     -y.b^ -j- ^a\  that  is,  if  a  fraction  be  roulti- 

b  b 

plied  by  its  denominator,  the  product  is  the  numerator. 

126.  Cor.  2.     The  result  is  the  same,  whether  the  numerator 
be  multiplied  by  a  given  quantity,  or  the  denominator  divided  by  it. 

ad 
Let  the  fraction  be  -—  ,  and  let  its  numerator  be  multiplied  by 

bc 

ade  ad 

c,  the  result  is  -—  ,  or  -—  (Art.  101),  the  quantity  which  arises 

from  the  division  of  its  denominator  by  c. 

127«     To  divide  a  fraction  by  any  quantity  multiply  the  deno- 
minator by  that  quantity,  and  retain  the  numerator. 

The  fraction  -•  divided  by  c  is  t-  .     Because  -  —  ,—  ,  and  a  c^ 

b  ^  bc  b     bc 

part  of  this  is  - :  the  quantity  to  be  divided  being  a  c^  part  of 

what  it  was  before,  and  the  divisor  the  same.     (Art  96,) 

128.     Cor.     The  result  is  the  same,  whether  the  denominator 
18  multiplied  by  the  quantity,  or  the  numerator  divided  by  it. 

CM? 

Let  the  fraction  be  --- ;  if  the  denominator  be  multiplied  b}* 

bd 

ac         a 
c,  it  becomcs  7-—  or  7-; ,  the  quantity  which  arises  from  the  division 

bdc       bd  ^  ^ 

of  the  numerator  by  c. 
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129.  To  prove  the  Rulefar  the  Muliiplication  of  FracHons*. 

RuLE.  The  prodiict  of  two  fractions  is  found  hy  multiplying 
the  numeratora  together  for  a  new  numeratOTj  and  the  denominatars 
for  a  new  denominator. 

Let  7  and  -  be  the  two  fractions ;  then  7  x-  =  •— . 
od  0    d     od 

Obs.  In  the  strict  sense  of  the  word  Multiplication,  i^hich  supposes 
a  quantity  to  be  added  to  itself  a  ceriain  number  qftitnes^  to  multiply  by  a 
fracdon  would  be  iinpossible :  the  Operation  must  therefore  be  understood 
in  an  extended  sense. 

Since  to  multiply  a  by  6  is  the  same  thing  as  to  take  b  of  it,  we  shall 
easily  perceive  that  the  extension  of  the  sense  of  multiplication  will  lead 

US  to  conclude  that  to  multiply  t  by  ^  will  be  the  same  thing  as  to  take 

^ths  of  it;  Le.  to  take  the  (^*'part  of  it,  and  then  to  take  c  of  such  parts^ 
d 

But  the  eP"  part  of  r  is  t^  (Art.  127),  and  c  of  such  quantities  as  ^  being 
taken  will  produce  rj(Art.  124)  :  this  therefore  is  the  result  required» 

/.  7-x-j  =  y^  =  ^ — ,,  which  proves  the  Rule. 
b   d    bd     bxd  '^ 

130.  To  prove  the  Rule  for  the  Division  of  Fractions. 

Rule.  To  divide  onefraction  by  another^  invert  the  numerator 
and  denominator  of  the  divisor^  and  use  it  as  a  multiplier  accord* 
ing  to  the  rule  for  multiplication. 

x^j^ii  ^.  ,       a     c     a   d     ad 

Let  7  and  --  be  the  two  fractions ;  then  7-T-j«7x-a-— , 
od  b     d     b    c      hc 

Obs.  Since  ordinary  division  is  the  inverse  of  ordinary  Multiplica- 
tion, the  signification  of  division  here  must  be  extended  to  mean  the 
inverse  of  multiplication  in  all  cases. 

Then  the  Quotient  will  always  be  such  a  quantity  as  when  roultiplied 
by  the  Divisor  will  produce  the  Dividend;  therefore  if  the  Dividend  caa 
be  put  into  two  factors,  one  of  which  is  the  Divisor,  the  other  must  be  the 
Quotient 

*  The  proofs  of  the  Rules   for  Multiplication  and  Divitiion  of  Fractioni  given  in 
former  Editions  of  this  work  are  very  objectionabie.    The  fallacy  consists  in  assuming 

bx,dyssbd,xy   and   tj  »  -  9  which  ha?e  only  been  proved  true  for  integral  values  of  the 
symboli.    £d. 
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Now  i9  ^c  Dividend, 


of  which  two  factors  -^  is  the  Divisor ;  therefore  the  other  factor  equak  tbe 
Qtfo/t^it/a^aTX-»  which  proves  the  Rule. 

131.  To  prove  ihe  Rulesfor  Muüiplicalion  and  Division  of  Dedmal 
Traciions, 

P   . 
By  the  Definition  of  a  Decimal  Fraction  (Art  39),  -r^  is  equiva]ent 

to  a  Decimal  having  m  decimal  places,  and  P  being  the  number  which  the 

decimal  represents^  when  the  decimal  point  is  erased;  similarly  -^  is 

eqnivalent  to  a  decimal  which  has  n  decimal  place». 

P     Q       PQ 

Now  — y,x--— «8      ^^^ga  decimal  fraction  formed  by  multiplying  P 

into  Q  and  then  marking  off  m+n  decimal  places: — which  proves  the 
rule  for  multiplication,  vis.  Muliijily  as  in  whole  nttmbers,  taking  no  notice 
of  ihe  decimal  points,  and  point  ojj  as  many  decimal  places  in  the  product  as 
there  are  in  the  muUipiicand  and  multiplier  together, 

To  prove  the  Rule  for  Division ;  Let  the  dividend  be  made  to  have, 
if  it  has  not  already^  a  few  more  decimal  places  than  the  divisor,  by  add« 
ing  ciphers  to  the  right,  which  does  not  alter  its  value,  (Art  41),  and  let 
Dy  d,  be  the  whole  numbers  which  the  Dividend  so  altered,  and  the  divisor, 
become  respectively,  when  the  decimal  point  is  erased.  Then,  if  m  be  the 
number  of  decimal  places  in  the  Dividend  so  altered,  and  n  the  number  in 
the  divisor,  m>n,  and 

Dividend     D      d      D      l 


Divisor      KT  *  KT     d  'lO*- ' 

"  v^'*'?) '  i7v*^  >  ^^^  ^^  contained  Q  times  inZ>  with  Reroainder  12, 


Q       R      1 


10"^     d   10 

Q 


IQT-* 


,    if  Ä=:0, 


Q  1 

er  as— — ^ + a  fraction  which  <        , ,  \*  R<d  always, 

n  Q 

.'.  Quotient  is  either  actually  equal  to  ^r^m^Ir  ^^  approaches  to        „  as  near 

as  we  pkase,  since can  be  made  as  small  as  we  pkase  by  increasing 

5 


66  FRACnONS. 

97t— n,  that  is,  by  adding  ciphers  to  the  proposed  dividend.  Hence  the 
Rule^  viz.  Affix  ciphers  to  the  right  gfthe  aiviaend,  ifwantedy  so  that  U  mav 
have  a  fem  more  decimal  places  than  the  divisor,  proceed  as  in  fvhoU 
numbers,  taking  no  nolice  oj  the  decimal  points,  and  tnen  mark  off  as  many 
decimals  in  the  quolient  as  the  number  of  decimal  places  in  the  dividend 
{including  the  ciphers  used)  exceeds  the  number  in  the  divisor, 

N.B.     The  fraction     ^^  expressed  decimally  will  always  be  the 

correct  quotientj  asjar  as  it  goes,  because  no  quantity  less  than         „  can 

add  1  to  the  last  figure  of  a  decimal  with  (m-n)  decimal  places*. 

Cor.  Since  a  vulgär  fraction  represents  the  quolient  of  the  numera- 
tor  -r  denominator,  the  preceding  rule  may  be  applied  to  find  its  equivalent 
decimal  fraction  by  ac/t<a% /ier^ormtitg  the  di Vision ;  in  this  case  nsO  er 
the  divisor  is  an  integer^  viz.  tue  denominator  of  the  given  fraction^  and 
the  dividend«  t.e.  the  numerator  of  the  fraction,  can  be  made  to  have  as 
many  decimal  places  as  may  be  necessary,  by  putting  a  decimal  point  at 
the  end  of  it,  and  adding  ciphers:  and  the  number  of  decimal  places  in 
the  quotient  will  here  be  m,  t.  e,  there  will  be  as  many  decimal  places  as 
we  have  added  ciphers. 

131*.    If  v^  be  a  fraction  in  its  lowest  terms«  by  the  Operation  of 

adding  ciphers  as  above  after  a  decimal  point«  we  transform  it  into  t-ttjü» 

vt  being  the  number  of  ciphers  added:  and  if  the  equivalent  decimal  is  a 
terminating  one  a'lQT  is  divisible  by  b  exactly.  But  by  hypothesis  a  is 
not  so;  therefore  KT  is  exactly  divisible  by  b.  But  the  prime  factors  of 
10  are  2  and  5,  and  no  others.  Therefore  b  must  contain  no  factors  but 
2  and  5,  t.  e,  it  must  be  of  the  form  2'.  5*.  And  when  this  is  the  case«  if  m 
be  taken  equal  to  the  greater  of  the  two  p  and  q,  ](r^(2'.5*)  is  an  integer« 
and  is  not  so  for  any  less  value  of  m.  Therefore  the  fractions  that  will 
produce  terminating  decimals  are  those  only  whose  denominators  (when 
they  are  reduced  to  their  lowest  terms)  contain  as  factors  2  and  5  and  no 
others,  and  the  number  of  decimal  places  will  be  equal  to  the  greatest 
number  of  times  either  one  ofthose  factors  is  repeated. 

All  other  fVactions  will  therefore  produce  non-terminating  decimals. 
If  the  di Vision  in  these  cases  be  performed  as  far  as  the  factors  2  and  5  are 
concemed,  we  have  a  terminating  decimal  to  be  divided  by  the  product  of 
the  other  factors  of  the  denominator«  c  suppose.  As  the  decimal  does  not 
terminale  there  must  always  be  a  remainder,  which  of  course  is  less  than 

c,  i.e.  is  one  of  the  numbers  1,  2,  ...  c-1;  after  c-1  places  of  figures 
then  have  been  obtained«  to  take  the  most  unfavourable  case,  when  the 
remainders  are  at  first  all  different«  the  next  remainder  must  be  the  same 
as  some  one  of  the  preceding,  and  then  the  whole  Operation  is  repeated« 
and  the  iigures  in  the  quotient  recur.     There  can  therefore  be  no  more 

*  The  proof  of  the  Rule  for  the  Division  of  Decimals,  found  in  most  Treatisei  on 
Algebra,  is  unsatisfactory  and  imperfect,  because  it  iodudes  only  the  pariicular  ease  when, 
neglecting  the  decimal  point,  the  Dividend  is  an  exact  multiple  of  the  Divisor.— Ed. 
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recurring  figures  than  c-1 ;  and  all  fractions  that  do  not  produce  termi- 
nating  decimals  will  produce  recurring  ones. 

132.  The  rule  for  niultiplying  the  powers  of  the  same  quantity 
(Art.  91)  will  hold  when  one  er  both  of  the  indices  are  negative« 

1  a* 

Thus  aNa""««*"";    for  a*xa""«sa*x—  (Art.  65)  «  —  «a""", 

a*  ar 

s?      1 
(Art.  ^5^  Cor.).     In  the  same  manner  ar^xa?""*«  —  «  --i«^"^ 

ar     Ar 

Again,  «'"■xa""«a"**"*^"^;  because 

a-^xa"»«  — X—   (Art.  65)- «a"*"*". 

a" 

133.  Cor.     If  füBfi,   a*xa""«a*""«sa";   also  a'xa""»— -. 

»1 ;  therefore  a^el,  according  to  the  notation   adopted  in  Arts. 
6Z,  65. 

134»  The  rule  for  dividing  any  power  of  a  quantity  by  any 
other  power  of  the  same  quantity  (Art.  ^5^  Cor.)  holds,  whether 
those  powers  are  positive  or  negative. 

Thus  a"-f.a-=a*"-T--  (Art.  &5)aa"xa"«a*+*-a— <-">. 

a" 

IIa" 
Again,  a-"-=-a-"«— -T —  =  —  (Art.  lSO)-a— "«a"""*— >. 

136.  Cor.  Hence  it  appears,  that  9ifactor  may  be  transferred 
from  the  numerator  of  a  fraction  to  the  denominator,  and  vice 
versäj  by  changing  the  sign  of  its  index. 

Thus     -      «  7- — -;  and  — --  «  — r-—  ma'^.a  ".6"'. 
bP       bPa'"  oTbP        ¥ 

..      4aÄ"*cjr*  __^  4fl.a*cy  _  4a*ry 

[^Exercises  J.] 

INVOLUTION    AND   EVOLUTION. 

136.  If  a  quantity  be  continually  multiplied  by  itself,  it  is 
Said  to  be  involved,  or  raised ;  and  the  power  to  which  it  is  raised 
is  expressed  by  the  number  of  times  the  quantity  has  been  em- 
ployed  in  the  multiplication. 

5—2 
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Thu8  axa,  or  a\  is  calied  the  second  power  of  a ;  axaxOf  or 
a',  the  third  power;  axa, ..to  n  factord,  or  a*,  the  n^  power  of  a. 

137.  If  the  quantitj  to  be  involved  be  negative,  the  signs  of 
the  even  powers  will  be  positive,  and  the  signs  of  the  odd  powers 
negative. 

For -ax-a«a%  -ax^a^^am -^cf,  &c. 

138.  A  simple  quantity  is  raised  to  any  power  by  multiplying 
the  index  of  every  factor  in  the  quantity  by  the  exponent  of  that 
power,  and  prefixing  the  proper  sign  determined  by  the  last  Article. 

Thus  a*"  raised  to  the  n^  power  is  a*";  because  a"xa"xa"...to 
n  factors,  by  the  rule  of  multiplication,  is  fl"+"+*c-*o«tenM^  ^^  ^«»^ 

Also  (ab)* '^  abxabxabÄ  &c.  to  n  factors,  or  a^axa to  n  factors 

x&x&x&,..to  fi  factors  (Art.  88)  «a"xb*.  And  a^l^e  raised  to  the  fiftk 
power  is  a*®6^V.  Also  —  a"  raised  to  the  n}^  power  is  Aa"*;  where 
tbe  positive  or  negative  sign  is  to  be  prefixed,  according  as  n  is  an 
even  or  odd  number. 

This  last  rule  is  algebraically  expressed  thus,  (— a*")*B(-l)*.a^; 

the  coefficient  (-1)*  being  suffident  to  express  that  the  positive  or  negative 
sign  is  to  be  prefixed  to  a"**,  according  as  n  is  an  even  or  an  odd  number. 


SS  «_- -s  fl-«"  «fl«H-«)  . 


Again,  (a"')~"=7-rr;=-= 

and  (a^y^^j-—^j—^^^^a'^^a^^'*^;    which    proves    the 

rule  when  the  indices  are  negative  integers. 

139.  If  the  quantity  to  be  involved  be  a  fraetion^  both  the 
numerator  and  denominator  must  be  raised  to  the  proposed  power 
(Art.  127). 

p,      /a\"   a  a  a  -  aM*a . . .  to  »  factors    <f 

\SJ    oo'b'*'  6.6.6... to  n  factors    S** 

140.  If  the  quantity  proposed  be  a  Compound  one,  the  invo* 
lution  may  either  be  represented  by  the  proper  index,  or  it  may 
actually  take  place. 
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1,     Let  a  +  6  be  the  quantity  to  be  raised  to  any  power« 

a  +  b 
a  +  6 

a*  +  ab 


(a  +  6)*  or  a*  +  2ab  +  6"  the  Square,  or  Ä*  power, 
a  +  fr 

o'  +  Äa'ft  +  aft* 

(a + by  or  a'  +  Sa*6  +  8a6'  +  6"  the  S^  power, 
a  +  6 


a*  +  3a»6  +  SaV  +  a*' 
+  a'6  +  3a»6*+Sa6*+6* 


(a  +  6y  or  a*  +  4a'6  +  6a"6' +  406*  +  6*  the  4^  power; 

and  80  on  for  any  higher  power, 

If  6  be  negative,  or  the  quantity  to  be  involved  be  a  -  6,  wbere- 
ever  an  odd  power  ot  b  enters  the  sign  of  the  term  will  be  negative 
(Art.  137). 

Hence  (a-^y=a«-2a*+6', 

(a-  ^)*-a*-  Wb + 6aW-4aÄ'+  b\ 

2.    Let  a+6+c  be  the  quantity  to  be  raised  to  any  power. 

a+b+c 
fl+6+(? 


cf+ab-\-ac 
+a6+6*+6c 
+fl(?+6c+c* 


(a +&+(?)•  or  a'+i*+c'+2a6+26(?+2fl(?  the  Square^  or  2*  power; 

a+6+(? 

€f+ab'-^  «(?•+  2a'6 + 2abc +2aV 
+a'6+^"  +6c'+2ai"+26'(?+2a6c 
+  a^c+^*(?+ c* +2a6c+2&c'+2flc* 

(a+Ä+c)*  or  aV^'+c'-fS(a'&+a'c+ai'+ac'+6'c+6c')+6a6cthecube9 
or  S^  power ;  and  so  on  for  any  higher  power. 
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14L  By  using  hrackeis  the  involution  of  a  quantity  consisting  of 
more  than  two  terms  may  be  always  made  to  depend  upon  that  of  a 
binomialy  and  thereby  the  Operation  be  much  abridged. 

Thus  (a+^+c)*=(fl+6Tc)*, 

«a'+  (6 + c)'+  2a(6 + c), 
=a'+6'+c"+26c+2a6+2flc. 
(fl+^+c)'«(a+6  +  c)", 

=(a+5)'+S(a+6)*c+S(a+5)c'+c», 

'h3ac'^3bc*-¥(^9 

Again,  (a+^+c+£/)'=(a+6+c+ä)*, 

-(a+6)*+(c+df)'+2(a+5)(c+rf)> 
-a*+i*+2a6+c'+d'+2crf+Äff(?+2arf+2ic+2M, 

=a*+^'+c*+<P+2(fl^+fl(?+flrf+6c+M+cd); 
and  so  on. 

142.    Since  (a^b-hci'd+Scc.y  may  be  tbus  arranged» 

a*+2fl(^+c+rf+&c.)+6*+25(c+rf+&c.)+c'+2c(rf+&c)+&c 
the  Square  of  any  mnltinomial  may  be  readily  found  by  the  foUowing 

RcjLB :  Square  each  term,  and  multiply  twice  that  term  into  the  sum 
of  the  several  terms  that  come  afler;  the  sum  of  all  the  results  so  obtained 
will  be  the  Square  of  the  whole  quantity.    Thus, 

Ex.  1.    (a+6+c+rf)*=a*+2a(5+c+rf) 

+i»+26(c+rf) 
+c'+2crf 

Ex.  2.    (a-6-c+rf)*"a'+2fl(i-c-5) 

+b*-2b{d-c) 
+c"-2crf 

Ex.  3.     (l+5«+i«»)'=l+«+?x* 

1     4 

9  ' 
^12     5^    9^ 
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Ex.  4.     (l+*+2ar»+Sar'+  4x*+5x'+. . .)' 

- 1 4-  2(x-H2«*+  Sa*+  4**4-  5  x*+  6a:'+ . . . ) 
+ «'+  2«(2ar»+  S4r"4-  4**4-  5x*4- . . . ) 
+4a^4-4x*(Sj?'4.44r*4-...) 
4-9«'4-&r^(4«*4-...) 

4- 

-l4-2j:4-5«'4-iat'4-18«*4-Sar*4-47«*4-. . . 
N.B.     It  will  be  found  useful  to  cemmit  to  memory  the   foUowing 

(A'i'BymA*+B'+8AB(A^B) (1), 

(^Ä'-By''A'^B'~3AB{A''E) (2), 

whatever  quantities  A  and  B  may  represent,  simpk  or  Compound. 

Thus,  Ex.  1.     Let  the  cube  of  l4-a?4-«*  be  required. 


(14.«4-4:^»=(14.X4-*')*, 

«(l4-x)'4-(jc»)'4.S(l4.«)4r«(l4-«4.«^,  by  (I), 
«l4-«»4-SJC4-3«*4-a:*4-(Sjr*4-Sx^(l4-x4.jr^, 
«l4-«»4- 8*4- Sjc'+ jc*4- 3x'4-Sx*4- S4:*4- Sjr»4- 3**4- S«*, 

= 1 4- 3«  4- 6«'4-7«^4- 6«*4- S«*4- «*. 

Ex.  2.    Required  the  cube  of  l/a+x-lja^x. 
Cja+X'-lja'-xy<^a'hx-ci^--3^/ä+x.^a-Jsx{^a+x^l/a--x)^  by  (2), 

143«  Evolution,  or  the  extraction  of  roots,  is  the  method 
of  determining  a  quantity  which  raised  to  a  proposed  power  will 
produce  a  given  quantity. 

144,  Since  the  fi^  power  of  a"  is  a"*  (Art.  138),  the  vf^  root 
of  a"*  niust  be  a"*;  that  is,  to  extract  any  root  of  a  simple  quantity^ 
we  must  divide  the  index  of  that  quantity  by  the  index  of  the  root 
required. 

Thus  ll^^a\  7«"=«'i  ^c.  :f^^ar. 

145.  When  the  index  of  the  quantity  is  not  exactly  divisible 

by  the  number  which  expresses  the  root  to  be  extracted,  that  root 

must   be  represented  according  to   the   notation    pointed   out    in 

Art.  70.     Thus  the  Square,  cube,  fourth,  p}\  root  of  a*+^>  are 

respectively  represented  by 

1 

icf'¥af)K  («*+0*.  ((i'+äO*!  («'+«•)"; 
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the  same  roots  of  -; — —  ,  or  (a*  +«*)'^,  are  represented  by 

146.  If  the  root  to  be  extracted  be  expressed  by  an  odd 
number,  the  sign  of  the  root  will  be  the  same  with  the  sign  of  the 
proposed  quantity,  as  appears  by  Art.  137. 

Thus  Js  is  2;  ^"^  i«  -2;  &c.     ' 

147*  If  the  root  to  be  extracted  be  expressed  by  an  even 
number,  and  the  quantity  proposed  be  positive,  the  root  may  be 
either  positive  or  negative.  Because  either  a  positive  or  negative 
quantity  raised  to  such  a  power  is  positive  (Art.  137). 

Thus  JP  is  »fea;  <y («+«)•  is  *(«+«)•;  &c. 

148.  If  the  root  proposed  to  be  extracted  be  expressed  by  an 
even  number,  and  the  sign  of  the  proposed  quantity  be  negative, 
the  root  cannot  be  extracted ;  because  no  quantity  raised  to  an  even 
power  can  produce  a  negative  result.  Such  roots  are  called  impos^ 
sible, 

149-     Any  root  of  a  product  may  be  found  by  taking  that  root 

of  each  factor,  and  multiplying  the  roots,  so  taken,  together. 

i      L     1 
Thus  (a6)*Ba*x&";  because  each  of  these  quantities,  raised  to 

the  n^^  power,  is  ab  (Art.  1S8). 

Exs.    If^^JU^.ajV^ah'' ;  and  If^^^^c^b^c. 

11« 
CoE.  ,    If  a^bi    then   a*y,a'''^a:'\   and  in  the  same.manner 

fl"xa"«a"  . 

This  will  be  proved  more  fuUy  and  clearly  in  Art  l62. 

160.  Any  root  oLafraction  may  be  found  by  taking  that  root 
of  both  the  numerator  and  denominator  (Art.  1S9),  that  is,  the  root 
of  the  numerator  for  a  new  numerator,  and  the  same  root  of  the 
denominator  for  a  new  denominator. 

1      1 

Thus  the  cube  root  of  —  is  -r,  or  a*x6"*;  and  (-1  «-i-,    or 

11  b* 

a*x6  ■, 
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"«•     Wi^'^^2x\     V     27   "   ^   "^   S   ' 

151.      7\>  extract  the  Square  rooi  qfa  Compound  quantiiy. 

SiDce  the  Square  root  of  a'+2a&  +  &'  is  a  +  b  (Art.  140),  what- 
ever  be  the  values  of  a  and  6,  we  may  obtain  a  general  ruie  for  the 
extraction  of  the  Square  root,  by  observing  in  what  manner  a  and  6 

may  be  derived  from  a*+  2a6  +  &'. 

«  * 

Having  arranged  the  terms  according  to         a'+ Zab  +  6^  (^a  +  6 
/Atf  dtmen^iM  of  one  ktter^  a,  the  square         a* 
root  of  the  first  term,  o*,  is  a,  the  first  term    2a  +  6^2a6  +  6' 
in  the  root;    subtract  its  square  from  the  2a&  +  &* 

whole  quantity,  and  bring  down  the  remainder 

SUib  +  V;  divide  2ab  by  2a,  and  the  result  is  6,  the  other  term  in  the 
root ;  then  multiply  the  sum  of  twice  the  first  term  and  the  second, 
2a +  6»  by  the  second,  6,  and  subtract  this  product,  2a6  +  &*,  from 
the  remainder.  If  there  be  more  terms,  consider  a-f  6  as  a  new 
value  of  a;  and  its  square,  that  is,  a*+2a6  +  &*,  having  by  the  first 
part  of  the  process  been  subtracted  from  the  proposed  quantity, 
divide  the  remainder  by  the  double  of  this  new  value  of  a,  for  a  new 
term  in  the  root ;  and  for  a  new  Subtrahend  multiply  this  term  by 
twice  the  sum  of  the  former  terms  increased  by  this  term.  -The 
process  must  be  repeated  tili  the  root,  or  the  necessary  approxima- 
tion  to  the  root,  is  obtained*. 

Ex.  1.  To  extract  the  square  root  of  a'  +  2a&  +  &*  +  2ac  + 
26c +  c*. 

Having  arranged  the  terms  of  the  proposed  quantity  according 
to  the  dimensions  of  one  letter,  a,  it  becomes 

a'+ 2(6 + c)a + ft'+ 26c  +  c'. 

*  That  the  Rule  mmj  be  thus  eztended  will  be  obvious  from  compariog  the  fonn  of 
the  Squares  of  a+6+0,  a-^b-k-o-k-d,  &c  with  that  of  a^,  from  which  the  Aule  was  deduced. 

For 

(a+6+c)"=(a+6)«+2(a+6)c+c«,  (Art.  141) 

=a«+(2a+6)6+{2(a+6)+c}c. 

»o«+(2a+6)6+{2(a+6)+c}c+{2(a+6+c)+</lrf; 

and  so  an ;  from  whlch  method  of  exhibithig  the  square  of  a  muiünamiai  the  rule  for 
eztracting  the  square  root  is  evidcntly  seen  to  hold  whaterer  be  the  number  of  terms  in  the 
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Hence,  following  the  rule,  we  have 


«• 


.*.  a-^-b-^c  is  the  root  required. 

Ex.  8.     To  extract  the  Square  root  of  cf-^ax-^  —  . 

CD^  [       so 
o'-aj7+---  («--  9  the  root  required. 


o» 


2a 


J7\  o;* 

--)-a.T+-- 

2/  4 


4 


£x.  S.     To  extract  the  Square  root  of  1 4-  4r. 

1  +  47(1+ — -r+&c. 


f      ÜB     ar 

«(1+ 

V      2      8 


1 


2  + 


9\ 
2/ 


.+- 


«  + 


ÜB 

8/       4 


47*       07*       t-P* 

""l  "*T"*'64 

47*      4r* 

—  —  —  &C. 
8       64 
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Since  1+1  =  ^1+«+-;  1  +  |- 8-  =  \/l+*-8'  +  ^;  andsoon;  rf 

X  be  of  such  a  magnitude  that  each  of  these  successive  quantities  under 
the  root  differs  from  1+x  less  than  the  preceding  one,  the  continued  series 

of  terms  l+p""5"*"7?""^^*  ^'^^  ^®  *^  approximalian  to  the  true  root  of 

l+x;  that  is,  the  more  terms  of  the  series  are  taken,  the  less  will  their  snm 
differ  from  the  Square  root  of  1+x.  And,  since  it  is  evident  that  no  ex« 
pression  whatsoever,  simple  or  Compound,  multiplied  into  itself,  can  pro- 
duce  1+x,  therefore  an  approximaiion  to  the  root  is  all  that  can  be  required. 

But  if  X  be  not  of  such  a  maenitude  as  is  here  supposed,  then  it 
is  dear  that  the  Operation  performed  upon  1+x  leads  to  a  result  which  is 
not  even  an  approximaiion  to  its  Square  root,  because  as  more  terms  of 
that  result  are  taken  and  squared  we  obtain  a  quantity  which  recedes 
farther  and  farther  from  1+«.  Its  proper  interpretation,  in  this  stage 
of  the  subject«  cannot  well  be  given,  and  must  be  deferred. 

Cor.  If  the  approximate  Square  root  of  aiiy  binomial>  as  a+&,  be  re- 
quired; since  fl+6=flf  l+-j;  and  therefore  Ja-^b^Ja-KK/  \-^-{hft.  149); 

we  have  by  the  last  Example«  putting  -  in  the  place  of  x. 


j 


a         iLa     oa 


j         1« 

.•.  Ja'\'haa^-\' — r x+ftc. 

2a«     8a* 

152.  It  appeara  from  Ex.  2,   that  a  trinomial,  a'-aor-i-— , 

4 

hl  which  four  times  the  product  of  the  first  and  last  terms  is  equal 
to  the  Square  of  the  middle  term,  is  a  complete  Square. 

The  same  relation  is  found  to  subsist  between  the  parts  of  all  com* 
piete  Squares  of  three  terms  arranged  according  to  the  powers  of  some  one 
ietter. 

Thus  4j:*+4c«+c*  is  a  complete  square>  viz.  (Sx+c)*,  because  4x4*'xc' 
«l6c«««-(4c«)'. 

Similarly  «*— jm*+^  is  a  complete  square,  viz.  ('~- 9)  9  because 

4xd:'x  ^—pVss  (-"!"?)*• 

153.  The  method  of  extracting  the  cube  root  is  discovered  in 
the  same  manner  as  that  for  the  Square  root. 

The  cube  root  of  c^+So'6  +  Say+6*  is  a  +  6  (Arts.  140,  143); 
and  to  obtain  a  +  b  from  this  Compound  quantity,  arrange  the  terma 
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as  before,  and  the  cube  root  a«+8a'6  +  8a6«+63(,a  +  6 

Ol  the  first  terra,  a\  is  a,  the  ^ 

Brst  term  in  the  root;  sub-  _^ 

tFÄct  its  cube  from  the  whole  Sa^)  Sa^b-i-Sab^-^b^ 

quantity,  and  divide  the  first  Sa'ft  +  Safc^+fi* 

term  of  the  remainder  by  3a\  

the  result  is  6,  the  second  term  in  the  root;  then  subtraet 
Ba*6  +  5a6*+&'  from  the  remainder,  and  the  whole  cube  o{  a  +  b  has 
been  subtracted.  If  any  quantity  be  left,  proceed  with  a  +  6,  as  a 
new  a,  and  divide  the  last  remainder  by  S{a  +  by  for  a  third  term 
in  the  root ;  and  thus  any  number  of  terms  may  be  obtained*. 

Ex,    To  extract  the  cube  root  of  8«*+6xy*-12«*y-y. 


Sa'^Ua^J  -12y4:'+6y«-y 


-12yj?*  =3a*b 

-y.=    b' 


.*.  2x— ^  is  the  cube  root  required. 

[^Exercises  K.]. 

SCHOLIUM. 

154.  The  rules  above  laid  down  for  the  extraction  of  the 
roots  of  Compound  quantities  are  but  little  used  in  algebraical 
Operations;  but  it  was  necessary  to  give  them  at  füll  length,  for 
the  purpose  of  investigating  rules  for  the  extraction  of  the  Square 
and  cube  roots  in  numbers. 

The  Square  root  of  100  is  10,  of  10000  is  100,  of  1000000  is 
1000,  &c.  from  which  consideration  it  foUows,  that  the  square  root 
of  a  number  less  than  100  must  consist  of  only  one  figure,  of  a 
number  between  100  and  10000  of  two  places  of  figures,  of  any 

*  Thal  the  rule  may  be  thus  extended  will  be  obTions  from  comparing  the  form  of  the 
cubes  of  a-f  6+0,  a+6+c+ci,  &c.,  with  that  of  a+b  from  which  the  Rule  was  deduced ;  For 

(a+6+c)»=(a+6)«+8(a+6)«c+3(a+6)o*+o*, 

»a»+(8a«+3aft+6«)6+{8(o+6)«+8(a+6)c+ü«}c. 

Similarl7(a-fi6+o+(f)>«a*+(3a'-l-3a64-6')6+{3(a+6)'+3(a+6)c+o^o 

+{3(a+6+o)«+8(a+6+ü)rf+cn<'; 
and  to  oa.«.£D« 


SQUARE  ROOT.  77 

number  from  10000  to  1000000,  o(  three  places  of  figures,  &c,  If 
then  a  point  be  made  over  every  second  figure  in  any  number, 
beginning  with  ihe  units,  the  number  of  points  will  shew  the 
number  of  figures,  or  places  in  the  Square  root.  Thus  the  Square 
root  of  4357  consists  of  two  figures,  the  Square  root  of  56478,  of 
three  figures,  &c.     Note  2. 

Ex.  1.     Let  the  Square  root  of  4S56  be  required. 

Having  pointed  it  according  4556(60 +  6  or  66 

to  the  direction,  it  appears  that  ^ 

the  root  consists  of  two  places 
of  figures ;  let  a  +  6  be  the  root,  120  4  6J  756 

where  a  is  the  value  of  the  figure  or  126]  756 

in  the  tens'  place,  and  6  of  that  " 

in  the  units^;  then  is  a  the  nearest  Square  root  of  4300,  which  does 
not  exceed  the  true  root*;  this  appears  to  be  60;  subtract  the 
Square  of  60,  (a*),  from  the  given  number,  and  the  remainder  is 
756;  divide  this  remainder  by  120,  (2a),  and  the  quotient  is  6, 
(the  yalue  of  6),  and  the  Subtrahend,  or'quantity  to  be  taken  from 
the  last  remainder  756,  is  126x6,  (2a +  6)6,  or  756. 

Hence  66  is  the  root  required. 

It  is  Said  that  a  must  be  the  greatest  number  whose  Square 
does  not  exceed  4300^ :  it  evidently  cannot  be  a  greater  number| 
than  this;  and  if  possible  let  it  be  s^pme  quantity,  w^  less  than 
this ;  then  since  a  is  in  the  tens^  place  and  6  in  the  units\  07  +  6 
is  less  than  a;  therefore  the  Square  of  w  +  by  whatever  be  the 
value  of  6,  must  be  less  than  a',  and  consequently  w-k-b  less  than 
the  true  root. 

If  the  root  consist  of  three  places  of  figures,  let  a  represent 
the  hundreds,  and  6  the  tens;  then  having  obtained  a  and  6  as 
before,  let  the  new  value  of  a  be  the  hundreds  and  tens  toge« 
ther,  and  find  a  new  value  of  6  for  the  units:  and  thus  the 
process  may  be  continued  when  there  are  more  places  of  figures  in 
the  root. 

*  It  will  he  dearer  to  read  ^  a  the  greatest  multiple  of  10  whote  Square  does  not  exceed 
4800." 

t  Or,  the  greatest  multiple  of  10  whose  Square  does  not  exceed  4300. 
t  Multiple. 
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155.     The  ciphers  being  omitted  for  the  sake  of  expedition, 
the  following  rule  is  obtained  from  the  foregoing  process. 

Point  every  second  figure  beginning  juit:kl  ßß 

with  the  units^  place,  dividing  by  this  pro- 

cess  the  whole  number  into  several  periods;  

find  the  greatest  number  whose  square  is  126^  756 

contained  in  the  first  period,  this  is  the  1^5^ 

first  figure  in  the  root ;  subtract  its  sqiiare 

from  the  first  period,  and  to  the  remainder  bring  down  the  next 
period ;  divide  this  quantity,  omitting  the  last  figure,  by  twiee  the 
part  of  the  root  already  obtained,  and  annex  the  result  to  the  root 
and  also  to  the  divisor ;  then  multiply  the  divisor,  as  it  now  stände, 
by  the  part  of  the  root  last  obtained,  for  the  Subtrahend.  If  there 
be  niore  periods  to  be  brought  down,  the  Operation  must  be  re- 
peated. 

Ex.  2,     Let  the  square  root  of  611525  be  rcquired. 

611525(^782 
4.9 


U8^1215 
1184 


1562^3125 
3124 


l  remainder. 

The  remainder  in  this  exampie  shews  that  we  have  not  obtained 
ihe  number  which  is  the  exact  square  root  of  the  proposed  quantity; 
but  782  18  a  near  approximation  to  the  Square  root,  being  in  fact^tro 
Square  root  of  611524;  and  783  is  too  great,  being  the  squjH^  root  of 
613089- 

156.  In  extracting  the  square  root  of  a  decimaJ^  the  pointing 
must  be  made  the  contrary  way,  beginning  with  the  second  place 
pf  decimals,  and  the  integral  part  must  be  pointed  as  before,  be- 
ginning with  the  Units'  place :  or,  if  the  rule  be  applied  as  in  whole 
numbers,  care  must  be  taken  to  have  an  even  number  of  decimal 
places,  by  annexing  ciphers  to  the  right  (Art.  41);  because,  if  the 
root  have  1,  2,  3,  4,  &c.  decimal  places,  the  square  must  have 
2,  4,  6,  8,  &c.  places  (Art.  46). 
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Ex.  S.     To  extract  the  Square  rcx>t  of  64-853. 

eWssoi^S'Oss  &c. 

64 


1605)S5SO 
8025 


16103^50500 
48309 

2191 

The  remainder  in  this  example  appears  to  be  great;  but  if  the 
decimal  point  were  retained  throughout  the  Operation,  it  would  easily  be 
eeen  that  its  real  value  is  very  small,  and  that  it  becomes  smaller  for  everjr 
figure  that  is  added  to  the  root. 

For  every  pair  of  ciphers  which   we  suppose  annexed  to  the 
decimal  another  figure  is  obtained  in  the  root. 

And  in  this  and  similar  cases,  when  ciphers  are  added,  the  root 
can  never  terminate,  because  no  figure  multiplied  by  itself  can  produce 
a  dpher  in  the  units'  place. 

157.  The  cube  root  of  1000  is  10,  of  1000000  is  100,  &c.  there- 
fore  the  cube  root  of  a  number  less  than  1000  consists  of  one  figure, 
of  any  number  between  1000  and  1000000,  of  two  places  of  figures, 
&c.  If  then  a  point  be  made  over  every  third  figure  contained  in 
any  number,  beginning  with  the  units,  the  number  of  points  will 
shew  the  number  of  places  in  its  cube  root.     Note  2. 

Ex.  1.     Let  the  cube  root  of  405224  be  required. 

405224(^70  +  4 

a'  «  S4S000 


3a*  «14700^  62224  the  first  remainder. 

58800  m  Sa^b 

3360  m  Sab* 

64-6' 


62224  Subtrahend. 


By  pointing  the  number  according  to  the  direction,  it  appears 
that  the  root  consists  of  two  places;  let  a  be  the  yalue  of  the  figure 
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in  the  tens*  place,  and  6  of  that  in  the  unit8\  Then  a  is  the  gi'eat- 
est  number*  whose  cube  is  contained  in  405000,  that  is,  70 ;  subtract 
its  cube  from  the  whole  quantity,  and  the  remainder  is  62224; 
divide  this  remainder  by  3a*,  or  14700,  and  the  quotient  4,  or  6,  is 
the  second  term  in  the  root :  then  subtract  the  cube  of  74  from  the 
original  number,  and  as  the  remainder  is  hothing,  74  is  the  cube  root 
required.  Observe  that  the  ciphers  may  be  omitted  in  the  Opera- 
tion; and  that  as  a'  was  at  first  subtracted,  if  from  the  first 
remainder  8a'6-i-3a&'+6'  be  taken,  the  whole  cube  of  a  +  &  will 
be  taken  from  the  original  quantity. 

158.  In  extracting  the  cube  root  of  a  decimal  care  must  be 
taken  that  the  decimal  places  be  three,  or  some  multiple  of  three^ 
before  the  Operation  is  begun,  by  annexing  ciphers  to  the  right 
(Art.  41);  because  there  are  three  times  as  many  decimal  places  ia 
the  cube  as  there  are  in  the  root  (Art.  46). 

Ex.  2.     Required  the  cube  root  of  811897*91. 

8li897-9l6(^67-8 
216. ..  =  a' 

Sa*- 108..^  95S97  first  remainder. 

756..  =  8a'6 
882. »3a6* 
S4S  =  6' 


84763  Subtrahend. 


3a^  m  18467 .  .^  1 1 184910  second  remainder. 

The  new  value  of  a  is  670,  or,  omitting  the  cipher,  67 ;  and  8a\ 
the  new  divisor,  is  ]8467..hence  8  is  the  next  figure  in  the  root; 
and 

107736.. -8a»6 

12864.  »3a6* 
512-6* 
10902752  Subtrahend 


232158  the  third  remainder. 


It  appears  from  the  pointing,  that  th^re  is  one  decimal  place  in 
the  root;  therefore  67*8  is  the  root  required  nearly.     If  three  more 

"  It  wUl  be  det^  to  rctd  <<  a  ig  the  greatest  multiple  of  10  &c.** 
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ciphers  be  annexed  to  the  decimal,  another  decimal  place  is  obtained 
in  the  root ;  and  thus  approximation  may  be  made  to  the  true  root 
of  the  proposed  nuniber  to  any  required  degree  of  accuracy. 

159.  Since  the  first  remainder  is  Sa^b  +  Sab'^+b^y  the  exact 
▼alue  of  b  is  not  obtained  by  dividing  by  Sa* ;  and  if  upon  trial  the 
Subtrahend  be  found  to  be  greater  than  the  first  remainder,  the 
value  assumed  for  b  is  too  great,  and  a  less  number  must  be  tried. 

The  greater  a  is  with  respect  to  6,  the  more  nearly  is  the  true 
value  obtained  by  division. 

For  the  first  remainder  divided  by  3a'  gives  ^  +  — +  o~  ^^r  the  quo- 

b*      b*  . 

tient;  and  if  this  be  adopted  for  b,  the  error  ^  —  +  -— , ;  which  for  a  given 

value  of  b  is  evidently  less  as  a  is  greater. 

160.  In  extracting  the  Square  or  cube  root  of  a  vulgär  fraction  the 
rule  stated  in  Art  150  may  be  followed;  but  it  is  generally  preferable 
to  convert  the  vulgär  fraction  into  a  decimal^  and  then  extract  the  root 

Thus  let  the  cube  root  of  5^,  or  —  be  required. 

Now^  if  the  rule  of  Art  150  be  applied  to  this  case,  the  cube  root 
of  1 1^  and  the  cube  root  of  9,  must  be  found  to  a  certain  number  of  places 
of  decimals,  and  then  the  long  division  of  the  one  root  by  the  other  must 
be  effected:  whereas>  if  5^  be,  first  of  all,  converted  into  a  decimal,  viz. 
5'5,  one  Single  extraction  of  the  cube  root  coropletes  the  whole  process. 

Another  method  is,  to  multiply  the  numerator  and  denominator  by 
such  a  quantity  as  will  make  the  latter  a  perfect  cube,  and  then  apply 
the  rule  of  Art  150.  __ 

Thus  the  cube  root  of  5A,  or  -^r  ,  or  -— ,  «^,—  =-lfÜs, 

^         2  8       js      2 

161.  In  extracting  either  the  square  or  cube  root  of  any 
number,  when  a  certain  number  of  figures  in  the  root  have  been 
obtained  by  the  common  rule,  that  number  may  be  nearly  doubled 
by  divisioQ  only. 

I.  The  Square  root  of  any  number  may  be  found  by  using  the 
common  Rule  for  extracting  the  Square  root  until  one  more  ihan  half  the 
number  of  digits  in  the  root  is  obtained;  then  the  rest  of  the  digits  in 
the  root  may  be  determined  by  Division. 

For,  let  N  represent  the  number  whose  Square  root^  consisting  of 
Sil 4-1  digits,  is  required; 

a the  first  n-f  1  digits  of  the  root  found  by  the  common 

Rule,  with  n  ciphers  annexed ; 

6 
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X the  remaining  pari : 

so  that  ^Nssa+x, 

Then  N^a*+2ax-¥x'  (Art.  81); 
N^-a'  X* 


=j+— -  (Arts.  80,  82); 


fia  2a 


that  18,  N^a*,  (which  is  the  remainder  ader  n+l  digits  of  the  root  are 
found)  divided  by  2«  will  give  the  rest  of  the  root  required,  x,  increased 

by  ^-.    Now,  since  x  contains  n  digits,  or'  has  2n  at  most  (Art  154). 
zß 

But,  by  the  supposition,  a  is  a  number  of  Sn-f-l  digits,  and  Sa  has  2ii-fl 

digits  at  least;  therefore 

j:'<2a,  or  —  is  a  proper  fraction,  or<l ; 

that  is,  if  the  quotient  of  (^-a')-r2a  be  taken  for  x,  the  error  is  lesa 
than  1. 


Hence  it  appears,  that  if  n+1  digits  of  a  Square  root  are  obtained 
by  the  common  Rule,  h  digits  more  may  be  correcUy  obtained  by  Division 
only. 

£x.     Required  the  Square  root  of  2  to  6  places  of  decimals. 

20000... (^1*414 
1 


24J100 
96 


281J400 
281 


2824J11900 
11296 


2828J604000(^21S 
5656 


8840 
2828 

10120 
8484 


1686 
.*.  the  root  required  is  1*414215 

When  only  one  figure  in  the  root  has  been  obtained,  a,  which  repre- 
sents  the  part  already  obtained,  may  be  as  small  as  10,  and  x,  the  next 

x* 

digit,  may  be  as  great  as  9;  the  error  in  the  quotient  ^,  may  therefore 
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be  easily  greater  than  1,  unless  a  be  as  great  as  50,  t.  e.  the  first  figure  in 
the  root  as  great  as  5,  and  we  should  then  obtain  too  large  a  quotient;  this 
is  not  unfrequently  observed  to  happen  at  the  first  division^  but  from  the 
foregoing  proposition  it  appears  that  this  error  cannot  take  place  in  any 
subsequent  division. 

II.  In  the  extraction  of  a  cube  root,  when  n+1  digits  have  been 
fonnd  by  the  ordinary  rule,  n  more  can  be  correctiy  obtained  by  dividing 
by  the  trial  divisor. 

Lei  a-k-b  be  the  cube  root, 

when  a  consists  ofn+l  digits,  and  »  ciphers, 

...    b n    digits. 

a*+3a*b+Sab*+b*  the  quantity  whose  root  Is  required. 
Then  aller  a  has  been  found,  we  have 

remainder  =  3a*b + 3ab*+  Ä* ; 
trial  divisor  =  3a'; 

••.  quotient  =  6  +  — +  ^-j. 

If  tht«  bc  adopted  as  the  value  of  &, 

the  error«  — +  -2-%. 
a     otr 

Now  a  consists  of  Sn+l,  and  b  o£n, 

•*.  the  least  value  of  a  is  10^^ 

and  the  greatest  value  of  &  is  10"— 1 ; 

.*•  the  greatest  possible  error  will  be  when  a  and  b  have  the  above  values; 

I.  e.  the  greatest  error  =     ^^     '^'YÄÖ^ 

10"-1 


0"~1   lO'-l/      10'-1\ 
10*  •    10"  \      S.IOV 

V'"io^A'"Iö^A^'*'s7iö=^sriö^/^ 


and  ...  is  <(l  -  ^)(l  -  jL)^x  +  ^^ , 

which  18  evidently  <  1. 

The  error  therefore  is  alnfags  <1,  ue.  the  n  last  digits  can  be  correctiy 
obtained  by  ordinary  division. 

From  thit  k  wiU  be  aeen  that  as  in  souare  rmot,  k  is  only  at  the  firtt 
division  that  too  krge  a  qaotient  can  be  obtakied  for  the  nezft  digk  ib  the 
root 

6—2 
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THEORY   OF  INDICES. 

162.  The  subject  of  Indices  deserves  a  separate  and  distinct  conside- 
ration.  It  is  proposed  to  bring  together  here  all  that  has  been  defined  or 
proved  with  respect  to  them  in  the  preceding  pages — to  shew  that  thö 
several  Definitions  are  not  in  praciice  inconsistent  with  each  other — and  to 
supply  the  proofs  still  wanting  in  order  that  the  Rules  may  be  extended 
to  all  possible  cases  which  can  occur.   . 

(1)  The  primary  De/inilion  was  given  in  Art.  63,  whereby  we 
agreed  to  represent  a.a.a.  &c.  to  n  Factors  by  a",  where  n  ezpresses  the 
numher  offaclors,  and  therefore  can  only  be  a  positive  integer. 

(2)  The  next  Dejinition  was  given  in  Art.  66,  whereby  we  agreed  to 
represent  —  by  a~*;  but  at  that  stage  we  could  only  consider  it  as  a  short 

way  of  writing  -;,  since  a  negative  quantity  can  in  no  sense  express  a 
numher  offaclors. 

(3)  The  last  Definition  was  given  in  Art  70,  whereby  we  agreed  to 
represent  the  «***  root  of  a  by  a%  and  the  «^^  root  of  the  tn^  power  of  a 

m 

by  a\  Here  again  we  feit  the  restriction  that  a  fraction  can  in  no  sense 
express  a  numher  offactors  multiplied  together,  that  is,  a,  power  o£a,  in  the 
true  sense  of  the  word. 

(4)  From  (1)  it  is  strictly  proved  in  Arts.  91,  95y  138,  and  144,  that 

fl*4-a*s=a"*"",  or  -^li^,  according  as  iii>  or  <», 
(a")"=a"^", 

m  and  n  being  positive  integers. 

These  are  the  fundamental  Rules  for  the  Multiplication,  Division, 
Involution,  and  Evolution  of  powers  and  roots. 

(5)  When  a  negative  value  is  given  to  either  m  or  w,or  both  of  them, 
and  restricted  to  the  meaning  poinled  out  in  (2),  it  is  proved  in  Arts.  132, 
134,  and  138,  that  these  Rules  still  hold  true.  Hence  it  appears,  that  no 
error  can  arise  from  using  negative  powers  according  to  the  second  Defi- 
nition. 

(6)  It  remains,  however,  to  be  proved,  that  the  Srd  Definition  is 
generali]^  admissible,  that  is,  that  the  above  Rules  hold  true  when  positive 
or  negative  fractions  are  treated  as  indices  of  the  powers  or  roots  of  any 
quantity,  with  the  meaning  assigned  to  them  by  the  Definition.  This 
beihg  done,  the  Rules  for  the  treatment  of  Indices  will  have  been  shewn 
to  apply  generally  to  all  cases  whatever,  whether  the  indices  be  positive 
or  negative,  whole  or  fractional. 
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(7)  Lemma  I.     To  shew  tkat  iJa.i^^^aS. 

By  Def.  ("Jöy^a,  and  C/bf^b, 
.-.  ab=^{X/a)\Qö)*:^{Jä.;:Jby,  Art  138, 
.-.  ^=^^0.^,  by  Def. 

(8)  Lemma  IL     To  shew  thal  (!y^)*=C/ä". 

{(;^r}"=(y^r  (Art.  is8)={(;^)r =a-, 

.•-  (C^r-7^- 

Cor-    (^^y-yCÖ^'V«^- 

(9)  Lemma  IIL     2o  ^Aen;  Mo/  lltJamT^a. 

CoK.  L     viiy«*A/a='\/^  =  NWÄ. 

Cor.  IL    iy(W/=N^^=7^-='7^=V(^)', 

which  shews  that  the  orcfer  in  which  the  Operations  of  Involution  and 
evolution  are  performed  upon  any  quantity  is  immateriaL 

(10)  Lemma  IV.     To  shew  ihat  ^=V«^- 

C^=^CC/^)*->yy^,  (Lemma  II.  Cor.) 

=:yä^,  by  Lemma  IIL 
Cor.     ^-t/«^>    •••  iJ^-'J^^V^-'^^'y^r^,  by  Lemma  I. 

(11)  To  shew  that  the  RuUs  for  the  mulliplicalion  and  division  of 
powers  hold  true  when  the  indices  are  fractional, 

Ist,     a^xa'=;/ä^.7Ä^=X^ä^  by  Lemma  IV,  Cor, 

=a  "»  ,  by  Def.,  »a-  ». 

.      2nd,    Ä--Hi«-.^=^=^— ,  by  Lemma  I,  Cor.=7a=f=^, 


Srd,     a*xfl  «=-j-a*  *  by  the  last  case,  =a"  ^  »^ 

■       -f       5      1         ■•    f       f+f  --M) 

4th,    a'-i-a  ^^a^-i—^^a^.a^'^a*  *  by  the  Ist  case,  «a"  ^  *^- 
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5th,    a  "xa  f=— .-=- ^  by  l€t  case,  =a  v«  t^^a  "^  «^ 

6th,    a  "-T-a  •=«  "-^  — »a  ".a^^a'.a  "«fl«  "  by  Srd  case, 

which  proves  the  Bules^r  all  passible  cases  offraclional  Indices. 

(12)     To  shero  that  ihe  Rules  for  Involution  and  Evolution  q/'  powers 
hold  irue  Jbr  Jraciional  Indices. 

Ist,      (fl7*C^(«"V  by  Def^  ^il(:J^=lf^.  (8) 

-7^,  (9),  ^^^a'i 

.-.  (lP)Mv^/-C^'  (8)>  Cor. 


5rd,    (ayL-L.=:ij  by  Ist  case,  « a'^«a*'^"«^. 
4th,    Let  "V^=*^    then  4:"*=ä-,     V^*\^» 

5th 


,a-?»a5*H) 


"'a-* 


6th,    Let    ~^a-"a«,     then  x*^a\     -i^~,    .*.  «•»«', 

^«•.^-  ^«r-^r  «  by  Snd  cnse,  -a^  "'^    ^; 
which  proves  the  Rulea^ör  all  postibU  catet  affra^imutl  Indicet. 
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Thus  we  have  proved  that  the  Definitions  and  Fundamental  Rules 
are  perfecdy  compatible,  and  that  no  error  can  arise  from  giving  to  the 
Rules  the  most  general  application. 

It  is  not  raeant  that  negative  and  fractional  indices  can  really  repre- 
sent  the  pofvers  of  any  quantity,  but  simply  that  they  may  be  treated  ai 
such  in  all  algebraic  Operations  without  error.     Note  5. 


REDUCTION   OP  SURDS, 

163.  A  raiumal  quaniity  may  be  reduced  to  the  form  of  a 
given  surd  by  razsing  it  to  the  power  whose  root  the  aurd  eofpresses 
and  affimng  the  radical  sign. 

—  **        ^^.— __ 

Thus  am\/a*'^K/a\  &c.  and  a+j?e(a  +  a;)"'  =  v^(a +a)". 

In  the  same  manner,  the  form  of  any  surd  may  be  altered;  thus 

(o  +  07)"  =  (a  +  d?)' =  (a  +  .r)' &c.  The  quantities  are  here  raised  to 
certain  powers,  and  the  roots  of  those  powers  are  again  taken ; 
therefore  the  values  of  the  quantities  are  not  altered. 

164.  The  coeßcient  of  a  surd  may  be  introduced  under  the 
radical  sign  by  ßrst  reducing  it  to  the  form  of  the  surdj  by  the 
last  Art.9  and  then  multiplying  according  to  Art.  149. 

Exs.     ay/x  « \/a*x%/.i?  =  s/ a^x  ; 

aK(a  -a?)*—  {a'x(a  -  i»)'|  * ; 

4v^2  =>y/l6x2  =\/s2, 

165.  Conversely^  any  quantity  may  be  made  the  coefficient 
of  a  surdf  if  every  part  under  the  sign  be  divided  by  this  quantity 
raised  to  the  power  whose  root  the  sign  eapresses. 

Thus  s/n?- auß « t]^\/a — so ;     \/a^-a'iV^ay/a^x\ 
(a«-^)"-a»fl — 5J-;     v^-\/*><15»2n/i5; 

J 
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•  ■ 

ADDITION  AND  SUBTRACTION  OF  SURDS. 

166.  When  aurda  haoe  the  aame  irraiioncU  parif  their  aum  or 
difference  ia  found  by  affixing  to  that  irrational  pari  the  aum  or 
difference  of  their  coefficienta. 

Thus  a\/w^h\/w^{a^b)y/iV\ 

10\/s±5\/s-15\/s,  or  Sy/S. 

If  the  proposed  surds  have  not  the  same  irrational  part,  they  may 
sometimes  be  reduced  to  others  which  have,  by  Art.  l65.    Thus, 

Ex.  1.     Let  the  sum  of  Jsa*b  and  Jsb  be  required. 

Since  Jsö?B=^J^xJsb=^aJsB, 

.-.  JSal'b ■^JsS^aJsb'^Jsb^  (a  +1)^36. 

Ex.  2.     Find  the  sum  of  ^l/^\   bl/sö^b,  and  -l/i25a'b\ 

Here  ^!!/^*=^l/^\!!/b^^'b!^b, 
blßi^^bXl'si^ilUZa^blJb, 
-V 1  ^ba^'b'^  -ll  1 9,5a*b\!:ß^--  Ba'bljb ; 
.•.  the  sum  required =a*Ä^6. 

If  the  proposed  surds  cannot  be  reduced  to  others  which  have  the 
same  irrational  part,  then  they  must  be  connected  together  merely  by  the 
signs  +  and  — . 

[^Exercises  •K.] 

MULTIPLICATION   OF  SURDS. 

167.  If  two  surda  have  the  aame  index,  their  product  is 
found  by  taking  the  product  of  the  quantitiea  under  the  aigna  and 
retaining  the  common  index. 

•  /-     ./-       i     1  L  .> — 

Thus  Vaxv6  =  a«x6»=(a6)'*  (Art.  149)  «\/a6. 

v/ixv/s  =:\/6 ;  (a  +  b)K{a  -  6)*  -  (a«-  6«)* ; 

\/a  +  a?x\/a-a?«v/a*— J?*. 

If  the  surds  have  coefficients,  the  product  of  these  coeflScients 
must  be  prefixed. 

Thus  a\/ x^by/y^aby^xy, 

168.  If  the  indicea  of  two  aurda  have  a  common  denominator^ 
let  the  quantitiea  be  raiaed  to  the  powera  expreaaed  by  their  reapective 
numeratora,  and  their  product  may  be  found  aa  before. 
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Ex.      2ixSi«(S3)ixSi-8ixS*«(«4.)*; 

also  (a  +  a:)ix(a-ir)*«{(a  +  a?)(a-a?)'{l. 

169.  If  the  indicea  have  not  a  common  denominator^  they  may 
he  iransformed  to  others  of  the  aame  value  with  a  common  denomi- 
nator^  and  their  product  found  ae  in  Art.  l68. 

Ex.     (a«-  a^)ix(a  -  «)1 «  (a^-  a;«)ix(a  -  w)l, 

-{(a2-a?Xa-a?)*}i; 

again    2lxSi=2»xSi-(8x9)*«=(72)*. 

170«  If  two  surds  %ave  the  eams  rational  quantity  under  the 
radical  eigne,  their  product  is  found  hy  making  the  aum  of  the 
indicee  the  index  of  that  quantity. 

Thus     \7äxv^  =  a%a^=a'^xa'^=a"^  ;   (see  Art.  162). 

Ex.     v^xv^  =  2ix2i=2M=2t. 

{Exercises  L.] 

DIVISION   OF  STJRDS. 

171*  If  the  indices  of  two  quantüies  have  a  common  deno* 
minator,  the  quotient  of  one  divided  hy  the  other  is  ohtained  hy 
raising  them  reepectively  to  the  powere  eafpreaaed  hy  the  numeratore 
of  their  indices^  and  contracting  that  root  of  the  quotient  which  ie 
eatpreeeed  hy  the  common  denominaior. 

i  1  2  1, 

172.  If  the  indices  have  not  a  common  denominator,  reduce 
them  to  othera  of  the  eame  value  toith  a  common  denominator^  and 
proceed  as  be/ore. 

Ex.     (o»-  <v')i  -4-  (o»-  «»)*= (o*-  «*)l  -^  (o'-  .v>)i. 

Xa^-a>y\i 


{I 
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173.  If  iwo  surds  have  ihe  same  rational  quantü'y  under  the 
radical  signa^  their  quotient  is  obtained  by  making  the  difference  of 
the  indices  the  index  ofthat  quantity. 

Thu8  'y^^T'^ya,  or  a"*  divided  by  a"*,  or  a"^  divided  by  a'**. 


m 

-ginn  W" 


that  is  — ;;■ ,  is  equal  to  a  "^  ;  because  these  quantities,  raised  to  the 
a 


a" 


power  mn,  produce  equal  results  —  and  a*"". 
Ex,      2iH-2i-2l-f-2««2^. 

INVOLUTION  AND  EVOLUTION  OF  SURDS. 

174.  Äny  power  of  a  surd  is  found  by  mulliptying  ihe  fractional  index 
of  the  surd  by  the  number  which  expresses  the  power. 

For  (7flr-(fl"r«fl" "        «« . 

175.  Any  root  of  a  surd  is  found  by  dividing  the  fractional  index 
of  the  surd  by  the  number  which  expresses  the  root, 

Thu8  J^{l/ä)=yc^^a'^;  because  each  of  these  quantitifs  raised  to 

the  m***  power  will  produce  a\ 

It  will  be  Seen  that  the  rules  hitherto  required  for  the  management 
of  surds  are  simply  those  which  apply  to  quantities  raised  to  powers 
expressed  by  Fractional  Indices» 

{Exercises  N.] 

TRANSFORMATION  OF  SURDS. 

176.  Having  given  a  quantity  containing  quadratic  surds,  to  ßnd 
another  quantity  which^  multiplied  into  the  former,  shall  produce  a  rational 
result. 

1.  If  the  given  quantity  be  a  simple  surd,  as  sja^  the  multiplier 
required  is  Ja^  which  gives  the  product  Sa,  a  rational  quantity. 

2.  If  the  given  quantity  be  a  binomial  surd,  as  Ja-^-Ji^  then  the 
multiplier  required  is  Ja—Jb,  and  the  product  is  a-^. 

3.  If  the  quantity  be  a  trinomial,  as  Ja+Jb-^-^c,  first  nmltiply  by 
»fä+Jb-Jc^  which  gives  (Ja+Jby-(Jcy,  or  a-^b^c-^^Jab.  Next 
multiply  by  a  +  6-c- 2,^/05,  and  the  product  is  (a+ 6- c)*-4a6.  Therefore 
the  multiplier  required  is  (Ja-^^-jc)x(a+b^c-2,Jäb). 
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The  use  of  this  proposition  is  to  enable  us  without  much  labour  to 
find  the  values  of  fractions  which  have  irrational  denominators.     Thus, 

suppose  the  actual  value  of  —j= — ^  were  required  to  7  places  of  deci- 

mals;  if  wc  were  to  proceed  to  extract  the  Square  roots  of  2  and  S,  and 
divide  1  by  the  sum  of  those  roots,  the  Operation  would  be  long  and 
troublesome.     But  if  we  first  multiply  the  numerator  and  denominator  by 

Js-J^y  the  fraction  becomes  ^^— —  —  or  «/S-^ä,  and  its  value  is  not 

altered;  we  have  simply  then  to  extract  the  Square  roots  of  S  and  2  and 
subtract  the  one  root  from  the  other,  by  which  the  long  division  is  en« 
tirely  avoided. 

Soalao^^-y^-^g-^^^^g. 

Iß     Cßr      « 

eaeh  of  which  fractions  is  thus  much  simplified  for  pnrposea  of  calcula- 
lion. 

Again,.^^^ — ^  =  ,        , .__  ;   but  the   former   quantity  is  in  a 

simpler  form  than  the  latter. 
More  generally, 

177«  Toßnd  ihemuUipUer  which  fvill  raiionaUte  any  btnomialf  having 
oneor  boih  qfits  terms  irrational. 

Ist.  Let  x-^y  represent  the  binomial,  x  and  y  being,  one  or  both, 
irrational,  and  let  m  be  such  a  number  that  x'*  and  ^^  are  both  rational, 
that  18,  let  m  be  the  Least  Com.  Mult  of  the  denominators  of  the  firactional 
indices  of  the  binomial;  then  since 


where  the  upper  or  lower  sign  is  to  be  taken,  according  as  m  is  odd  or 
even,  the  rationalizing  multiplier  required  is 

■ -x""*^  + . . .  ^xi/'^^i/^K 


2nd.     Let  x^y  be  the  binomial,  and  m  as  before^  then  since  aT—y^^- 
('-J^)(**'*+**^^+ ••+*y'^+J^""')>  (Art.  ^.  Ex.  6.) 
the  raticmalising  multiplier  is 

Ex.    Find  the  multiplier  which  will  rationalize  Jl-lJ^,  or  5^-6^* 
Here  m«6,  the  L«att  Ccmi.  Mult.  of  %  and  Sj 
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,-.  mult'.  Teq^.^{j5y-^{j5yx^6-h(j5yx(^6y-^(j5yx{y6y 

^25j5+25!^6'¥5j5  X  06)'+  30+6^5  x  ^+6(^y. 
[^Exercises  O.] 


178.      The  Square  rooi  of  a  quantity  cannot  be  partltf' rational 
and  partly  a  quadratic  surd. 

If  possible,  let  s/n^a-^-^m^  then,  by  squaring  tliese  equal 
quantities»  n  =  a'+2a\/w  +  m,  (Art.  81);    and  2av/m«an-a"-iii, 


, —    w-a'-m 


(Art,  80) ;   therefore  's/m  = ,  (Art.  82),  a  rational  quan- 

2a 

tity,  which  is  contrary  tö  tlie  supposition. 

179«  If  any  two  quantitiesy  partly  rational  and  partly  qvtar- 
dratic  surds,  be  equal  to  one  another^  the  rational  parte  of  the  two 
are  equal^  and  also  the  irrational  parte. 

Let  w  +  \/y^a  +  \/b,  then  »raa,  and  \/y^\/b;  for  if  a 
be  not  equal  to  a,  let  a?  =  a  +  m;  then  a  +  m  +  \/y  =  ö  + v^j  or 
wi  +  \/y « y/b ;  that  is,  \/b  is  partly  rational  and  partly  a  qua- 
dratic surd,  which  is  impossible  (Art.  178);   therefore  <vea,  and 

consequently  also  y/y=^\/b. 

180.  If  two  quadratic  eurde  y/x  and  \/y  cannot  be  reduced 
to  othere  which  have  the  same  irrational  part,  their  product  ie 
irrational. 

If  possible,  let  \/lcy  =  r.r,  where  r  is  a  whole  number  or  a 
fractiou.  Then^  a?y  =  rV  (Art.  81),  and  y^r'^of  (Art.  82);  there- 
fore \/y  =  r\/^,  that  is,  \/y  and  \/a^  may  be  so  reduced  as  to 
have  the  same  irrational  part,  which  is  contrary  to  the  supposition. 

181.  One  quadratic  surdy  v/x,  cannot  be  made  up  of  two 
othere,  vm  and  v  n,  which  have  not  the  same  irrational  part. 

If  possible,  let  \/a?  =  \/m  +  \/n;  then  by  squaring  these  equal 
quantities,  xsm  +  n  +  2v/mn,  and  ^-m-n«-2\/mn,  a  rational 
quantity  equal  to  an  irrational  one ;  which  is  absurd. 
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182.  The  Square  root  of  a  binomial,  one  of  whose  terms  is  a 
quadratic  surdy  and  the  oiher  rational,  may  sometimes  be  expressed 
by  a  binomial,  one  or  both  of  whose  terms  are  quadratic  surds. 


Since  {Jx^Jyy=x-^y^2jxy^  Jx-^y^'iJxy^Jx^Jy  \  hence  if  any 

proposed  binomial  surd  can  be  put    under  the  form  (x+y)^2jxy  its 

Square  root  is  at  once  found  by  inspection  to  be  Jx^Jy.  Now,  to  pro- 
ceed  with  any  proposed  case,  take  the  term  which  contams  the  surd,  and 

if  it  can  be  put  into  factors  of  the  form  ^Jx-k^  in  one  or  more  ways, 
take  that  pair  of  factors  for  which  the  sum  of  x  and  y  is  equal  to  the 
whole  of  the  term  in  the  proposed  binomial  which  is  rational.  Havingthus 

found  X  and  y^  the  square  root  required  is  Jx^Jy^  -1-  or  —  according  as  the 
sign  of  the  surd  in  the  proposed  binomial  is  +  or  ~. 

Ex.  1.     Required  the  Square  root  of  8+2^2. 

Here  2j2^2j2xJT; 

also  2+1=3,  the  rational  term ; 

.'.  the  root  required  is  1+J^. 

El.  2.     Required  the  square  root  of  l—^JTÖ, 

Here  2jYo=Qj5xj2, 
also  54-2  =  7)  the  rational  term; 
.'.  root  required  is  Jh—Jz. 
Ex.  8.     Required  the  square  root  of  l)--6j% 

Here  6^2=2718 =279- n/2,  or  qJG.Js;   of  which  the  former  an- 
swers  the  condition  required,  viz.  9+2=11,  the  rational  term; 

.•.  the  root  required  is  Jd—J^,  that  is,  S— ^. 
Ex.  4.     Required  the  square  root  of  Qx-^-^Jx*—!, 

Here  2^jSM = 2jx + 1  xjx-l , 
also  jp+l+x-l=2x,  the  rational  term; 
.'.  root  required  is  Jx+l+Jx-l. 
Ex.  5.     Required  the  square  root  of  7+^18. 

.    , .  jTs+i 

.*.  root  required  is  ^ — r^r— . 

A  more  general  raethod  of  extracting  the  roots  of  irrational  binomials 
will  be  given  hereafter. 

^Exercises  P.] 
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IMAGINARY  OR  IMPOSSIBLE  QUANTITIES. 

183.  If  an  expression  appear  under  the  form  »f^^  this  indicates  an 
impossibility;  for  it  signifies  the  Square  root  of  a  negative  quantity,  which 
has  no  existence,  since  there  is  no  quantity^  positive  or  negative«  which^ 
being  muhiplied  by  itaelf,  gives  a  negative  product  It  is  evident,  there- 
fore,  that  if  such  symbols  are  admitted  into  caiculations«  they  may  reqnir« 
special  Rules  for  Uiemselves,  and  some  care  in  the  appiicaticm  of  thote 
Rules.  And  it  must  be  bome  in  mind,  that  they  are  mere  aymbob,  and 
not  expressions  of  quantity. 

We  must  obser^e  especially,  if  we  do  meet  with  such  imaginaty 

quantities,  that  the  product  of  J^xJ-a  does  not  follow  the  ruie  given 
in  Art  167,  but  that  it  is  -*a,  because  it  is  that  quantity  whote  sqciare 

root  18  ,J^.    Also  similarly  J^  xj^b  is  not  J-ax^b,  or  ^ÖB,  but  it 

injaxj^xjbxj^l^  or  Jäb^(J-l)\  that  is,  --J^*. 

To  avoid  mistakes  in  operating  upon  imaginär^  quantities,  as  ^/^, 
ij-b^  &C.,  it  will  be  best  in  all  cases  to  Substitute  for  thcm  their  equi« 
valents  Jä.J^,  sß'J-l,  &c.,  and  to  bear  in  mind  that  (-^/-T)*--!, 
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184.  If  one  quantity  be  equal  to  another,  or  to  iiolhing,  and 
this  equality  be  expressed  algebraically,  it  constitutes  an  Eqttation. 
Thus  <r-  a=>&-a?  is  an  Equaiion,  of  which  ^-a  forms  one  aide^  and 
b  —  üff  the  other. 

In  this  equation  it  is  asserted,  that  a  certain  unknown  quantily  («)  is 
so  connected  with  two  known  quantities  (a  and  6),  that  it  exceeds  the  one 
(a)  by  as  much  as  it  falls  short  of  the  other  (6). 

Again^  jj'+jr— 20=0  is  an  Equation^  which  asserts  that  a  certain  un-« 
known  number  added  to  its  Square  is  equal  to  20. 

An  equality  which  admits  of  no  question,  as  ;r+a=ar+a,  or  2jr-|-Sx-5Xy 
is  not  an  ''Equation"  strictiy  speaking,  but  is  called  an  "Identity."     An 

*  The  Student  is  recommended  to  have  as  little  as  possible  to  do  with  imaginary 
quantities,  that  is,  with  quantities  which  have  no  meaning  either  as  to  nnwiber  or  magntiude. 
He  need  not  wonder  that  difficulties  are  likely  to  be  introduced  by  the  use  of  them,  when 
he  considers  that  V-a  signifies  an  Operation  to  be  performed  which  is  absolutdj  impos. 
sible.  Anj  discussion  upon  the  Interpretation  which  mag  be  given  to  sueh  sjmbols,  and 
the  uses  to  which  they  may  be  applied,  would  be  quite  out  of  place  in  an  Elementarjr 
Treatise  like  the  present.    £d. 
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Iclentity  is  therefore  satisfied  by  an^  value  mkaiever  of  the  unknown  quan- 
tity;  whereas  in  " Equatiens"  the  unknown  quantities  have  parlicular 
values,  which  alone^  and  none  other,  will  perniit  the  expressed  equah'ty  to 
subsist. — To  find  these  values  is  to  "Stuve"  the  Equations,  and  forras  an 
iroportant  part  of  the  business  of  Algebra.  These  values  are  sometimes 
calied  the  ^^Rools"  of  the  Equations^  and  are  said  to  saiisfy  them.  Thtis, 
if  ^x=6  be  the  Equation^  jr-3,  and  can  be  nothing  eise;  and  «^5  ii 
called  its  Solution.  Again,  if  j;*=4,  we  know  that  x»2>  or  —2;  and  2,  —2, 
are  called  the  Roots  of  the  equation  jr's^. 

185.  When  an  equation  is  cleared  qffractums  and  surds,  if 
it  contain  the  first  power  only  of  an  unknown  quantity,  it  is  called 
a  Simple  Equation,  or  an  equation  of  one  dimension ;  if  the 
Square  of  the  unknown  quantity  be  in  any  term,  (and  there  bc 
no  higher  power,)  it  is  called  a  Quadratic,  or  an  equation  of  two 
dimensions;  if  the  Cube  of  the  unknown  quantity  appear,  (and  no 
higher  power,)  it  is  called  a  Cubic  Equation ;  if  the  fourth  power, 
a  Biquadratic;  and  in  general,  if  the  index  of  the  highest  power  of 
the  unknown  quantity  be  n,  it  is  called  an  equation  of  n  dimensions. 
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186.  RuLB.  I.  In  any  equation  quantities  may  be  transposed 
from  one  side  to  the  other^  if  their  signs  be  changed,  and  the  two 
sides  will  still  be  equah 

For   let    «r  +  10a>15;    then   by  subträcting  10  from  each  side, 
(Art.  80),  a?  +  10-10«15-10,  or  a^«l5-10. 

Let  «-4->6;  by  adding  4  to  each  side,  (Art.  79)» 

a?-4  +  4»6+4y  or  0^^6  +  4. 

If  x  — a  +  &=>y;  adding  a-&  to  each  side, 

a?-a  +  6  +  a-6  =  y  +  a-6;  or  w^y  +  a^b. 

187«  Cor.  Hence,  if  the  signs  of  all  the  terms  on  each  side 
be  changed,  the  two  sides  will  still  be  equal. 

Let  *r-a«6  — 2tr; 

by  transposition,  -6  +  2»rs=-a?+a; 

or.  a--a7M&tt-k 
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188.  RuLE  II.  If  every  term  on  eaeh  aide  be  mnUipUed  by 
the  aame  quantity^  the  results  tvill  be  equal  (Art.  81). 

189.  Cor.     An   equation    may    be    cleared   of  fractions,  bj 

multiplying  every  term  successively  by  the  denominators  of  those 

fractions. 

5w 
Let  8j?  +  -^  «34; 
4 

multiplying  by  4,  12^ +5«  ■»  136. 

An  equation  may  be  cleared  of  fractions  at  once»  by  multiplying 
both  sides  by  the  product  of  all  the  denominators,  or  by  any 
quantity  which  is  a  multiple  of  them  all. 

-.       cT     .r     or 
Let  -  +  -  +  -=13; 
2      3      4 

multiplying  by  2x3x4,  3x4x/v  +  2x4x(V  +  2x3x.r  ■>  2x3x4x1 3, 

or  12.r  +  8«r  +  6«r«312;   that  is,  2&v«312. 

If  the  Least  Common  Multiple  of  the  denominators  be  made 
use  of,  the  equation  will  be  in  the  lowesi  terms. 

Thus,  if  each  side  of  the  last  equation  be  multiplied  by  12, 

which  is  the  Least  Com.  Mult.  of  2,  3,  and  4,  the  equation  will 

become 

120?      12cr      12j? 

+  —  + -156; 

2  3  4 

or  6tT  +  4.r  +  3<rBl56;   that  is,  13^7»  156. 

190.  RüLE  III.  If  each  side  of  an  equation  be  divided  by 
the  same  quantity^  the  resulis  will  be  equal.     (Art.  82.) 

Let  17.val3o;   then  a^ — «8. 

17 

.  191  •     RuLE  IV.     If  each  side  of  an  equation  be  raised  to  the 
same  power,  the  results  will  be  equaL     (Art.  81.) 

Let  ^^«9;   then  arB9x9B81. 

Also,  if  the  same  root  be  extracted  on  both  sides,  the  results 
will  be  equal. 

Let  df«81;  then  w^t^A^g  (Art.  143). 
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192.  '  RuLB  y«     To  clear  an  equalion  o/turdi. 

An  equation  may  be  cleared  of  a  surd  by  transposing  the  terms 
ao  that  the  surd  shall  form  one  side,  and  the  rational  quantities  the 
other^  and  then  raising  both  sides  to  that  power  which  will  rationalke 
the  surd. 

Thus«  if  ^»+jp-6=c,  by  transposition  Ja+x^h-^-c,  and  a+«*CÄ+cy. 
(Art  81.) 

If  the  equation  contain  two  surds^  connected  by  +  or  -,  then  the 
same  Operation  must  be  repeated  for  the  second  surd. 

Thus,  if  tJoTi-k-Jx^b, 

by  transp.    Ja-¥x^b^Jx^ 

squaring«         a+«s=6*-26^+x, 

by  transp.      Zbjx^b^'-a^ 

squaring^         46*x=(fi*-  a)\ 

an  equation  in  which  the  surds  do  not  app^r. 

193.  A  *' simple  equation*'  can  have  only  one  Solution;  that  is,  there 
can  be  but  one  value  of  the  unknown  quantily  which  satisfies  it. 

For  every  '^ simple  equation"  with  respect  to  the  unknown  quantity 
X  cau  be  re^uced  to  the  form  ax+b'^O»  New,  if  possible^  let  there  be 
two  values  of  x  which  satisfy  this  equation^  viz.  a  ana  ß; 

then    aa-^b^O, 

and    aß+b=^0; 

.-.  subtracting«  aa—aß^^O, 

or  fl(o-)ö)=0. 

But  a  cannot  be  equal  to  0,  for  then  the  proposed  equation  would  be 
no  equation  at  all  with  respect  to  x,  therefore  a-/?aO,  or  a^ß;  that  is, 
a  ana  ß  cannot  be  difierent  values;  or  there  is  only  one  value  of  x  which 
satisfies  the  equation.  If  however  it  be  known  that  a  is  not  «/?,  t.  e.  that 
the  proposed  equation  has  two  difierent  roots^  the  equation  a(a—ß)^0 
cannot  subsist  unlesa  0=^0,  and  then  b  will  also  =0;  t.^.  the  equality 
iix+6=0  ceases  to  be  an  equation,  and  becomes  an  identity,  the  coeffident 
of  jr  and  the  other  term  becoming  separately  «0. 

194.  To  find  the  value  of  the  unknown  quantity  in  a  simple 
equation. 

Let  the  equation  first.be  cleared  of  fractions  and  surds*  (Arts. 
189,  192)9  then  transpose  all  the  terms  which  involve  the  unknown 

*  It  should  be  bome  in  mind  that  this  is  required  to  be  done  oolj  when  ihe  unknown 
quantily  is  found  in  a  fnctioä  or  surd.  Thus  it  will  not  be  necessarj  in  such  equations  as 
the  following  >-^ 

nM-{-Ja^mx-\-Jl, 
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quantity  to  one  side  of  the  equation,  and  the  known  quantities  to 
the  other  (Art.  186) ;  divide  both  sides  by  the  coeflBcient,  or  sum 
of  the  coeflScients,  of  the  unknown  quantity  (Art.  190),  andthevalue 
required  is  obtained. 

Ex.  1.     To  find  the  value  of  a  in  the  equation  3^-5  a2S-dr. 

By  transp.     Sj7+^-»2S  +  ^9  (Art.  186.) 

or     4j7  B  28 ; 

28 
by  di Vision     j; «  —  «=  7.     (Art.  igo.) 

Of      w 

Ex.  2.     Let  0?+ «4J7-17;  required  es. 

Mult.  by  2,       2af+w «8a7-34, 

3 

Mult.  by  S,     &p  +  Sa?-2ar«24a?-102  (Art.  189), 
by  transp.     &r  +  Sj?  -  2a?  -  24r  -» - 102, 

or  -17a?« -102, 

17«  «102  (Art.  187); 


. . 


102      ^ 
«■■ —  «6. 
17 


Ex.  3,     -  +  -  =  c ;  required  o?. 
a     w 


Mult.  by  a,       1  +  —  —  ca, 

Mult.  by  Of,      w  +  ba^caxj 
By  transp.       a  -  cOt»  =  —  6a, 

caa^-afmba  (Art.  187); 
(ca-l)a?ss6a; 

6a 


.  • 


0? 


ca- 1 


Ex.  4.     5 —  d7  -  S ;  required  a;. 

55-a?-4»=lla?-S3, 
55-4  +  SSBlla?  +  a', 
84»12a?; 

84 

j; «  —  ■*  7. 
12 


• . 
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Ex.  5.     «  + «»IS ;  required  «. 

4ar-8 
S 

&» +  9J7 -15  «  72 -4»v  +  8*, 
&r  +  9aj  +  4»  =  72  +  8+15, 
19a?-95; 

«.     >j     7«+8     gx-12     Sjr+1     29-8jr  .     , 

Ex.  o.    — T ,/?     "—77; h:7i — ;  required«. 

8  16  10  20     *      ^ 

Here  the  Least  Com*  Mult  of  the  denominators.  is  80,  (A^rt.j23); 
therefore,  multiplying  both  sides  by  this  number,  (Art  189)> 

7a»+80-45jr+60=24«+8-ll6+S2«*, 

70jr-45x-24«-S24r«8-l  16-80-60, 

-Slx=-248, 

-248     „ 

4 

Ex.  7.     j^(s«+|)-i(4*-6|)«=|(5a?-6);  required«.       :  ^ 

Mult  by  14,     Sx+|-8Jf+12i=S5jr-42, 

42+12j+|=S5x+84P-S«, 

o 

40x«56; 

••'"io^'ö"^*- 

*  See  An.  87,  beering  in  mind  that  the  line  which  teparatet  the  namerfttor  and  deDO» . 
minetor  of  e  ftaetioo  «cnret  AS  •  vtfi0ti/iMi  for  both.    £b. 

7 — 2 
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8  4         21         2    J      S  \  «  ) ' 

required  «. 

Mult  by  12,  the  L.O.X.  of  S,  4^  «nd  i, 

»9*+lSi-S2, 
SS+ll-l6i-13i^9x+&B-4x, 

„,=U----=12-----^; 

65 
•*•  *"66' 

Ex  9.    «*+5,7*^S    Ifa+lS    2K  reauired*» 
*'*•*        14   *&r+2         28      +  7  .  •»q"'«^  *'• 

)lalt..b7  28,  l&t+10+  ^^^-l&r+15+9, 

19&r-84 
6jf+2  ^ 

1964r-84»84jr+S8, 
112X-112; 

ad-bdx-^bc 
**       c+2r      ' 

26(2«- Alf; 

flrf  __  a 

\^ExercUei  Q.] 

*  In  CMet  likc  this,  which  haTe  one  or  more  Compound  denomiiuiton  ioTolTiog  the 
unknown  quantitj,  it  will  usnallj  be  foand  convenient  to  clear  the  equatioa  of  the  simpi§ 
denominmton  ftnt,  lemTing  the  fractioos  with  Compound  denominatön  to  be  deaU  idth 
afterwaids,  wben  the  equatlon  has  becn  xeduced  to  fewcr  terms.    £o. 
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» 

Ex.  II.    Ja-^-x-^-Ja^x^^Jx;  required  x. 

Ja+x^zJx-Ja—x^ 

%Jaär^'^x, 
4ax-^^j^, 

4as5x; 
4a 

•  •  X^  ~-z'  • 
o 

Ex.  12.    jya+«s=!y«*+5a«+6*;  required  «. 

Raising  both  sides  to  the  2ifi^  power,  we  have  (Art  174.) 

(a  4  x)*-4r*+  5a4r+ 6% 
or  a*+2flar+x*=j:'+5a«+6*, 

195.    A  very  useful  formula  in  solving  equations  is  the  foUowing  :— 

Q      C 

If  a,  6,  c,  d  be  any  quantities  whatever,  and  ^  r«»^» 

-        a+6    c+rf         ,  a— 6.    c-d 
tnen  — :—£«= — r;  and — r"-' — 5- 

To  prove  this,  .  ä"3* 


tt    , 

***" 

c    , 

.3+1, 

or 

» ■ 

c+d 

Again 

?-'■ 

-5-' 

or 

ö    "    d    ' 

.  . 


a+b  .  a-'b    c+d  c-d  .. 

a+6    c+d 
or  — 3r= — j. 
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Cor.  Hence  also 


fl+6    c+rf' 


Obs.  In  the  application  of  this  formula  to  cases  in  which  one  aide 
of  the  equation  is  a  whole  numher,  the  whole  number  must  be  considered 
as  a  fracUon  with  1  for  its  denominator. 

It  18  also  useful  to  ezpress  the  formula  in  language,  vis.  that,  if  one 
firaction  be  equal  to  another,  the  sunt  of  the  numerator  and  denominator 
divided  b^  their  difference»  or  the  difTerence  divided  bj  their  sum,  for  one 
firaction,  is  equal  to  the  same  ezpression  for  the  other  fraction. 

Ex.  1.     — -  -  j ;  required  the  value  of  x. 
By  the  formula. 


»X 

IS 

4- 

'T' 

-6; 

4P«  12. 


•,  ^.  Ja-hja—x     1  .     - 

Ex,  2.    Given  ^/^   ^, — ^«- ;  required  x. 


By  formula. 


Stja       1+a 


or 


ya       l+g 
ö-x"l-a' 


squanng.     —-{jzZj' 


or 


o-jp     /l-aV 
a    "\l+a/' 

jr.^/1-aV 


or  1 


£=l.l-2a+a«        4a 


a         l+2a+a"     (1+a)*' 

4a'   _/2a  V 
•'•'"(l+a)«'"VW- 

Ex.  S.    Given       7; —    ;/— ^  -  z  >  '«quircd  *• 

^yx+i+zj/jp-i  * 

By  formula,  ;, —  -j; 
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cubing,  ^  -27, 

JT  —  l 

28 
bj  fimnula  again^  x«— »i^ 

N.B,  As  a  general  Rule  it  is  not  advisable  to  apply  the  formula  when 
the  unknown  quantity  occurs  on  botk  sides  of  the  equation;  for  if  the  one 
aide  be  simplified  by  it,  the  other  side  will  oflen  be  rendered  more  com- 
plex,  and  so  nothing  be  gained«  Thus  no  good  purpose  will  be  served 
by  applying  the  formula  to  the  equation 

a+a    X 


a-x    a* 


195*.    Another  useful  method  in  solving  equations  can  be  deduced 
from  the  following  property  of  fractions : 

If  any  number  of  fractions  be  equal, 

,      sum  .of  any  muüiples  whalever  of  their  numerators 
*"   sum  of  tke  same  muUiplei  of  their  denominators 

Let  T^sy^B-iae&c.     And  assume  each  »r,  then  ai— &|r;  a^b^i 

Ol      o,     D, 

.•.  ifc|a,+ ^jflt+  *iöj+  •  •  •  =(^i'i+ ^ A+  ^A+  •••)»'» 
.*.  r,  which  is  equal  to  either  of  the  given  fractions, 

^  ^iai+^^,+^,a,+... 
it,6,+ ^«6,+ kj>i+ . . . ' 

And  it  will  be  observed  that  ki,  k„  k^  ...  may  be  any  quantities  what« 


even 


llx+27^ 
_        7«+10     _9 


9  *7 

By  the  foregoing»  each  of  the  above  fractions 

(ll«+27^74P+10) 

"  17-9 

7  4 

4x+17^     «+4- 

l9  9 

"       S        **     2     • 

.*.  equating  this  to  the  left-hand  member  of  the  equation,  we  have 
after  multiplication 

14*+20=9*+40; 
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If  this  method  be  applied,  a  tröublesome  multiplication  may  often  be 
avoided,  and  the  Solution  will  be  effected  with  greater  eaae  and  el^gance. 
The  Student  is  recommended  to  avoid  multiinying  out  exoept  as  a  last 
resource. 

{^ExercUes  R."] 


196.  If  therebe  two  independent  simple  equations  involviog 
two  unknown  quantities,  they  may  be  reduced  to  one  which  involves 
only  one  of  the  unknown  quantities,  by  any  of  the  foUowing 
methods : —  , 

First  method.  In  either  equation  find  the  value  of  one  of  the 
unknown  quantities  in  terms  of  the  other  and  known  quantities,  and 
for  it  Substitute  this  value  in  the  other  equation,  which  will  theo 
only  contain  one  unknown  quantity»  whose  value  may  be  found  by 
the  rules  before  laid  down. 


Ex.  a?+y  =  10 

2w  -Sy==  5 


}to  find  a:  and  y. 


From  the  first  equation  x^lO-y;  hence  2^s20-2y,  by  Substi- 
tution in  the  second  QO^Qy-Sy^ 5, 

20-5-2y  +  Sy, 

15-5y; 

15 
^      5 

Hence  also    d7  =  10-y  «10  — 3  =  7. 

Second  method.  Find  an  expression  for  one  of  the  unknown 
quantities  in  each  equation ;  put  these  expressions  equal  to  each 
other,  and  from  the  resulting  equation  the  other  unknown  quantity 
may  be  found. 


Ex. 


07  .f  M  e  a,   1 

,    >  to  find  <r  and  y. 
j-k-cy^dey] 


From  the  first  equation     .v  s  a  -  y, 

from  the  second     hw^de-cy^  and  x^  — =— ^ 
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.:  a-y —, 

(c-6)y«-cfe-6a; 
de-'ba 

Also     a^a—y; 

de^ba 

aa^' « 

c-6    ' 

ca^ba^de  +  ba 
ca-^de 

Third  method.  If  eitber  of  the  unknown  quantities  bave  the 
same  coefficient  in  both  equations,  it  may  be  exterminated  by  sub- 
tracting  or  adding  the  equations,  according  as  the  sign  of  the 
unknown  quantity,  in  tbe  two  cases»  is  the  same  or  different. 


Ex. 


'>  to  find  a  and  y. 


By  addition       2^7»  22,     .*.  /p«!!. 
By  subtraction  2y  »  8,       /•  y  «  4. 

If  the  coeflScients  of  the  unknown  quantity  to  be  exterminated 
be  differenti  multiply  the  terms  of  the  first  equation  by  the  co- 
efficient of  the  unknown  quantity  in  the  second,  and  the  terms  of 
the  second  equation  by  the  coefficient  of  the  same  unknown  quantity 
in  the  first ;  then  add,  or  subtract,  the  resulting  equations,  as  in 
the  former  case. 

This  18  the  method  in  most  general  use. 


Ex.  1.  &»-5v- 

2^ 


'>  to  find  a  and  t/. 
+  7y-8lJ  ^ 


106 


Multiplj  tbe  terms  of  tbe  finfl 
tbe  Beoond  by  S,  theo 

^  equatäan  bj  f,  ud  tbe  terms  of 

6x- 

-lOy« 

and 

Ar+Sly« 

By 

sabt»cdoo 

Sljf  = 

=  217; 

« 

••  f- 

217 

31 

Also 

5jr- 

.5y- 

rlS, 

or 

&r- 

1«, 

13  +  S5-46; 

• 

'•  «» 

—  -Ifi. 

S 

,  >  to  find  X  mnd  v. 


£x«5. 


FnNn  tbe  first     mtmjt+mJfjf^w»Cj 
fiom  tbe  Beoond     «Mur^My  —  oif, 

bj  mbtractkn    (fli&  +  iMi)jf— mc— «d; 

AgaiQ     fUMT+niyBMC, 
flt&r-niy-M; 
by  additkm     (jma  +  mb}r»ne^bd; 

nc^bi 
•%  X- -. 

3#- 


^  to  find  Jt  and  f. 


6 


rv 


Fit»  tbe  first     15jr-S5f +50-44r^^ 
15jr-44r-S5jf-9y  «  «30, 
ll«-S7y--3a 
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From  the  second     96-d^  +  6yB&v  +  4y, 

9ar-  2y-96,    1 
and     lljr-27y«-SoJ 

hence     99^-  22y  =1056,  1 
and     99^7  -  i4Sy  «  -  270,  j 

22]y»1326; 

1S26 
^       221 


Also     9a?-2y«96, 

9.r-12  =  96, 

9aj«96  +  12  =  108; 

108 
9 
Jl^Exercises  S.] 

197*  If  there  be  three  independent  simple  equations,  and 
three  unknown  quantities,  reduce  two  of  the  equations  to  one,  con- 
taining  only  two  of  the  unknown  quantities,  by  the  preceding  rules; 
then  reduce  the  third  equation  and  either  of  the  former  to  one, 
containing  the  same  two  unknown  quantities;  and  from  the  two 
equations  thus  obtained  the  unknown  quantities  which  they  involve 
may  be  found.  The  third  quantity  may  be  found  by  substituting 
their  values  in  any  of  the  proposed  equations. 

Ex.  2/v  +  8y  +  4jirsl6,' 

Sof-^Zy-^Sz^S,  }  to  find  <r,  y  and  z, 

From  the  1'*  two  equ°".  &»  + 9^  +  12«  «483 

&P  +  4y-10ijf«=l6, 

by  subtr.     5y4-22jra32. 
From  the  !•*  and  8^ 


;:} 


t^  10Är+15y  +  20«-80,l 
10.r-12y+   6«»12j 


108 


} 


and     ^-hSar^Sy 

and       1359 -k^SS^^  964^  f 
by  subtn     iSte«äS4; 

Alao     5y^2Sx»dss» 

10 
.-.  f«  — «2. 
5 

Also  ^-^Sg^^M^lßy 

that  18,     2jr-f6-h4«l(>, 

The  same  method  may  be  applied  to  anj  number  of  indepen- 
dem  iimple  equations,  in  whicb  the  number  of  unknown  quantities 
in  ehe  »ame  as  the  number  of  equations. 

[Exerciits  T.] 

ÄMoiher  Method.    a^x-^h^-^c^z^d^^ (1)1 

aaX-h6sy+raS-i/, (2)>;  to  find  Xytf»  and  z. 

(h*-^b^+c^md^  (S)j 

Multiply  (2)  by  m,  (8)  by  w,  and  to  the  resulting  equations  add  (1); 
dMA  we  haTe 

^«1+  »«1,+ aa,)jr + (6,+ m6,+ a6,)^ + (ci+  mc,+  nc,)« = rf,+ iiirf,+ nd^ 

5^ow  to  find  ;r,  let  the  arbUrary  multipliers  m  and  n  be  such  that  the 
(VMiAdtfnts  of  jf  and  z  in  this  last  equation  are  separately  equal  to  0;  that  is, 

bi-^-mb^+nb^Oy)^ 
and  Ci+mCj+ac^O,J  ' 


bcn  gife  no  particulmr  valuet  to  the  qiuuititiet  to  whicli  tbejr  wn 

tf  tmi.  m^  htSa^  m  diaacat  ms  m  and  b ;  but  it  is  oltcn  cooTenient  to  ose  the  saue 

L I»  mark  some  common  meening  of  such  letten^  aad  thcreby  aniit 

tkb  iiMtmff,  «t,  «3,  «a,  hare  this  common  pvopeiqr>  m.  thäi  att 

%  JK  the  Ist»  «s  in  the  Snd,  and  a»  in  the  Skd,  equation«    SimÜHl/  Ibc 
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or  htCg^mb^t^nb^^^OA 
and  &3<?i+in6^,+ii6^,=0,/' 

and  .•.  6|Cj-6^,+(6,C3-6^,)m=0, 

and  similarly  n«,'  *    >*  '. 

Then  we  have  «=-^ ^ ^,  in  vrhich  thc  above  values  may  be 

ai+ffnos+na,'  ^ 

substituted  for  m  and  it. 

Similarly,  by  making  the  coefficients  of  jr  and  z,  or  of  «  and  ^, 
separately  equal  to  0,  the  value  of  ^,  or  of  z,  may  be  found. 

As  the  denominators  of  m  and  n  are  the  same^  the  following  Rule  may 
hence  be  deduced^  and  will  be  found  easy  of  application:— 

To  find  X,  multiply  the  1"*  eauation  by  ÄiC,-6,c„  the  2~*  by  6gCi-6|C„ 
and  thd  3^  by  h^c^-b^i;  then  ada  together  the  resulting  equatlons,  and 
a  simple  equation  will  be  obtained  in  which  ^  and  z  do  not  appear. 

A  similar  rule  may  be  stated  for  findinff  either^  or  z;  or  having 
found  the  value  of  x,  the  equations  are  reduced  to  simple  equations  of  two 
unknown  quantities  ^  and  z,  so  that  y  and  z  may  be  found  by  any  of 
the  methods  of  Art  196. 

Ex.     Given  24P+Sy+4;8r=l6...(l)^ 

Sjr+2y-55=  8. ..(2)1;  required  x. 
5x-6if+8z^  6...(S)] 

Here  h^^-h^^^     6-S0=-24, 

&iCi-Vi=-15-  8=-2S; 

.-.  from  (1)   -48«-  72^-  962=-S84^ 

(2)  "Qgx-  66y-l65Ä=-264, 

(S)-115jr+lS8^-  692— 1S8,J 

/.  adding,  and  changing  signs^  262x^786, 

262 

This  Rule  is  caUed  Gross  Multiplication^  because  the  multipliers  are 
formed  by  taking  the  coefficients  in  a  cross  order^  thus : 


6,      c, 
in  applying  it^  care  must  be  taken  that  the  order  of  the  suffixes  is  properly 
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kept     It  18  very  useful  in  several  branches  of  the  higher  mathematicty 
Solid  Geometry  for  example,  where  it  is  extensively  employecL 

197**  In  some  cases  the  method  of  Art.  195*  may  be  successfully 
employed;  especially  in  the  case  where  the  ratios  of  x^  tfy  Zy  can  be 
obtained :  for  example,  let 

Äj:-3y-i-6Ä=22,j 

we  have  then  t  =  t— ^> 

j  ,         2jr-Sy+6jBr 

and  .".  each  = — — t; — 

2.4-S.5+6.S 

=  -=2. 

.'.  «e8,  ^=10,   JBr=6. 

The  advanta^e  of  this  method  oonsists  in  finding  the  values  of  all  the 
unknown  quantities  at  once. 

198.  That  the  unknown  quantities  may  have  definite  values, 
there  must  be  as  many  independent  equations  as  unknown  quanti- 
ties. When  there  are  tnare  equations  than  unknown  quantities,  the 
value  of  any  one  of  these  quantities  may  be  determined  from 
different  equations;  and  should  the  values  thus  found  diflfer,  the 
equations  are  incongruous ;  should  they  be  the  same,  one  or  more 
of  the  equations  are  unnecessary.  When  there  are  fetoer  equations 
than  unknown  quantities,  one  of  these  quantities  cannot  be  found, 
but  in  terms  which  involve  some  of  the  rest,  whose  values  may  be 
assumed  at  pleasure ;  and  in  such  cases  the  number  of  answers  is 
indefinite.  Thus,  if  x  +  y^a,  then  s^a—y;  and  assuming  y  at 
pleasure,  we  obtain  a  value  of  «r  such,  that  w  +  y^^a. 

These  equations  must  also  be  independent^  that  is,  not  deducible 
one  from  another. 

Let  x^y^a^t  and  2<r  +  2ys2a;  these  are  not  independent 
equations,  since  the  latter  equation  being  deducible  from  the  former, 
it  involves  no  different  suppositions,  nor  requires  any  thing  more  for 
its  truth,  than  that  w^y^a  should  be  a  just  equation. 

It  is  sometimes,  however,  not  easy  to  discover  at  once  whether  pro- 
posed  equations  be  independent  or  not     Thus  in  the  equations 

«+Sy+  42=  9, 

Sx-2y+172=25, 

«+14jf-Ä=ll,] 
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It  18  not  obvious  at  first  sight  that  the  third  equation  is  derived  from  the 
other  two.  But  by  multiplying  the  first  equation  by  4,  and  subtracting 
the  second,  the  result  is  the  third  equation;  and  accordingly  the  usual 
process  being  applied  to  find  x,  y^  z,  would  certainly  fail. 

As  examples  ot  incongruous  equations,  the  foUowing  may  be  instanced, 
*+^'*7»  and  3x+Sy^30,  from  which  we  get  7=10;  or,  again  «+^=7, 
Sjr-^=1,  and  ir+2^=10,  from  which  we  get  10-12. 

PROBLEMS  WHICH  PRODUOE  SIMPLE  EQUATIONa 

199.  From  certain  quantities  which  are  known  to  investigate 
others  which  have  a  given  relation  to  them  is  the  business  of 
Algebra. 

When  a  question  is  proposed  to  be  resolved,  we  must  first 
consider  fuUy  -its  meaning  and  conditions.  Then  substituting  one 
or  more  of  the  symbols,  w,  y,  z  &c.  for  such  unknown  quantities  as 
appear  most  convenient,  we  must  proceed  as  if  they  were  already 
determined,  and  we  wished  to  try  whether  they  answer  all  the  pro- 
posed conditions  or  not,  tili  as  many  independent  equations  arise  as 
we  have  assumed  unknown  quantities,  which  will  always  be  the  case 
if  the  question  be  properly  limited  (Art.  198);  and  by  the  Solution 
of  these  equations  the  quantities  sought  will  be  determined. 

P&oB.  1.  A  bankrupt  owes  A  twice  as  much  as  he  owes  B^  and 
C  as  much  as  he  owes  A  and  B  together  ;  out  of  jPsoo,  which  is  to 
be  divided  amongst  them,  what  must  each  receive? 

Let  a  represent  what  B  must  receive,  in  pounds ; 
then  2x  B  what  A  must  receive, 
and  07  +  2^9  or  Sw^  what  C  must  receive; 
amongst  them  they  receive  £300;  therefore 

6x  «  SOO ; 
300 


•  f 


^a  --r  "■  £50.  what  B  must  receive. 
6 

2«B  £100.  what  A  must  receive. 
Sa^  £l50.  what  C  must  receive. 
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Prob.  2.     To  divide  a  line  of  15  inches  into  two  such  parts, 
that  one  may  be  three-fourths  of  the  other. 

Let  w  s  the  numbcr  of  inches  in  one  part, 

307 


len 

4 

Sa 
4 

■  AM 

•  •••the  other* 

•   •    ■ 

15, 

by  the  < 

pestion, 

V    W  V  V    WM^^       ^^  ^mM^^m    W 

4a?  +  Sj? 

«60, 

7«i 

-60; 

1 
• 

60 

7 

=  8^,  one 

part; 

.  3j7     5   60      45 
and  —  =  -X —  -  —  «6*,  the  other  part. 

4      4    7       7^ 

Prob.  3.  If  A  can  perform  a  piece  of  work  in  8  days,  and  J3 
the  same  in  10  days,  in  what  time  will  they  finish  it  together  ? 

Let  a  be  the  time  required,  in  days ;  and  to  the  work. 

In  one  day  A  performs  ^th  part  of  the  work,  or  —  ;  therdfore 

o 

in  w  days  he  performs  —  •     And  in  the  same  time  S  performs  —  • 

aw     xw 
Therefore  —  +  —  «=  w,  by  the  question, 

X       w 
or  -  +  —  -1, 
8      10      ' 

10^ +  8jr«  80, 
18^a80; 

•'•   -«^-J^^^A-^tdays. 

Prob.  4.  A  workman  was  employed  for  60  days,  on  condition 
that  for  every  day  he  worked  he  should  receive  15  pence,  and  for 
every  day  he  played  he  should  forfeit  5  pence ;  at  the  end  of  the 
time  he  had  20  Shillings  to  receive;  required  the  number  of  days  be 
worked. 
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Lct  w  be  the  number  of  days  he  worked, 
then  60-«  is  the  number  he  played, 

15«  B  his  pay,  in  pence, 
(60  —  «)x5  m  800  -  5«  «  sum  forfeited ; 

]5«-S00  +  5.vb240,  by  the  question, 
20ar-S40  +  300s540; 
.*.  ««27f  the  number  of  days  he  worked, 
'60 -«  =  35,  the  number  of  days  he  played. 

Prob.  5.  How  much  rye,  at  four  Shillings  and  sixpence  a 
bushel,  must  be  mixed  with  50  busheis  of  wheat,  at  siz  Shillings 
a  bushel,  that  the  mixture  may  be  worth  five  Shillings  a  bushel  ? 

Let  «  be  the  number  of  busheis  required ; 

then  9««a  the  price  of  the  rye  in  sixpences, 
600  a  the  price  of  the  wheat  in  sixpences, 

(50  +  «)l0»the  price  of  the  mixture 

.'.  9« +  600  «500 +10«, 

100««,  the  number  of  busheis  required. 

Prob.  6.  A  and  B  engage  together  in  play;  in  the  first 
game  A  wins  as  much  as  he  had  and  four  Shillings  more,  and  finds 
he  has  twiqe  as  much  as  £;  in  the  second  game  B  wins  half 
as  much  as  he  had  at  first  and  one  Shilling  more,  and  then  it 
appears  that  he  has  three  times  as  much  as  A\  what  sum  had 
each  at  first  ? 

Let  «  be  what  A  had,  in  Shillings, 
y  what  B  had* 
Then    ä«  +  4  »  what  A  has  after  the  first  game ; 
y-«— 4-1  what  B  has; 
/.  by  the  question  2«  +  4«2y-2«-8, 

or     2jf-4«  =  lÄ, 

8 
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y 

Also  y-.v-4  +  -+lBwhat  B  has  after  the  second  game; 

y 

2J7  +  4 lawhatu^has; 

2 

/.  by  the  question  y-Ä-4  +  -+l«&r+12- ~ -5, 

2  2        * 

^^   y+|  +  -f -«-6ar«12-S  +  4-l, 

%  SS 


2,1 

u 


or     3y-7a7Bl2j 
also       y-2<va6, 

and     Sy-7«=12,/ 
.'.  by  subtraction   , « «x  6,  what  il  had  at  first ; 
and     y-2Ä^  =  6,  ory-12»6; 
•%  ^«18,  what  B  had. 

Pbob.  7«  A  smuggler  had  a  quantity  of  brandy  which  he 
expected  would  raise  £9.  18«. ;  after  he  had  sold  10  gallons,  a  reve- 
nue  officer  seized  one  third  of  the  remainder,  in  consequence  of 
which  he  makes  only  £8.  Zs. ;  required  the  number  of  gallons  he 
had,  and  the  price  per  gallon. 

Let  a  be  the  number  of  gallons ; 

198 
then  —  is  the  price  per  gallon,  in  Shillings, 

»—10 

the  quantity  seized, 

_  fl?-^io  198    ,        ,        -   ,  ,         .     ,       .  . 

and X —  the  value  of  the  quantity  seized,  which 

S  OB 

appears  by  the  question  to  be  86  Shillings ; 

d7-10  198 
S        00 
(»-10)x66«5&r, 

6&v-6dO«x9&r, 
8ar«x660 
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•*•  x^a^  the  number  of  gallons ; 
and  —  « ■•  9  Shillings,  the  price  per  gallon. 

Prob.  8.  A  and  B  play  at  bowls,  and  A  bets  B  three  shil« 
lings  to  two  upon  every  game;  after  a  certain  number  of  games 
it  appears  that  A  has  won  three  Shillings ;  but  had  he  ventured 
to  bet  five  Shillings  to  two>  änd  lost  one  game  more  out  of  the 
same  number,  he  would  have  lost  thirty  Shillings :  how  many  games 
did  they  play  ? 

Let  w  be  the  number  of  games  A  won, 
y  the  number  B  won, 
then  2sß  is  what  A  won  of  B,  in  Shillings, 
and  Sy  what  B  won  of  A ; 

.'.  247-Sy«=S,  by  the  question. 
Also  («-l)x2  is  what  A  would  win  on  the  9!^  supposition, 

and  (y+l)x5  what  B  would  win 

.%  5y  +  5  -  2 j^  +  2  *»  SO,  by  the  question, 
or     5y  -  2  jr  CS  30  -  5  -  2  s  25 ; 


/.  5y-2«  =  2S,l 


and  2<v-32^»S, 
by  addition,  5y-3y«26, 

2y  =  26; 
/.  y  =  l3. 
And     2^a3  + 3^83 +  39^42; 

and  w-^-ymS^iy  the  number  of  games  required. 

Prob.  9.  A  sum  of  money  was  divided  equally  amongst  a 
certain  number  of  persons ;  had  there  been  three  more,  each  would 
have  received  one  Shilling  less,  and  had  there  been  two  fewer,  each 
would  have  received  one  Shilling  morp,  than  he  did :  required  the 
number  of  persons,  and  what  each  received. 

8—2 
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Let  X  be  the  number  of  persons, 

y  the  sum  each  received,  in  Shillings ; 
then   xy  is  the  sum  divided, 
and   (ar4-3)x(y-l)«^j 
also 

.'.  ay^a-^'Sy  —  S'^xyy  or  — ar  +  Sy«S; 
and  «y+.r-«y-2«a?y,  or      a?— 2y— 2; 

.*•  y  B  5  Shillings,  the  sum  reoeived  by  each. 
And    aj-2y«d?-10«2, 

•*.  ««12,  the  number  of  persons. 
[^Exercises  U.] 

QUADRATIC  EQUATIONa 

200.  When  the  terms  of  an  equation  involve  the  Square  of 
the  unknown  quantity,  but  the  first  power  does  not  appear,  the 
value  of  the  Square  is  obtained  by  the  preceding  riiles*;  and  by 
extracting  the  Square  root  on  both  sides,  the  quantity  itself  is  found. 

Ex.  1.     50/^--  45  «  0 ;  to  find  x. 

By  transp.     So^b^, 

.'•  (Art.  191),  a?«\/9-«««3. 

The  signs  +  and  —  are  both  prefized  to  the  root,  because  the 
Square  root  of  a  quantity  may  be  either  positive  or  negative  (Art. 
147).  The  sign  of  a  may  also  be  negative ;  but  still  a  will  be  either 
equal  to  +3  or  -S|. 

*  It  is  obTious  that  the  rulet  proTed  in  Arti.  186— .198,  apply  to  aU  equsdoni,  ^imi. 
draücj  oubio,  &c.  as  well  m  nmple,  because  they  are  foonded  simplj  upon  the  Aswtu 
(Arts.  79— 82).    £o. 

-f-  This  may  be  shewn  as  foUows :— soppose  «"aa*,  theo  eztiactiDg  the  squaie  xoot  of 

both  sidesysince  Vj^isdr,  and  Va'sdka,  we  hafe 

+*=+a (1), 

+*=-« (2), 

-*=+a P), 

-»— a (4). 

But  it  is  evident  that  (1)  and  (4)  are  in  fact  the  same  equation  and  also  (8)  and  (8);  to 
that  Mssisa  indudes  all  the  four  equations.    £d. 
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Ex.  2. 

cuv^^bcd;  to  find  or. 

.     bcd 

201.  If  both  the  first  and  second  powers  of  the  unknown 
quantity  be  found  in  an  equation,  arrange  .the  terms  accqrding  to 
the  dimensions  of  the  unknown  quantity,  beginning  with  the  highest^ 
and  transpose  the  known  quantities  to  the  other  side ;  then,  if  the 
Square  of  the  unknown  quantity  be  affected  with  a  coeiScient,  divide 
all  the  terms  by  this  coefficient,  and  if  its  sign  be  negative,  change 
the  signs  of  all  the  terms  (Art.  187),  that  the  equation  may  be 
reduced  to  this  form,  a^^pw^^q.  Then  add  to  both  sides  the 
Square  of  half  the  coeflScient  of  the  first  power  of  the  unknown 
quantity,  by  which  means  the  first  side  of  the  equation  is  made  a 
complete  Square,  (Art.  152),  and  the  other  consists  of  known  quan-N 
tities ;  and  by  extracting  the  Square  root  of  both  sides,  a  simple 
equation  is  obtained,  from  which  the  value  of  the  unknown  quantity 
may  be  found. 

Ex.  1.     Let   ^*+p^«g;    now    we    know    that   ^■+pjr  +  ~  is 

4 

P  P* 

the  Square  of  <r+-  (Art.  152);  add  therefore  ^  to  both  sides,  and 

we  have 

4  4 

then  by  extracting  the  Square  root  of  both  sides, 


I,      -^«-.?i\/g  +  ?!. 


and  by  transposition^ 

2  4 

In  the  same  manner,  if  a^^paf^q. 


2  ^4 
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Ex.  2.     /9*-12a7+35sO;   to  find  ^. 

12 
By  transposition  /9*-12d7»-r35;  and  adding  the  Square  of  —  , 

or  6,  to  both  sides  of  the  equation, 

aj'-12af  +  S6«S6-S5»l; 

then  extracting  the  square  root  of  both  sides, 

a?-6=±l; 

.*.  j7b6:^1«>79  or  5;  either  of  which,  substituted  for  w  in  the  ori- 
ginal equation^  answers  the  condition,  that  is,  makes  the  whole  equal 
to  nothing. 

6        2 

Ex.  3.  +  -«s3;  to  find  ^. 

^+1     ^ 


2<r +  2 
6  + 

-S<»+8, 

&v-|-2d;  +  2 

■  3a»*+  Sa:, 

Sa^'-bw 

-2, 

3 

2 
"5' 

5w       f5\* 

2      25 

1 

24      25 
"  36  "*■  36  ' 

49 
'86' 

5 

6' 

.'. « 

5±7 
"    6     ' 

«2,  or  - 

1 

3 

202.     Ex.  4.     Äf  +  \/5a?  +  10  =  8  ;  to  find  x. 


By  transp.     \/5a?+10«38-/r, 

squaringi     5a?  + 1 0  =  64  •  1 6a?  +  ^S 
a^-SLlw^  -54; 
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,  44]       441 

dT-  21«  4- a 54, 

4  4 


225 


21  15 

« .db       ; 

2  2 

21>tl5 
.•.  cT— -el8,   or  S. 


By  thi8  process  two  values  of  x  are  found;  but  on  trial  it 
appears,  that  18  does  not  answer  the  conditions  of  the  equation,  if 

vre  suppose  that  \/ 5^7  +  10  represents  the  positive  Square  root  of 
5J7  +  10.  The  reason  ia,  that  5j7-|-10  is  the  Square  of  -\/5j7+JO  as 
well  as  of  +  v/ä»+10;  thus  by  squaring  both  sides  of  the  equation 
\/5a?  +  lO«8-«,  a  new  condition  is  introduced,  and  a  new  value  of 
the  unknown  quantity  corresponding  to  it,  which  had  no  place 
before.  Here  18  is  the  value  which  corresponds  to  the  supposition 
that 

«-\/5a?  +  10  =  8. 

It  should  be  particularly  observed»  that  since  +^x-|-y  is  equal 
to  —  «X— y,  in  the  multiplication  and  involution  of  quantities  new 
values  are  always  introduced,  which,  if  not  again  excluded  by  the' 
nature  of  the  question,  will  appear  in  the  final  equation. 

^Exercises  V.] 

203.  If  a  quadratic  equation  appear  under  any  of  the  forms  included 
in  aa^^bx^^Cf  the  lefl  band  side  may  be  made  a  complete  Square,  witbout 
fractions,  and  the  equation  solved^  by  another  metbod,  as  follows  :— 

Multiply  the  whole  equation  by  ^,  that  is,  four  times  the  coefficient 
of  X*,  then  we  bave 

4a  V*  ^hx^^^c ; 
add  6*,  tbe  Square  of  the  coefficient  of  x,  then  4flV*4fl6x+6*«6*«k4flc, 

extract  the  Square  root,  Zax^h*^^Jb*^^c ; 

»•.  x-~ — • 

2a 
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6       2 
Ex.  1.     — -  +  -=S;  to  find«. 

x-1     X 

c    2Jr+2    „      „ 

X 

6ap+2jr+2=SÄ*+&r, 

3x»-5«-2.      . 
Multipl3ring  by  4x8,  or  12, 

36j:'-60x=24, 

adding  5%  or  25,  3&r'-6ar+25«i24+25->49; 

/.  6x-5=*7, 

6x=5Jb7^12,  or-2; 

1 
/.  *=2,  or--. 

Ex.  2.     acj^-hcx-k-adx^hd;  to  find  x. 

Here  acj^-'(bc^ad)x=bd ; 
muldply  by  4«c,   4a*c'a^—4ac{bc—ad)x^4abcdy 
add  (tc-orf/,   4>a^cV-4M:{hC''ad)x'^(bc--adf^(bc'-adf-h^bcd, 

Extract  Square  root,  2acx — (^— a<2) = ^bc + o^i) ; 

2acx = 6c— arf«fc  (6c + ad)y 
=26c,  or  —Qad; 

b  d 

,%  «=-,  or  — - 
a  c 

204.    A  quadratic  equation  has  no  more  than  iwo  dislinci  values  qf  ihe 
unhnown  quantily  tohich  will  satisfy  it. 

For,  if  possible,  let  the  equation  aj:*+6x+c=0  have  three  distinct 
values  of  x,  viz.  a,  ß,  y, 

Then     öa'+6o+c=0...(l), 
fl/3*+6/S+c=0...(2), 
a7'+67+c-»0...(S). 
Subtracting  (2)  from  (1),  a(a«-yÖ*)+6(a-/3)=0; 

.-.  fl(a+/3)+6=0 (i.) 

Subtracting  (S)  from  (1),  a(a*-7»)+fe(a-7)=0; 

.'.  a(a+y)+6=0 (ii.) 

Subtracting  (ii.)  from  (i.),  a(ß-y)=^0 (iii.) 


i^UADRATIC  EQUATI0K8.  121 

Bat  a  18  not  equal  to  0,  for  otherwise  the  proposed  equation  would 
not  be  a  quadratic  equation; 

or  /?»7. 

Hence  a  quadratic  equation  has  not  ihree  distinct  values  of  «,  but 
it  may  have  two. 

ir  however  it  be  known  that  ß  is  not  equal  to  y,  that  ib,  that  the  given 
equality  is  satisfied  by  more  than  two  values  of  x,  it  appears  from  (iii.) 
that  a=0;  therefore  by  (i.)  or  (ii.),  6«0;  and  by  (1),  (2),  or  (S)  c-0; 
that  isj  if  a  quadratic  equation  be  known  to  be  satisfied  by  more  than  two 
values  of  the  unknown  quantity«  the  coefficients  of  the  Square»  and  of  the 
first  power  of  the  unknown  quantity,  and  the  term  which  does  not  involve 
it>  are  separately  equal  to  0,  and  the  equation  becomes  an  identity«  being 
satisfied  by  any  values  whalever  of  the  unknown  quantity. 

205.  In  any  quadratic  equation  of  the  form  x*+px+q=0,  —  p«=/Ätf 
^um  qf  the  two  values  qf  x,  am  q^their  producta 

Let  a,  ß^  be  the  two  values  o£x,  then 

and  ß^-hpß-k-q^O; 

.'.  o+/3+p=0, 

or  -p^a-hß (1). 

Again,   q^-pa-a\ 

-aß (2)*. 

CoB.    1.     If    the    equation    be    of  the    form    aa^-¥bx-\'C^O,    then 

b      c 
«*-f  -x+-=0.     Therefore,  by  what  has  been  proved^ 

—  B  the  sum  of  the  two  values  of  x, 
a 

and  -athe  product 

Cor.  2.  Hence  also^  if  a,  ßy  be  the  roots  of  the  equation  j^-k-px-^qs^O, 
it  is  proved  that 

4f*+p*+g=4f*-  (o+/?)4r+a/?=0, 

from  which  it  appears  that  if  one  'root'  of  the  equation  be  known,  the 
other  may  be  found  by  division;  for,  a  being  known, 

? — "saa^ß^O,  which  gives  x-ß, 

X-*tt 

*  The  above  proof  U  open  to  objection  in  the  case  where  a^ß;  bat  the  relations  In  qnes- 
tion  can  thei|  be  proved  to  be  tnie  by  actually  solving  the  equation,  as  is  done  in  Art.  207» 
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Agaio,  convertely,  if  the  roots  of  a  quadratic  equation  be  given,  the 
equadon  can  be  found,    For,  i£ay  ßhe  the  roots^  the  equation  miut  be 

(*-aX.r-/3)=0, 

or  «•-(o+/9)jp+a/9-0. 

Ex.     Required  the  equation  whose  roots  are  2  and  3. 
The  equation  is  (x-2)(jp-S)-0, 

or       a^—5x+6'^0. 

CoB.  3.  If  a,  ß  be  the  roots  of  the  eauation  j^+px+q^^Oy  tlien 
4:*+px+g=(«-a)(jr— /3),  whateverbe  the  value  or  x. 

For  it  has  been  proved  that  p«-(a+/9),  and  q^aß;  therefore,  whaU 
ever  be  the  value  of  x, 

4f*+px+g=«*- (o +/?)x+a/?=(x-a)(jf -/?)•. 

206.  The  results  proved  in  the  last  Art  shewing  the  relation  between 
the  values  of  x  and  the  coefficients  in  the  equation,  are  of  use  in  several 
"ways;  ürst,  in  enabling  us  to  verify  the  Solution  of  any  quadratic  equa- 
tion; secondly,  in  determining  the  values  of  the  unknown  quantities 
"when  an  equation  is  proposed  in  "which  certain  relations  are  alreadjr 
known  respecting  those  values;  and  lastly,  in  solving  various  problems, 
reduced  to  quadratic  equations,  of  which  it  is  necesaary  for  our  purpose 
to  know  no  more  than  the  sum  or  the  product  of  the  values  of  the  un- 
known quantity.     Thus, 

Ex.  1.     3«'-5jr«2.     The  values  of  x  (See  Art.  201,  Ex.  8)  are  2, 

and  — • 
3 

Now,  without  repeating  the  work^  to  see  if  these  values  are  cor- 

5       2 
rect,   we  put  the  equation    under    the    form    ^—-zX-^-^^Q,  and  since 

2+r-«]  =  ^,  and  2xf--j=--,  we  condude^  at  once,  that  these  and 
no  other  are  the  values  required. 

Ex.  2.  4r*-21x+54=0;  required  the  values  of  x,  it  being  known  that 
one  of  them  is  six  times  as  great  as  the  other. 

Suppose  a  to  represent  one  of  the  values, 

then  6a  is  the  other^ 

and  their  sum,  or  7« =21,  (Art  205) 

and  the  values  required  are  3  and  18. 

•  It  must  beborae  in  mind  that  we  are  here  conceraed  DOt  with  the  equation  x'+pjt+^sbO, 
but  with  the  exprettion  x'+px-^-q,  irrespectivelj  of  anjthing  that  it  maj  be  equal  to;  bat  if 
anj  difficultj  should  arise,  we  might  State  the  proposition  thus:  If  a,ßht  the  roott  of  th« 
equation  jr'+pT+gsO,  then  p'-¥pif'¥qMp^a)(9  ^ß)  whateret  be  th«  valoe  of  y«    Kn. 
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£z.  S.    If  o  and  ß  be  the  valaes  of  x  in  the  eqnation  a«'+&«+csOy 
find  the  value  of  -  4-^ . 

h     c 
Dlviding  the  equation  by  x",  ^+-  +  -^«0« 

or  -|  +  -  +  a«0.    Assume^»-« 

XX  X 

then  cy*+6y+a=aO, 
•    6      a 

01^  y-^p-^c"^* 


and  the  values  of  ^  are  -»70,  8ince^=-, 


1     1        6 


•'•  r  ■*"s  "■" :;  •    (^'^  ^^^0 


207.  Since  every  quadratic  equation  may  be  reduced  to  the  form 
x'+px+i^sO,  in  which  p  and  ^  may  be  positive  or  negative,  we  assume  this 
as  tue  general  equation  including  every  other. 

Then,  since  a^-^px^s^q, 

and  *=-f*2N/p-*^» 
which  are  the  only  two  values  of  x  tbat  will  satisfy  the  equation. 

Now,  from  this  result,  it  follows, 

Ist     That  there  is  no  possible  value  of  «,  if  p'<4^. 

2ndly.  That  the  values  of  x  are  equal  to  each  other,  and  each  equal 
to-|,  if  p*==4^. 

Srdly.  That  there  are  two  unequal  values  of  x,  whose  sum  is  — p, 
if/>">4^. 

Again,  it  appears  that 

Ist.  If  7  be  negative,  since  Jp'—^  will  then  be  greater  than  p  and 
always  possible,  there  can  be  but  one  positive  value  of  x* 

2ndly.  If  f)  be  negative,  9  positive,  ^nd  pF>^,  there  will  be  two 
positive  values  of  x, 

The  last  two  condusions  may  also  be  dtduoed  from  Art  205. 
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Cor.  1.  Similar  condusions  may  be  drawn  with  regard  to  the  equation 

h  c 

aa^-k-hx-k-c^O,  by  substituting  -  for  p,  and  -  for  q.    Thua«  if  a  propoaed 

equation  be  of  the  form  bx-aj^^c,  in  which  a,  b,  c,  are  positive  quantitiea, 
there  will  be  two  positive  yalues  of«,  wl^en  4ac<b*;  and  no  possible  valae 
of  jr,  when  ^ac^-b. 

Cor.  2.    Hence  also,  if  the  roots  of  ax'+ix+CBO  be  equal. 


-)  =4^,  or  6*=4ac; 


© 


and  ö4f*+6x+c=sa(j:*+ -«+--; |-a(j?+--.); 

and  is,  therefore»  a  perfect  Square  for  all  values  of  x,    This  might  have 
been  easily  deduced  from  Cor.  3  of  Art  205;  for  oj^-^bx-^-c  would 

«a(x-a)(j?-^)s=a(«-a)*, 

208.    If  an  equation  appear  under  the  form 

(dr+a)X-0, 

in  which  X  represents  an  expression  involving  x,  the  unknown  ouantity ; 
It  is  evident  that  either  x+a^O,  or  X^O,  that  iB^x^-a  is  one  Solution  of 
the  equation,  as  well  as  those  which  are  found  by  proceeding  with  X«0. 
So  that,  whenever  an  equation  is  simplified  by  division^  or  the  Omission  of  a 
factor,  if  the  divisor  or  factor  contain  the  unknown  yuantity^  one  Solution  at 
ieast  oflhe  equation  will  be  found  by  putiing  that  divisor  or  factor  equal  to  0. 

Thus,  let  x*+3xs7';  the  whole  equation  is  divisible  by  x,  therefore 
x^O  is  one  Solution. 

Again,  let  s^^bx-^-G^O,     This  may  be  put  under  the  form 

(x-2)(x-S)=0; 


.•.  x-2=0,  or  x=2 
and  x-3=0,  or  x=S 


l ;  which  are  the  only  values  of  x. 


By  this  method^  therefore^  the  necessity  for  solving  a  quadratic  in  the 
usual  way  may  sometimes  be  superseded. 

Ex.  .  Given  {x-c)J^-(ji-b)Jcx^O;  required  x. 

Here  xJab^cJäb—aJcx+bJcx^O; 

.'.  Jbx{JaX'k'Jbc)--Jac(^Jax-\rJbc)=^Oj 

or  {Jbx'^Jac){Jäx-{-Jbc)»0; 


QUADRATIC  EQUATI0N8.  125 

Jbx-Jac^O^  and  ^äJ+^Sc-O; 

.'.  hxs»ac^  and  ax^hcy 

ac        ^        bc 
jfsB-T-,  and  ««  —  • 


209*  Every  equation,  where  the  unknown  quantity  is  found  in 
two  terms,  and  its  index  in  one  is  twice  as  great  as  in  the  otber, 
may  be  resolved  in  the  same  manner  as  a  quadratic. 

Ex.  1.     «  +  4«i  I-  21 ;  required  «. 

«r  +  teiH-4B21  +  4«25, 
»i  +  2«Ji5, 

jiria-st5-2«>s,  or  -7; 
•*•  «  B  9»  or  49. 

Ex.  2.     Ä-*+«"i—6;  required  w. 


w 

■'.n- 

Jk 

5 

^-i- 

2 

2, 

or 

-s. 

«i« 

1 

2 

>   or  - 

1 
3 

» 

.*.    Wm 

1 
4 

1 
,  or  -. 
'       9 

Ex.  3.         y*— 6y*-27— 0;  required  jf. 

y*-6y»+9-«7+9-36, 
y»-S-A6, 

y*.SJ>6-9>   or  -8; 
.♦.  y"^8,   or  ^\/-8. 
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Ex.  4.    y*+ 1^+  —  as  0 ;  required  w. 

27 

f*    1^    (f 

^       ^      4      4     27 


^2  ^    4      27 


^  2  4      27 


^  2        ^     4      27 

210.  Some  other  equatlons  may  be  conveniently  solved  as  quadratics^ 
that  18^  by  completing  the  Square,  when  they  can  be  made  to  assume  the 
form 

X  representing  a  Compound  expression  involving  the  unknown  quantitj. 

Ex.  1.    a«*+,yäj?— Äjc+c=6«;  required  x. 

By  transp.  tu^—bx-k-Jaj^-bx-^rC^i}^ 

adding  c,    as^-hx + c  +Jax'—  bx+c^c, 
completing  the  Square^ 

(ajp*— 6x+c)  -{•Jax^—bx-^c-^  t  =c  +  t> 

/     ,    ,    .       «fc74c+l- 1 

,Jax—ox+cs^  -^ , 

2 

the  equation  is  thus  reduced  to  a.  common  quadratic«  from  which  «  may  be 
found  by  the  usual  method. 

Ex.  2.    jr«-x+5^2jr*-5x+6=  -  (3«+SS);  required  «. 
Here  2«'-2ar+lo72«*-Ar+6=&r+3a^ 
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(2j^-5j?+6)+1072Jr-5jr+6+25=25+S9=64, 

^2««-5aP-fö=*8-5=S,  or  -13, 
2jr'-5x+6-9,  or  l69; 
which  leaves  two  common  quadratict  for  Solution. 

211.  When  there  are  more  equations  and  unknown  quantities 
than  one,  a  single  equation  iuToMng  only  one  of  the  unknown 
quantities  may  sometimes  be  obtained  bj  the  rules  laid  down  for  tbe 
Solution  of  simple  equations;  and  one  of  the  unknown  quantities 
being  discovered,  the  others  may  be  obtained  by  substituting  its 
value  in  the  other  equations. 

Ex. 


/v-y     ^ 

ar+Sy          ' 
y -!> 

to  find  «V  and  y. 

From  the  first  equation. 

2j;- 

^«8*- 

y- 

From  the  2nd  equation,  «y  +  2y— iP-Sy«a^+£, 

or  a?y— 2Ä?-y«2, 
by  Substitution,  (8  -  y)y  -  2(8  -y)  -  y  =  2, 

8y-y'-l6+2y-y-.2, 
9y-y*-l6  +  2-18, 

y'-gy-lSr 

81      81  9 

9         S 
^2         2 

A  y---— -«6^  or  S. 

And  a?«e8-yB2,  or  5. 


}  to  find  a  and  v- 
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The  Solution  of  equations  will  often  be  rendered  more  simple  by 
particular  artifices«  the  proper  application  of  which  is  best  leamed 
by  experience*. 

Ex,  1.         0^+1^^=65, 

From  the  second  eqtiation,  5twy^56, 

adding  this  to  the  1"*,  a^+2j?y  +  y*«  121,1 
subtracting  it,  «v*— 2.ry  +  y'  =  9,    j 

extracting  the  Square  roots,   «v  +  y»  tt  11,1 

and    x^ff'^t^S,  J 

adding,    Qa^aJ^  14,*|^ 
subtracting,    2y  «  «^  8,  j 

.•.  «-7,  or  -7, 
and  y=4,  or  —4. 

Ex.  2.       ^+'ä^  =  18,]       ^  ^ 

y     ^  ^  to  find  X  and  ^. 

*+3^«12,) 

From  first  equation>     «*+y*=*  18x^,1^  ' 
from  second,  «•+y+Sj5y(4:+y)  =  1728,J 

by  Substitution,  1 8^ +36xy»  1728, 

54ary=1728; 

.*.   xy—32. 

Also  *V2jfy+y*- 144,1^ 
and      4xy       ^128,/ 

.%  x'-2xy+y«l6, 

and  j?+y=»12,  / 

.%  2««l6,   or     8,) 
and  2^«  8,  or  16,/ 

.-.     x-^S,  or  4, 

and     ^»4,  or  8. 

*  Many  of  theae  artifices  are  pointed  out  iä  tht  Appendix.    £o. 
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212.  It  may  sometimes  be  of  use  to  Substitute  for  one  of  the 
unknown  quantities  the  product  of  the  other  and  a  third  unknown 
quantity. 

This  Substitution  may  be  successfully  applied  whenever  the  sum 
of  the  dimensiona  (Art.  63)  of  the  unknown  quantities  in  every 
term  of  eaeh  equation  is  the  same. 


Ex.     d;«  +  j?y  - 12,1 

,  >  to  find  w  and  y. 


Let  vy^a, 

then     ©y+ry*«12,i 
and      vy* 

12 


+  ry*«12,l 


from  the  fonner     y* 


«uci        y   ■ 

"v*+v' 

itter     y'« 

1 

\-3' 

12 

•             _ 

1 

•  •     • 

'v-i' 

or  r*+r  = 

>lS«-24, 

v^-llv- 

.-84, 

121      121  25 

f>»-llv+ » 24— , 

4  4  4 

11  5 

2  2 

ll:Jk5 
/.  ü  ■■ —  8,  or  3. 


.     ,     .         1         1 
And  y*- -«-,  or  1; 

^      ü-2     6 

And  wmvymJk  —= i,  orik3. 

v6 


9 
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213.     The  Operation  may  sometimes  be  facilitated  by  substitut- 
ing  for  the  unknown  quantities  the  sum  and  difference  of  two  others. 

This  artifice  may  be  used,  when  the  unknown  quantities  in  each 
equation  are  similarly  involved. 

/  t     «x/  a     ix  ~/>o^  !•  to  find  X  and  y. 

Assume  x»z  +  v^ 
and  yssz-'V, 
tben  ap+^=25:=4; 
•  •   *^x»» 

Also  «•+y=(2+t;)*+(2-t;)», 
ä8+2»*, 
and  «•+y'-(2+v)»+(2-t;)', 

=  8 + 1 2  v + 6v^+  »*+  8  -12» + 6r*-r*, 
=  16+I2r«; 
••.    (8  +  2tO(l6+12t;*)=280, 
or   (4+r^(4+Si;«)=S5, 
l6+l6t;»+Sv*=S5, 
4    16  .    19 

.    16  ,   64     19    64     121 
3         9      3      9       9 
,    8        11 

s      s ' 

,    «fcii-8    ,  19 

»=1; 
.'.   jf=ir+t;=3, 
and  ^«2— »=1. 

Obs.  In  algebraical  analysis  it  is  frequently  useful  to  observe  whether 
the  algebraical  expressions  under  consideration  are  homogeneous  or  not, 
that  is,  whether  the  'dimensions'  of  every  term  be  the  same  or  not; 
for,  if  this  homogeneity  be  found  at  first,  no  legitimate  Operation  can 
destroy  it;  or,  if  it  be  not  found  at  first,  it  cannot  be  introdueed ;  and 
thus  an  easy  test  is  afforded,  to  a  certain  extent,  of  the  accuracy  of  each 
succeeding  step  in  the  analysis. 
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For  example,  if  the  equation 

be  proposed  for  Solution^  in  which  every  term  is  of  three  dimensrons,  that 
is,  which  is  homogeneousj  every  step  in  the  process  will  present  an  homo- 
geneous  equation«  if  it  be  correct. 

As  a  simple  case  it  may  be  well  to  observe  that«  if  the  proposed 
equation  be  homogeneous,  the  final  result  must  be  so./  A  proper  atten- 
tion to  this  Observation  will  frequently  detect  an  error  in  tne  process  of 
solving  an  equation. 

PROBLEMS  PRODUCING  QÜADRATIC  EQUATIONS. 

214.  Prob.  I.  A  person  bought  a  certain  number  of  oxen 
for  80  guineas,  and  if  he  had  bought  4  more  for  the  same  sum; 
they  would  have  cost  a  guinea  a  piece  less;  required  the  number 
of  oxen  and  price  of  each. 

Let  w  be  the  number  of  oxen, 

theo  —  is  the  price  of  each,  in  guineas, 

80  * 

and the  price  of  each  on  the  second  supposition ; 

80        80  ,        , 

1,  by  the  question, 


80w  +  320 
80  =■ J?  -  4, 

80^7 «  80^  +  320 -«*- 4j?, 
«•+  4i»  -  320, 
al*+  4.r  +  4  «  32^4, 
;p  +  2«:Jkl8; 
.•.  «=±18-2=16,  or  -  20,  the  number  of  oxen ; 

,   80     80  .  ,         .        *•       1 

and  —  BZ  -^m5  guineas,  tne  price  of  each. 

In  this,  and  in  many  other  cases,  especially  in  the  Solution 
of  philosophical  questions,  we  deduce  from  the  algebraical  process 
answers  which  do  not  correspond  with  the  conditions.  The  reason 
seems  to  be,  that  the  algebraical  expression  is  more  general  thaü 

0—8 
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the  commoD  language ;  and  the  equation,  which  is  a  proper  repre- 
sentation  of  the  oonditions,  will  also  express  other  ccmditions,  and 
answer  other  suppositions.  In  the  foregoing  instance  a  may  either 
represent  a  positive  or  a  negative  quantity,  and  cannot  in  the  opera« 
tion  represent  a  positive  quantity  alone  (Art.  202) ;  and  the  equatioa 

80        80 


47+4        W 

when  w  is  negative^  or  represents  the  diminution  of  stock,  will  be 
a  proper  expression  for  the  Solution  of  the  following  problem :  A 
person  seih  a  certain  number  of  oxen  for  80  guineas;  and  had 
he  sold  4  fewer  for  the  same  sum,  he  would  have  received  a  guinea 
a  piece  more  for  them ;  required  the  number  sold. 

215.  Prob.  II.  To  divide  a  line  of  20  inches  into  two  such 
parts«  that  the  rectangle  under  the  whole  and  one  part  may  be 
equal  to  the  Square  of  the  other  part. 

Let  w  be  the  greater  part,  then  will  20  —  ^  be  the  less, 
and  df*  =  (20  -  a?)x20  «  400  -  20d7,  by  the  question, 
^+20af  =  400, 
0;'+  20^+100  -  400  + 100  e  500, 

a?  +  10«±\/iÖÖ; 
a^«\/5ciÖ-10,  or  -\/5ÖÖ-10. 


.  • 


The  Observation  contained  in  the  preceding  article  may  be 
applied  here ;  and  it  is  to  be  remarked,  that  the  negative  values 
thus  deduced  are  not  insignificant,  or  useless.     Here  the  negative 

value  shews,  that  if  the  line  be  produced  v^OO+lO  inches,  the 
Square  of  the  part  produced  is  equal  to  the  rectangle  under  the  line 
given  and  the  line  made  up  of  the  whole  and  part  produced. 

215*.     In  Order  to  ascertain  the  problem,  the  Solution  of  which  is 

given  by  the   negative   roots,  take  the  equations  which  constitute  the 

algebraical  Interpretation  of  the  problem :  write  therein  —  jr  for  x^  &c. : 

then  the  new  eauations  will  suggest  the  required  question.     This  of 

course  must  be  done  by  considering  from  what  conditions  of  the  given 

problem  the  several  terms  of  the  equations  arise,  and  making  the  necessary 

alterations  in  agreement  with  the  remarks  of  Art  463.     Thus^  if  we  take 

80  ' 

the  first  of  the  preceding  problems,  we  see  that  —  represents  the  price 
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80 
of  each  ox,  — 7  the  price  of  each  if  4  more  were  bought,  and  the  - 1 

arises  from  the  relation  between  those  prices  given  by  the  question.   Now, 

80         80 

if  we  write  in  the  equation  of  Prob.  i.  — «  for  «,  we  obtain '-r  = 1» 

^  '  -«+4     -X 

Le.  -32=  ~+l*  M^d  hcj^c  —  represents  the  price  of  each  of  x  oxen; 

80 
— j-,  the  price  of  each  if  there  were  4  less,  and  the  +1  gives  a  relation 

between  those  prices.  Bat  as  ir  is  negative,  it  represents  the  telUng  of 
oxen  (Art.  4ß3),  whence  the  problem  above  stated  may  evidently  be  seen 
to  be  that  of  which  the  altered  equation  is  the  algebraical  interpretation. 
From  this  example  it  can  easily  be  perceived  how  the  interpretation  of 
the  negative  result  is  to  be  made. 

216.     Paob.  III.     To  find  two  numbers,  whose  sum,  product, 
and  the  sum  of  whose  Squares,  are  equal  to  each  other. 

Let  07  +  y  and  w-y  he  the  numbers, 
their  sum  is     ^, 
theirproduct     0;*— y*, 
the  sum  of  their  Squares     2ai^+2y*y 
andy  by  the  question,     2af^Z.t^+9}^^ 

er  üßw^w^-^-y^. 
Also     Sa^-ar'-y*, 
adding,     S.raS.v'; 

3 

er     S----J«, 

^"4         "      4      "T' 


Hence     or+y 


and     (B  —  y 


2 

s  +  ^Zi 
2 
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both  of  wliich  are  *'  impossible"  quantities  (Art.  183),  a  conclurion 
which  shews  that  there  are  no  such  numbers  as  the  question  supposes. 

[A  collection  of  Problems  tvUh  their  Solutions  will  be  found  in  the 

Appendix.]] 

^Exercises  X.] 

SCHOLIUM. 

By  the  method  of  Solution  pursued  in  Art  202  it  is  dear  that  boik 
the  resulting  values  of  the  unknown  quantity  may  be  those  of  a  different 
equation  and  not  of  the  proposed  one ;  for  if  the  proposed  equation  be  of 
the  form 

the  Solution  efiected  may  be  that  of  the  equation 

ax—Jbx+cd, 

and  it  is  impossible  to  say>  without  trial,  to  which  equation  either  of  the 
resulting  values  of  x  belongs. 

That  there  is  no  value  of  x  which  will  satisfy  both  equations  (ezcept 
in  a  particular  case)  is  easily  proved.  For,  if  possible,  let  there  be  such 
value;  then,  for  that  value, 

JhxTc=0,        or  4r=— T, 
a  value  of  x  which  will  satisfy  neither  equation,  except  in  the  particular 

case  when  —  t"*"">  <>'  oc-^hd=0, 

0    a 

Hence  it  appears,  that  afler  solving  an  equation  of  the  above  form  by 
the  usual  method,  it  still  remains  doubtful  whether  either  of  the  values  of 
the  unknown  quantity  obtained  will  satisfy  the  equation;  and  if  one  of  the 
two  be  the  value  sought,  it  remains  doubtful  which  it  is. 

Thus  from  the  equation 

Sx+^SOx-71=5, 

the  values  of  x  obtained  are  4,  and  2|,  neither  of  which  will  satisfy  the 
equation. 

And  from  the  equation 

Sx+^2x-2=7, 

the  values  of  x  obtained  are  3,  and  IJ,  of  which  only  the  fractional,  and 
not  the  integral,  value  will  satisfy  the  equation. 

The  fact  is,  that  in  the  former  instance  both  values  of  x  are  the 
values  belonging  to  the  equation 

Sx-7S0«-71=5; 
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in  the  latter  «»S  belongs  to  the  equation 

and  the  other  Solution  x=l{  to  the  equation  as  proposed. 

Since,  then,  the  values  of  x  in  Sx+JsOx-T\  =^5,  found  by  the  common 
method  of  Solution^  do  not  belong  to  the  equation  at  all,  as  is  also  the  caae 
in  many  others  of  like  form^  where,  it  may  be  asked^  lies  the  fallacy  in  the 
process  whereby  we  obtain  a  false  result?  It  is  here.  We  assume,  as  an 
axiom^  that  if  the  same  root  of  equal  quantities  be  extracted,  those  roots 
are  equal  to  each  other  in  all  cases ;  wnereas  we  know,  that  they  may  be 
unequal.     For  instance,  retracing  the  Steps  in  the  following  Operation, 

ax—Jbx-¥c-d, 

ax—d^JbxTcy 
{ax—df^^bx+c, 

we  assurae,  that  the  same  value  of  x  which  satisfies  the  last  of  these  equ»- 
tions  must  also  satisfy  the  preceding  one;  but  this  may  not  be  die  case, 
since  it  may  be  the  value  which  satisfies 

-(ax  -  d)  =Jbx+c, 

or      ax-^Jbx+c=:d, 

instead  of      ajs—Jbx+c=d, 

the  equation  we  commonly  assume  to  be  satisfied  by  that  value,  when  it  is 
the  proposed  equation,  whose  Solution  is  required. 

The  fact  is,  that  the  equation  really  solved  is  not  the  proposed  one 

ax-,JbxTc=d^ 

but     {ax^d+Jbx + cy^cuc—d—Jbz + c)= 0, 

or     (ax-^'-(^x+c)=0; 

and  it  is  quite  a  chance  whether  both  or  either  of  the  values  of  x  obtained 
belong  to  the  proposed  equation. 

It  is  certain,  however,  that  the  values  obtained  belong  to  one  or  other 
of  the  two  distinct  equations 

ax-^Jbx-^c^d, 

ax—tjbx+cd. 

Also,  when  there  are  tho  values  of  x  which  will  satisfy  one  of  this  pair 
of  equations,  there  is  no  value  of  x  which  will  satisfy  the  other;  because,  if 
there  could  be  such  a  value,  then  the  quadratic  equation 

(ax-rf)*--(ftx+c)=0, 

would  have  more  than  two  distinct  values  of  x,  which  was  shewn  to  be 
impossible  in  Art.  204. 

From  what  has  been  said  it  appears,  that  the  results  which  are  com- 
monly obtained  as  Solutions  of  quadratic  equations,  fvhen  those  equations 
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are  given  in  an  irrational  form^  require  to  be  verified,  before  they  cm 
be  depended  upon. 

Hence  also,  when  a  prapoted  prohlem  depends  upon  the  Solution  of  a% 
irrational  quadratic  equation,  the  prohlem  majß^  or  may  noty  have  thote  solu» 
tions  which  appear  as  ttdutions  of  the  quadratic  eqttatUm,  This  ootidusion, 
it  mu8t  be  evident,  is  of  too  important  a  natare,  to  be  safely  overlooked. 

INEQTJALITIEa 

If  one  quantity  be  greater  or  less  than  another,  or  than  nothing,  and 
this  be  expressed  algebraically,  it  is  called  an  InequaUty. 

ThuSy  «-a>6-«  is  an  Inequalily^  of  which  x—a  forms  one  nde,  and 
i— « the  other. 

217*  Äny  quantity  may  be  added  to^  or  tubtracted  from^  each  side  qfam 
inequality,  and  the  sign  of  inequality  remain  as  before.    . 

Thus,  if  a:>hf  a*ix:>b^x;  for  if  a:>hi  it  is  evident  that  a+«>&+x. 
Similarly,  if  a<&,  a+«<6+x. 


Again,  if  a>6,  it  is  evident  that  a—x>b^x^  as  long  as  «  is  not 

S>eater  than  a  or  6.  If  x>6,  but  not  greater  than  a,  then  it  is  evident 
at  a—x^-b—Xy  for  a  positive  quantity  must  be  greater  than  a  negative 
one.  If  x>a  and  >b,  then  both  sides  a— jr,  and  b—x,  are  negative;  bat 
a  is  nearer  to  x  than  &  is  to  j;,  therefore  a-x<6— j?  independently  of  the 
signs;  and  of  two  negative  quantities  that  is  the  greater,  which  is  the 
smaHex'  when  the  signs  are  omitted;  therefore,  in  this  case  also,  a-4P>6— «. 

Similarly,  if  a<&,  in  all  cases  a—x<b'-x. 

Cor.  Hence  any  quantity  may  be  transposed  (as  in  equations)  from 
one  side  of  an  inequality  to  the  other  by  changing  its  sign.    Thus,  if 

a*+ &•- 2a6  >  2ii6  -  2a6 + c*, 
or   (a—6)*>c'. 

218.  If  a>6,  and  od,  and  e>/,  &c^  then  it  is  evident  that 

a+c+«+&c.>6+rf+/+&c; 

But  if  a>5,  and  od,  it  does  not  always  follow  that  a-ob^d;  for 
a  may  be  more  nearly  eqüal  to  c,  than  6  is  to  d  Thus  9>6,  and  7>2,  bat 
9-7,  or  2,  is  not  greater  than  6-2,  or  4. 

219.  Jf  every  term  on  each  side  of  an  inequality  be  multiplied  or  divided 
by  any  positive  quantity,  the  sign  qf  inequality  will  remain  as  before. 

Thus,if  «>i,  2fl>2Ä,  6a>66,  &c;  or,  if-fl>-6,-2fl>-26,-6Ä>-(»; 
&C.  as  is  suffidently  manifest. 


both 


CoA.     Hence  an  inequality  may  be  cleared  of  fractions  by  multipljrinff 
sides  by  the  product  of  the  denominators  of  all  Uie  fractions,  or  by 
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the  least  common  multiple  of  them  all;  provided  the  multiplier  is  nposiiive 
quantity. 

Ex.     If     _+-->-  +  j,    muUiplying  by  a"6*,  which  is   necessarily 

positive,  fl'+  &•>  ab*+  0*6, 

But>  if  all  the  terms  of  an  inequality  be  multiplied  or  dlvided  by  a 
negative  quanüty,  the  sign  of  inequality  is  reversed,  that  is,  >  is  changed 
into  <,  or  <  into  >. 

Thus,  for  example,  6>4,  but  6x-2  or  -12<4x-2  or  -$•     Also 

or  -S<— ;;  or  — 2. 
-2 

Hence>  if  we  multiply  or  divide  the  terms  of  an  inequality  by  any 
algdfraical  quantity,  it  will  be  requisite  to  know  whether  the  quantity  is 
positive  or  negative. 

Cor.  Also,  if  the  signs  of  all  the  terms  of  an  inequalitv  be  changed^ 
the  sign  of  inequality  is  reversed^  for  this  is  eqnivalent  to  multiplying  each 
side  by  -1. 

220.  Boih  sides  of  an  inequality  may  be  raised  to  any  power  or  any 
rooi  of  them  extracted^  and  the  sign  of  inequality  remain  as  hefore^  provided 
that  each  side  is  a  positive  quantity. 

ThuSy  7>5  and  7*  or  49>5*  or  25,  7'  or  S4S>5'  or  125,  and  so  on. 

But,  if  either  side  be  negative,  then  no  general  conclusion  can  be 
st^ted  as  to  the  resulting  inequality.  For  -ä<4,  and  (—3)'  or  9<4'  or 
16.     Also  -2>-S;  but  (-2)'  or  4<(-8y  or  9. 

Similarly  16<25,  and  Jl6  or  ^<J25  or  5.  But,  if  either  or  both 
the  sides  be  negative,  no  conclusion  can  be  drawn  as  to  their  Square  roots, 

Hence,  if  the  sides  of  an  algebraical  inequality  be  raised  to  any  power, 
or  any  root  of  them  be  eztracted,  we  must  first  know  whether  the  sides  of 
the  proposed  inequality  are  positive  or  negative:  otherwise  the  conclusion 
may  not  be  correct  in  all  cases. 

221.  If  the  same  quantity  or  two  equal  quantities  be  divided  by  each 
side  qf  an  inequality,  the  inequality  willbe  reversed, 

For  3<6y  but  -^  >7>  A^^  ^  ^^  ^^  ^^y  similar  case. 

Hence  it  appears,  from  this  and  the  preceding  articles,  that  the  rules 
which  belong  to  Equations  must  not  be  inconsiderately  applied  to  in- 
equalities»  since  these  latter  have  distinct  rules  of  their  own  materially 
differing  from  those  of  the  former. 

Ex.  1.     Shew  that  a'+6*+c*>flft+flc+ftc,  unless  a^^b'^c, 

Since  every  quantity,  when  squared,  is  positive,  and  therefore  greater 
than  0,  we  have 

(a-6)*>0,  unless  a«6. 
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or  a'-2ab+b'>0, 

or  a'+Ä'>2aÄ,     (Art.  21?.  Cor.) 
Similarly^   fl'+c*>2ac,     unless  a«c, 
and  6*+c*>2Äc,     unless   5=c; 
.-.  by  addition  2a*+2Ä*+2c'>2flÄ  +  2tfC+2Äc,   (Art.  218.) 

or  a*+ft*+c'>aÄ  +  ac+6c.    (Art  219.) 

Ex.  2.    Shcw  that  jr*+^'>a?*^+^V. 

Here  «*+y-(«*y +y*) =*%i?~J^)-y(*-y), 

=(''-i'')(j^-i^)- 

Now,  whether  «  >  or  <  ^,  the  two  Factors  x*— v*,  and  j:— ^,  have  the 
#ame  sign^  and  therefore  their  product  is  always  positive;  hence 

**+y*-(«*^+^*ip)  is  always  positive, 

-c»      «      ^«  -^u  ^  *+2     JP     x-4>     ^        -     x+1     1     _    _ 

Ex.  3.     Given   that  "^-^  +  « ^ -g- +  3*  «"^  ^-g-  +«>  find  jr. 

x+2     «    «-4    ^        ,     «+1     1 

h  -  < H  3.  and  > h  — : 

4       3       2         »  2       3' 

mult.  by  12,  S«+6  +  4a:<6x-24+S6,  and  >6x+6+4,  (Art.  219.) 

or  7x+6<6x+J2,  and  >6x+10, 

x<6,  and  >4,  (Art.  217). 

Hence  x  is  any  number  between  4  and  6 ;  and,  if  it  be  a  whole  num- 
ber,  x=5. 

Ex.  4.     Which  is  greater  ^/IÖ+TtT  or  Jl9 -^Js} 

^/TÖ+^/7>  or  <Vl9+^/3, 
according  as  17+2^70>  or  <22+2j57y  squaring,  by  Art  220, 

2^>  or  <5+2757,   (Art.  217), 

280>  or  <253+20y57,   (Art  220), 

27>  or  <20j57' 

Now  27  is  clearly  less  than  20^57,  therefore  ^/l9+^  is  the  greater 
of  the  two  proposed  quantities. 

Ex.  5.     Shew  that  >  the  least  and  <  the  irreatest  of  the 

fractions  — ,   - ,   - ,   - ,  each  letter  representing  a  positive  quantity. 
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Of  the  fractions  -,  -,-,-,  suppose  -  to  be  the  greatest  (G),  and  - 
the  least  (g).     Then 

-  s=  ö,   -  <  G,  -  <  G,  -  <  G, 
a  b  c  d 

->^,   ->^»    ->^.   7=5r- 

...   a=p6;,  l^qG,  c<rG,  d<sG. )  ^^ 
a^Pg»    o:>qg,    c:>rgy   d^sg,  J 


.*.   a+b+c 
and  a+6+c 


Gf  and  >g.    (Art  219.)     q.b.d. 


p+^'+r+j 

This  proposition  may  without  difficulty  be  extended  to  more  than 
four  fractions.  And  it  will  be  equally  true  whether  a,  b^c^d^ ...  be  positive 
or  negative,  provided  that  p,  q,  r,  #,...,  the  denominators,  be  all  positive; 
*.*  of  negative  quantities  we  suppose  that  one  to  be  the  greatest  which  is 
numerically  the  least.     Moreover,  if  the  denominators  be  all  negative,  —p, 

-q^&c.,.,;  since — = — ,    &c,  the  above  proposition  will    still  hold. 

Therefore,  if  a  number  of  fractions  have  their  denominators  all  of  the  same 

sum  of  nuraerators     .    .  ^         j.  .    .  «^    i    ^    -.i.    i      .       •■ 

siirn.  TT— i ; — 7 —  18  mtermediate  m  mairnituae  to  the  least  and 

**       sum  ot  denominators  ° 

greatest  of  the  fractions. 

Ex.  6.     Shew  that  if  a,,  a,,  o,, ...  a,  be  any  positive  quantities, 

fl,+ö,+...+a„     ./ 

ti 

unless  the  quantities  are  all  equal.  The  left  hand  member  of  the  above 
inequality  remains  unaltered, however  Hi,  flt»  •••  ™Ay  change  in  magnitude, 
provided  only  that  the  sum  of  them  all  is  not  changed.  It  will  therefore 
be  sufficient  to  prove  that,  if  the  sum  a^ a^,  a^^  ..,a^  be  given,  their  product 
18  the  greatest  possible  when  they  are  all  equal.  For  if  not,  let  it  be  the 
greatest  possible  for  certain  unequal  values  of  the  symbols,  and  let  a^,  a^  be 
any  two  of  them  that  are  not  equal.  Then  if  for  each  of  er,,  a,  we  Substi- 
tute ^  ^ ,  (which  we  are  perfectly  at  liberty  to  do,  as  the  sum  of  all 
the  quantities  is  not  thereby  altered)  the  product  becomes 


^/ 


"'  ^r^^n  ^f^^9 


instead  of        l^ai,a^...a^.a^...a^. 

But   -'f-'.«'-^^  is  >a,«,. 
V  («,+a,)',  which  is  equal  to  fl/+a/+2fl/»,,  is  >4a/(^  (See  Ex.  1,  above). 
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Therefore  the  new  product  we,  have  obtained  is  greater  than  the 
former  one ;  t.  e,  our  supposition  of  tbie  former  being  the  greatest  possible 
is  not  tenable. 

Therefore  the  product  is  the  greatest  possible  when  they  are  all  equal; 
but  then  it  is  equal  to  ir,  or  a,  or  &c.^  and  therefore  it  is  equal  to  the  led- 
hand  meinber  of  the  proposed  inequality.  Consequently,  in  all  other 
cases,  it  is  less,  t.  e. 

gi+g,-i-...-fg,    '»nr~: — t 

>V^i*^f*<ito) 

n 

unless  the  given  quantities  are  equal.  This  is  oflen  expressed  by  stating 
that  the  arithmetical  mean  between  any  number  of  positive  quantities  is 
greater  than  their  geometrical  mean. 

Änother  proof, — By  the  Binomial  Theorem,  (Art.  308)  we  hav^ 


( 
(.       *  \—   ,  .  »-1    .    V       n-lA      «-1/   .    , 


and 


n  being  a  positive  integer. 

Now  -,  -,  &c  are  respectively  less  than  — -,    — -,  &c.,   and. 
n     n  ^  ^  »-1      n-1 

therefore,  after  the  first  two  terms  of  each  series,  which  are  equal,  each 

term  in  the  first  series  is  greater  than  the  corresponding  term  in  the 

second. 

Now  let  £1},  ff,, ...  ff,  be  n  quantities  that  are  not  all  equal, 

«nd...  ,8  >«."{!  + öi=l)^}    ' 

.  /fl,+a,+...+a.\-' 

••'•  ^'''V — iTö — )  ' 

and  .".  18,  ff  fortwrt,  >fli.ff,(-^ — ^— 3 )    , 

/ff4+...+ff,V"* 

>ai.a,.ff,...a,; 
,    a,+ ff,+ fl,4-...4-fl,     -/———- — -- 

>/^ffi.fft.ffs>>>ff»* 

{Exercisei  Y.] 
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222.  Ratio  is  the  relation  which  one  quantity  bears  to  another 
in  respect  of  magnitude,  the  comparison  being  made  by  considering 
what  multiple,  part,  or  parts,  one  is  of  the  other*. 

Thus,  in  comparing  6  with  3,  we  observe  that  it  has  a  certain 
magnitude  with  respect  to  3,  which  it  contains  twice;  again,  in 
comparing  it  with  2,  we  see  that  it  has  a  different  relative  mag- 
nitude, for  it  contains  2  three  times,  or  it  is  greater  when  compared 
with  2  than  it  is  when  compared  with  3.  The  ratio  of  a  to  6 
is  usually  expressed  by  two  points  placed  between  them  thus,  a  :  b; 
and  the  former,  a,  is  called  the  antecedent  of  the  ratio,  the  latter, 
&,  the  amaeqnent. 

Since  in  the  ratio  a  :  b  the  comparison  is  made  in  regard  to  quantu- 
plicity,  (Kara  irt/XiKorf/ra),  the  ratio  must  evidently  be  measured  by  what- 
ever  expresses  the  degree  of  that  quantuplicity,  t.  e.  by  what  is  necessary 

to  multiply  5  by  to  obtain  a.     Bat  this  multiplier  is  the  fraction  - ;    the 

fraction  therefore  is  the  measure  of  the  ratio  a  :  b. 

223«    Cor.  1«    When  one  antecedent  is  the  same  multiple,  part, 

or  parts,  of  its  consequent,  that  another  antecedent  is  of  its  con« 

sequent,  the  ratios  are  equal.     Thus,  the  ratio  of  4  :  6  is  equal 

to  the  ratio  of  2  :  S,  that  is,  4  has  the  same  magnitude  when  com- 

4     2 
pared  with  6,  that  2  has  when  compared  with  3,  since  ^  *■  ^  •     The 

a     c  a 

ratio  of  a  :  &  is  equal  to  the  ratio  of  e  :  d,  if  r  ■»  - ,  because  7  and 

o     a  o 

~  represent  the  multiple,  part,  or  parts,  that  a  is  of  6,  and  c  of  d. 

224.  Cor.  2.  If  the  terms  of  a  ratio  be  multiplied  or  divided 
by  the  same  quantity,  the  value  of  the  ratio  is  not  ^tered. 

a     ma 
For  -  =  —r  (Art.  101) ;  .*.  o  :  b^ma  :  iwfe. 
b     fnb 

225.  Cor.  S.  That  ratio  is  greater  than  another,  whose  ante- 
cedent is  the  greater  multiple,  part,  or  parts,  of  its  consequent. 

axivw,    (EvcLiD,  Book  v.  Def.  iii.) 
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7 

Tb  US  the  ratio  7  :  4  is  greater  than  the  ratio  8:5;  because  -,  or 

4 

— ,  is  ffreater  than  - ,  or  —  •      These  conclusions  follow  imme^ 
20  *^  5  20 

diately  from  our  idea  of  ratio. 

Ex.    Which  is  greater  a+x  :  a—x  or  a*+«*  ;  o"— «*? 

a-k-x  :  a-x>  or  <a*+«*  :  a*—x*, 

aecorcung  as >  or  <  ,     ., 

and  since  the  former  is  the  greater  by  the  quantity  -, — | ; 

226.  Def.  A  ratio  is  called  a  ratio  of  greater  inequality^  of 
less  inequaliiffy  or  of  equality,  according  as  the  antecedent  is  greater 
than,  less  than,  or  equal  to,  the  consequent. 

227.  Ä  ratio  of  greater  inequality  is  diminished^  and  qf  less 
ineqtiality  increasedy  by  adding  any  quantity  to  hoth  its  terms. 

If  1  be  added  to  the  terms  of  the  ratio  7  :  4,  it  becomes  the 
ratio  8  :  5,  vhich  is  less  than  the  former,  (Art.  225).  And  in 
general,  let  w  be  added  to  the  terms  of  the  ratio  a  :  6,  and  it  be- 
comes a-^w  :  5  +  ^9  which    is    greater  or  less    than    the    former, 

d-^-fv  a 

according  as  7 >or<--,   or,  by  reducing  them   to  a  common 

6  +  *p  b 

ab  +  bof  ab  +  cuo 

denominator,    according  as >  or  <  --; ;     that    is,    as 

®         6(6  +  0?)  b{b+x) 

baf>OT<aw,  or  as  6>or<a. 

228.  Cor.  Hence  a  ratio  of  greater  inequality  is  increased» 
and  of  less  inequality  diminished,  by  taking  from  the  terms  a  quan^ 
tity  less  than  either  of  them. 

229.  Def.  If  the  antecedents  of  any  ratios  be  multiplied  to- 
gether,  and  also  the  consequents,  a  new  ratio  results,  which  is  said 
to  be  compounded  of  the  former.  Thus  ac  :  bd  is  said  to  be  com- 
pounded  of  the  two  a  :  6  and  cid.     It  is  also  sometimes  called 
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the  suin  of  the  ratios ;  and  when  the  ratio  a  :  b  is  compounded 
with  itself,  the  resulting  ratio,  a*  :  b\  is  called  the  double  of  the 
ratio  a  :  b;  and  if  three  of  these  ratios  be  compounded  together,  the 
result,  a'  :  6',  is  called  the  triple  of  the  first,  &c.     Also  the  ratio 

a  :  6  is  said  to  be  one  third  of  the  ratio  a'  :  6^;  and  a"  :  6"  is 
Said  to  be  an  m^  part  of  the  ratio  a  :  b. 

a*  :  b*  is  also  said  to  be  in  the  duplicate  ratio  o£  a  :  b,  and  o*  :  6'  in 

the  triplicate  ratio  o£  a:  b,  Moreover,  a^  :  b\  a^  :  b\  er  ;  o'  are  respec- 
tively  said  to  be  in  the  subduplicate^  subtriplicate,  and  sesquiplicate  ratio 
oi  aib, 

230.  CoB.  Let  the  first  ratio  be  a  :  1 ;  then  a' :  1,  a' :  1, 
...«v*  :  1,  are  twice,  three  times,...n  times  the  first  ratio;  where  n, 
the  index  of  a,  shews  what  multiple,  or  part,  of  the  ratio  a*  :  1,  the 
first  ratio  a  :  1  is.  On  this  account  the  indices  1,  2,  ^^...n,  are 
called  measures  of  the  ratios  a}  :  1,  a'  :  1,  o'  :  1, o*  :  1. 

231.  If  the  conaequeni  of  the  preceding  ratio  be  the  ante" 
cedent  of  the  succeeding  one,  and  any  number  of  such  ratios  be 
tojcen^  the  ratio  which  arises  from  their  composition  is  that  of  the 

first  antecedent  to  the  last  consequent. 

Let  a  :  by  b  :  <:,  c  :  d^  be  the  ratios,  the  Compound  ratio  is 
axbxc  :  ÄxCxd,  (Art.  229),  or,  dividing  by  bxc  (Art.  224),  a  :  d;  and 
similarly  for  any  number  of  ratios. 

232.  A  ratio  of  greater  inequality,  compounded  with  another^ 
increases  it;  and  a  ratio  of  less  inequality  diminishes  it. 

Let  the  ratio  ^  :  y  be  compounded  with  the  ratio  a  :  b,  then 
the  resulting  ratio  cuc  :  by  >  or  <  the  ratio  a  :  6,  according  as 

—  >  or  <-  (Art.  225) ;   that  is,  according  as  af>oT<y, 

233.  If  the  difference  between  the  antecedent  and  consequent 
of  a  ratio  be  small  when  compared  with  either  of  them,  the  double 
of  the  ratioj  or  the  ratio  of  their  Squares^  is  nearly  obtained  by 
doubling  this  difference. 

Let  a-\-w  :  a  be  the  proposed  ratio,  where  cf  is  small  when 
compared  with  a;  then  a^+2a«r  +  «2^  :  a'  is  the  ratio  of  the  Squares 
of  the  antecedent  and  consequent ;  but  since  a^  is  small  when  com- 
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pared  with  a,  «%  or  jfxT^  is  small  when  compared  with  SaxJf» 
and  much  smaller  than  axa;  therefore  a*+2aw  :  a%  or  a  +  fUf  :  a 
(Art.  224),  will  nearly  express  the  ratio  of  0**+ 2flwp  +  «*  :  a\ 

Thu8  the  ratio  of  the  square  of  1001  to  the  Square  of  1000  is 
nearly  1002  :  1000;  the  real  ratio  is  1002*001  :  1000,  in  which  the 
antecedent  differs  from  its  approximate  value  only  by  one  thousandth 
part  of  an  unit.  • 

234.  Cor.  Hence  Xhe  ratio  of  the  square  root  of  a  -f  2a;  to 
the  Square  root  of  a  is  the  ratio  a-\-w  :  a,  nearly ;  that  is,  if  the 
difference  of  two  quantities  be  small  with  respect  to  either  of  them, 
the  ratio  of  their  square  roots  is  nearly  obtained  by  halving  that 
difference, 

235.  In  the  same  manner  it  may  be  shewn  that 

are  nearly  equal  respectively  to  the  ratios 

{a^ay  :  o',    (ai/p)^  :  aS    (oi^)*  :  a\  &c. 

Also  a>k^j? :  a,  a^^B^x :  a,  &c  are  nearly  equal  to  the  ratlos 
JJa^x  :  \Jai    Ija^x  :  IJa;  &c.  if «  be  small  when  compared  with  «. 

For  (flsbjr)'  :  a'=a'ifc3fl*«+3a«*wbx»  •  a', 

=,iwb?f  +  ?i**^  :1,  (Art  224). 

Now  if  X  be  small  when  compared  with  a,  -  is  a  small  firaction; 

a 

•nd  — r- :  —  —  -  :  1,  therefore  since  -  is  small  compared  with  1,  —5-  is 
small  compared  with  — ;  a  /brtiori  -j  is  very  small  compared  with  1  or 

with  — . 
a 

Hence,  neglecting  —^  and  -3 ,   which    are   very    small    fractions, 

Isk —  :  1,  or  a^Sx  :  a^  is  a  near  approximation  to  (ai^x)'  :  a%  if  «  be 
a 

small  when  compared  with  a, 

Similarly  it  may  be  shewn  that  a^^  :  a;  a^^Sx  :  a;  See.  are  approzi« 
mations  respectively  to  (a*«)* :  a\  (a^tar)* :  a\  &c. 


PROPORTION.  145 


Again,   since    Ja^x  :  Jä=j^ l^-  :  1,  (Art.  224). 


.li^f-j^*&c.  :  1,  (Art.  151.  Ex.  S). 


by  the  same  reasoning  this  ratio  is  redaced  to 


X 


lifci-  :  1,  or  a^\x  :  a. 
a 

Also        lja*ix  :  ifä^a^^^x  :  «r,  nearly;  and  so  on. 

The  Utility  of  the  rules  here  proved  wi]]  be  siifficiently  manifest  fVom 
the  following  £xamples,  when  it  is  observed  by  what  a  troublesome  pro- 
cess  the  several  proposed  ratios  would  be  found  without  the  rules. 

Ex.  1.         (1-5241 V  :  (1-524)*- 1-5240 +  4x00001  :  1-524   nearly  = 
1*5244  :  1*524  nearly. 

Ex.  2.         4/729  :  4/728 =728i  :  728  nearly. 
Ex.  3.         4/21 34  :  y21Sl«21315  :  2131  nearly. 

\Jßxercisex  Z,'2 

iPROPORTION. 

236.  Dbf.  Four  quantities  are  said  to  be  proparHonals^  when 
the  first  18  the  same  multiple,  part,  or  parts,  of  the  second,  that  the 

third  is  of  the  fourth ;   that  is,   when  7  «  3 »    the  four  quantities 

0     d 

a,  6,  c,  d,  are  called  proportionals.     This  is  usually  expressed  by 

saying  a  is  to  6  as  e  is  to  d,  and  is  thus  represented,  a  :  b  :i  c  :  d; 

or  sometimes,  a  :  b*^c  :  d, 

The  terms  a  and  d  are  called  the  extremes^  and  b  and  c  the 

237.  When  four  quantities  are  proportumahy  the  product  of 
the  extremes  is  equal  to  the  product  of  the  means. 

Let  fi,  6,  c,  dy  be  the  Tour  quantities ;   then,  since  they  are  pro- 

a     c 
portionals,  7  «  3  (Art.  236) ;   and  by  multiplying  both  sides  of  the 
b      d 

equation  hy  bd^  ad^bc. 

238.  Cor.  1.  If  the  first  be  to  the  second  as  the  second  to 
the  third,  the  product  of  the  extremes  is  equal  to  the  square  of  the 
mean. 

10 
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239.  Cor.  2.  Any  three  terms  in  a  proportion  being  giveo,  the 
fourth  may  be  determined  from  the  equation  admbc. 

Por  rf=— ,  0—-=-,  6= — ,  a=-j.  Hence  we  have  the  Single  Rule 
of  Three  in  Arithmetic. 

240.  If  the  product  of  two  qiMntities  be  equal  to  the  produet 
oftwo  othetSy  the  f OUT  are  proportionale^  making  the  fckctore  ofone 
product  the  meane,  and  the  factors  of  the  other  the  eüßtremes, 

Let  ay^ab,  then  dividing  by  ay,  ->*--, 

a     y 

or  tV  :  a  ::  b  :  y.     (Art.  236.) 

241.  If  a  :h  ::  c:  d,  and  c  :  d  ::  e  :  f,  then  also  a  :  b  ::  e  :  f. 
(EüCLiD,  B.  V.  Prop,  XI.) 

Ti  a     c  -,  c     e         .       ^       a     e 

Because  -  =  - ,     and  3  ■■  :^ ;     therefore  7  ■=  - ; 
b      d  d    f  b     f 

or  a\b  \\  e  :f, 

242.  If  four  quantitiee  be  proportionale^  they  are  aleo  pro- 
portionais  when  taken  inversely.     (Euclid,  B.  v.  Prop.  B.) 

-  a     c 

If  a  :  b  ::  c  t  dy  then  b  :  a  ::  d  :  c,     For  t  "^  ;;  9  ^^^  dividing 

unity  by  each  of  these  equal  quantities, 

6      d      ,       . 

-  ■»  - ;   that  is,  6  :  a  ::  d  :  c. 

a     c 

243.  If  four  quantitiee  be  proportionale^  they  are  proper- 
tionale  when  taken  alternately.     (Eüclid,  B.  v.  Prop.  xvi.) 

If  a  :  &  ::  e  :  d,  then  a  \  c  11  b  i  d. 

a     c 
Because  the  quantities  are  proportionals,  r  =  ;:  f  and  multiplying 

.      b     a     b 

by  - ,   -  ■»  - ,  or  a  :  c  ::  6  :  d. 
^  c     c     d 

Unless  the  four  quantities  are  of  the  eame  kind,  the  altemation 
cannot  take  place ;  because  this  Operation  supposes  the  first  to  be 
some  multiple«  part,  or  parts»  of  the  third. 
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One  line  may  have  to  another  line  the  same  ratio  that  one  weight 
has  to  another  weight,  but  a  line  has  no  relation  in  respect  of  mag- 
nitude  to  a  weight.  In  cases  of  this  kind,  if  the  four  quantities  be 
represented  by  numbers,  or  otber  quantities  which  are  similar,  the 
alternation  may  take  place,  and  the  conclusions  drawn  from  it  will 
be  just. 

244.  Whenfour  quantities  are  proportionalst  theßrst  together 
with  the  second  is  to  the  second,  as  the  third  together  with  the 
fourth  is  to  the  fourth,  This  Operation  is  called  componendo. 
(EucLiD,  B.  V.  Prop.  XVIII.) 

If  a  :  6  ::  e  :  d,  then  also 

a-^-h  i  b  :i  C'{'d  i  d. 

a     c 

Because  r  "  ~  >  by  adding  I  to  each  side, 
o     d 

n         c 

a-i-b     c-^d 
that  IS,  — -  «  — —  ; 
0  d 

or  a  +  b  :  b  ::  c  +  d  :  d» 

245.  Alsoy  dividendo,  the  excess  of  the  first  ahove  the  second 
is  to  the  second,  as  the  excess  of  the  third  above  the  fourth  is  to  the 
fourth,     (EacLiD,  B.  v.  Prop.  xvii.) 

a     c  ,  ,  " 

Because  r'^-jt  by  subtracting  1  from  each  side, 

a         c  ' 

,       .      a-6     c-d 
that  IS,  -^  =  -^ ; 

or  a-6  :  6  ::  c-d  :  d. 

246.  Jgatny  convertendo,  the  first  is  to  its  excess  above  the 
secondy  as  the  third  is  to  its  excess  above  the  fourth.  (Euclid, 
B.  V.  Prop.  E.) 

10—2 


148  PBOPORTION. 

a-6     c— d 


By  the  last  Article, 


d    ' 


and  -  -  -  (Art.  242) ; 
a     0 

a  — 6  6      c  — d  d  a-^b     c  —  d 

o      a        a      c  a  0 

that  is,  a  -  6  :  a  ::  c  -  d  :  c ; 
and  inversely»  a  :  a  — 6  ::  c  :  c-d. 

247.  VF%€n  /(mr  quantitiea  are  propartumals,  the  sum  of  the 
ßrst  and  aecond  is  to  their  difference^  ua  the  sum  of  the  third  and, 
fourth  is  to  their  difference, 

It  a  :  b  ::  c  :  d;  then  a  +  b  :  a-6  ::  c  +  d  :  C'-d. 

a+fe     c+d 


By  Art.  244, 
and  by  Art.  245, 


6  d    ' 

a-6     c-d 
"1  d"' 


•  • 


a+b     a^b     c+d     c-d^. 
-^-^-^-—^— (Art.  82); 

a+b     c+d 
a-b     c-d 

that  is,  a  +  &  :  a-&  ::  c  +  d:  c-d. 

248.  When  any  number  of  quantities  are  proportionale,  as  one 
antecedent  is  to  its  consequentj  so  is  the  sum  of  all  the  antecedents 
to  the  sum  of  all  the  consequents.     (Euclid,  B.  v.  Pkop.  xii.) 

It  a  :  b  ::  €  :  d  ::  e  :  fy  &c. 

then  a  :  6  ::  a  +  c  +  ß  +  &c.  :  6  +  d+/+&c. 

a     c 
Because   j-^-y   ad^bc;    in    the  same  manner,  afmbe;   also 
o     d 

ab^ba;  hence  ab  +  ad  +  af^ba  +  bc  +  be, 

or  a(6  +  d+/)  =  6(a  +  c  +  «); 
••.  by  Art.  240,  a  :  6  ::  a  +  c  +  e  :  6+d+/; 
and  similarly  when  more  quantities  are  taken. 
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249.  When  four  quantiüea  are  praporiionals,  if  ihe  ßrst  and 
second  be  muUipÜed^  ar  dioi<ted^  hy  any  quantity^  as  also  ihe  third 
andfourthj  ihe  resuUing  quantities  will  be  proportianals» 

c     d 
It  a  :  b  ::  c  :  d,  then  ma  :  m6  ::  -  :  -  • 

n    n 

1 

— .c 
^       a     o  fna     n       . . 

^^"^    !-:}•'    /.  —  -—.(Art.  101); 
od  m6      1    . 

— .o 

n 

or  ma  :  m6  ::  —  :  — . 

n    n 

250.  If  the  ßrst  and  third  be  mulHpUedj  or  divided,  by  any 
quantity,  and  also  the  second  and  fourth^  the  resulting  quantities 
foUl  be  proportionalst 

„       a     e  ma     mc         ,  ma      mc 

'^"'^  b  r  •'  b    d'  *"**  1  "i .' 

—  .6     — .o 
n        n 

b  d 

or  ma  :  —  ii  mc  i—* 
n  n 

251.  Cor.  Hence,  in  any  proportion,  if  instead  of  the  second 
and  fourth  terms  quantities  proportional  to  them  be  substituted,  we 

bave  still  a  proportion.     For  —  and  —  are  in  the  same  proportion 

n         n 

with  b  and  d  (Art.  249). 

.   252.    In  two  ranks  of  proportionalst  if  the  corresponding  terms 
be  mulHplied  together,  the  products  will  be  proportionale. 

It  a  :  b   ::  0   :  d, 

and  elf  ::  g  :  A, 

then  also  ae  ibf  ix  cg  \  dh, 

Because?-^,  and^-|;  therefore  fxl-^x|,  or  ^-|; 
that  isy  ae  ibf  II  cg  :  dh. 
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This  is  called  compounding  the  proportions. 

The  proposition  is  true  if  applied  to  any  number  of  propor* 
tions. 

253.  If  four  quantities  be  proporiumaUj  the  Uke  pawers^  or 
rootsj  of  these  quantitieSf  will  he  proportionals. 

a     c  a^     if 

If  a  :  6  ::  c  :  d,  then  7  «  - ,  and  --«--;   or  a*  :  6*  ::  c"  :  rf* ; 

od  0^     a* 

where  n  is  whole  or  fractional. 

254.  If  a  :  b  ::  c  :  d,  to  prove  that 

ma^nb  :  pa^qb  ::  mc^nd  :  pc^qd 

a  _c 
b'd' 

ma  _  mc 
ma  mc 

T  *"=¥'"'•' 

ma^nb     mc^nd 

°'  —b d-' 

Similarly  P^^SE^; 

ma^nb    pa^qb     mc^nd    pc^qd 
•*•  ~b~~'^~l  5~""T~' 

ma^nb    mc^nd 
pa^qb     pc^qd  * 

or  ma^nb  :  pa^qb  ::  mc^nd  :  pc^qd. 

255.  If  ihree  quantities  a,  b^  c  be  in  continued  proportion,  that  isy 
a  :  b  ::  b  :  c,  then  a  :  c  ::  a*  :  b*,  that  is,  the  ßrsi  hat  to  the  third  the 
duplicaie  ratio  of  that  which  it  hos  to  the  second,     (Euclid«  B.  v.  Def.  x.) 

a    b 
c 

a    ab    a  a 
c    Z  c     b  Z 


1?       a     o 
For   g  =  -; 


a' 


11* 


or  a  :  c  ::  a' :  b\ 
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256.  Iffour  quantities  are  in  continued  proporium,  that  is,  a  :  b  ::  b 
:  c  ::  c  :  d,  Ihen  a  :  d  ::  a*  :  b%  that  is,  the  ßrst  koa  to  the  fourth  the 
triplicate  ratio  ofthat  tvhich  it  has  tothe  tecond.    (Euclid,  B.  v.  Def.  xi.) 


_,       a     a  h  c  ^  a     h    c  • 

For    -i=TX-^-;,  and  -j-s-^-z; 
d    0   c  d  o     c    d 

a ^a  a  a 

or  a  :  d  ::  a*  :  b\ 

257*  The  Definition  of  Proportion  here  used  will  not  serve  for  ä 
definition  in  Geometry,  because  there  is  no  Geometrical  method  of  repre- 
senting  the  quotient  of  a-^6,  a  and  b  being  any  Geometrical  magnitudes 
whatever  of  the  same  kind.  But  such  magnitudes  may  always  be  muUi" 
plied  eeometrtcally ;  that  is,  a  line  may  be  produced  tili  it  becomes  n  times 
its  original  length — ^an  area,  or  a  solid,  may  be  doubled,  trebled,  &c. — 
geometricaüy.  Hence  the  strictness  of  Geometry  requires  such  a  definition 
as  that  which  is  the  foundation  of  Euclid's  5th  Book,  and  which  may  easily 
be  shewn  to  follow  from  the  Algebraic  Definition.  For  suppose  a,  6,  c,  d 
to  represent  four  quantities  in  proportion,  according  to  the  Algebraical 
definition;  then 


a 

c 

b 

"3' 

and 

tn  a 
n'b 

m  c 
^n'd' 

or 

ma 
~nb 

mc 

from  which  it  foUows,  by  the  nature  of  fractions,  that  if  ma>nb,  then 
mond;  if  ma^nb,  mcs^nd;  if  ma<:nb,  mc<nd:  and  ma,  mcy  are  any 
equimultiples  whatever  of  the  Ist  and  3rd  quantities,  fi6,  nd  any  equimul- 
tiples  whatever  of  the  2nd  and  4th.  Therefore  a,  b,  c,  d  are  proportional 
also  according  to  the  Geometrical  Definition. 

{I^Exerdses  Za.^ 

258.     If  two  numbers  a  and  h,  be  prime  to  each  otheTj  they 
are  the  leaet  in  that  proportion. 

a     c 
If  possible,  let  -  =  3 ,  where  a  and  5  are  prime  to  eäch  other, 

6     d 

and  respectively  greater  than  c  and  d.    If  the  latter  numbers  be  not 

prime  to  each  other,.divide  them  by  their  greatest  common  measure. 

Then  divide  a  by  6,  and  c  by  d^  as  in  Art.  103,  thus 
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b)  a  ^m  d)  c  ijn 

w)  b  {ji  t)  d  Kjn 


8 


a     c 


and  because  7  ■>  3 ,    the  first  quotienU  m,  m,  are   equal ;   again, 

b     d 

a  w  ,c  r  ^         w     T  b     d      ^ 

smce  7  =  m+-,   and   -  =  m+--,   we  have  7---:,   or  -  - -;  also» 
66  d  d  b      d  w     r 

because  6  is  greater  than  d,  w  is  greater  than  r.      In   the  same 

manncr,  -^  -,  and  y  is  greater  than  s ;  and  so  on,  if  there  be 

more  remainders.     Thus  the  remainder  in  the  latter  division  will 
become  1  sooner  than  the  remainder  in  the  former«     Let  s»l\  then 

-  »r ;  and  y,  whichis  greater  than  1,  will  be  a  common  measure  of 

a  and  6  (Art.  105),  which  is  contrary  to  the  supposition. 

o     c 
Cor.     Hence,  ^^  r  ^  j  >  Rod  a  and  6  be  prime  to  each  other,  e 

b     d 

and  d  are  equimultiples  of  a  and  6. 

259.     I/a  and  h  be  each  of  them  prime  to  c,  ab  is  prime  to  c. 

If  not,  let  ab^mr,  and  c^ms;  then  since  a  and  6  are  prime 

to  c,  ihey  are  respectively  prime  to  ms,  and  therefore  to  m ;  and 

a     r 
because  ab  b  mry  we  have  —  » -. ;  therefore  6  is  a  mtUHple  of  m 

n»     6 

(Art,  258,  Cor.)  which  is  absurd,  since  it  was  before  shewn  to  be 

prime  to  m. 

Cor.  1.      If  6  be  equal  to  a,  then  a*  and  c  have  no  common 

a*  . 
measure ;  or  —  is  a  fraction  in  its  lowest  terms. 

c 

• 

Cor.  2.     In  the  same  manner,  — ,   — ,  &c.  are  fractions  in  their 

0      c 

lowest  terms. 

Cor.  S.     If  a,  6,  and  c,  be  eßch  of  them  prime  to  d,  e,-  and  /, 
a6c  is  prime  to  def. 
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For,  if  a  be  prime  to  d  and  «,  it  is  prime  to  de,  and  if  it  be 
prime  to  de  and  /,  it  is  prime  to  def.  In  the  same  manner,  6  and 
c  are  prime  to  de/;  consequently,  abc  is  prime  to  efe/1 

Cor.  4.     If  a  be  prime  to  6,  a*  is  prime  to  V,  and  o^  to  IP,  &c. 


SCHOLIUM. 

260.  In  the  definition  of  Proportion  it  is  supposed  that  one 
quantity  is  some  determinate  multiple»  part,  or  parts,  of  another ;  or 
tbat  the  fraction  arising  from  the  division  of  one  by  the  other,  (which 
expresses  the  multiple,  part,  or  parts,  that  the  former  is  of  the 
latter,)  is  a  determinate  fraction.  This  will  be  the  case,  whenever 
the  two  quantities  have  any  common  measure  whatever. 

Let  w  be  a  common  measure  of  a  and  b,  and  let  a  « fnjr,  6  s  no? ; 

then  ?  -  ^  -  ü? ,  where  «  and  «  are  whole  number». 
b     nof     n 

But  it  sometimes  happens  that  the  quantities  are  incommenau-' 

rabUj  that  is,  admit  of  no  common  measure  whatever»  as  when  one 

represents  the  circumference  of  a  circle  and  the  other  its  diameter ; 

a 
in  such  cases  the  value  of  -  cannot  be  exactly  expressed  by  any 

fraction»  — ,  whose  numerator  and  denominator  are  whole  numbers ; 
n 

yet  a  fraction  of  this  kind  may  be  found,  which  will  express  its 

value  to  any  required  degree  of  accuracy, 

Suppose  J7  to  be  a  measure  of  6,  and  let  b^nx;  also  let  a  be 

greater  than  mo;  but  less  than  (m  +  l)af;  then  -  is  greater  than  — 

0  n 

but  less  than ,  or  the  difference  between  —  and  -  is  less  than 

n  n  b 

-;    and  as  of  is  diminished,  since  nx^b,   n  is  increased,  and   ~ 
n  n 

fn 
diminished ;  therefore»  by  diminishing  x,  the  difference  between  — 

n 

a 
and  -r  may  be  made  less  than  any  that  can  be  assigned. 
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If  a  and  b,  as  well  as  c  and  d^  be  incommensurable,  and  if,  when 

-  lies  between  —  and  ,  -  lie  also  between  —  and ,  how- 

b  n  n       d  n  n 

CL  C 

ever  the  niagnitudes  m  and  n  are  increased,  then  7-  is  equal  to  ~  • 

b  d 

For,  if  they  are  not  equal,  they   must  have  some  assignable  dif- 

ference ;  and  because  each  of  them  lies  between  —  and  ,  this 

n  n 

difference  is  less  than  - ;  but  since  n  may,  by  the  supposition,  be 

increased  without  limit,  -  may  be  diminished  without  limit,  that  is, 

n 

it  may  become  less  than  any  assignable  magnitude ;   therefore  •-  and 

6 

-  havc  no  assignable  difference ;  that  is,  -  is  equal  to  -  • 
d  b  d 

Whencey  if  four  magnitudes  a,  h^  c,  d  he  proportionals  according  to 
the  geometrical  definition,  they  will  be  proportionals  tilJM  according  to  the 
algebraical  definition. 

t.  e.  lfm  and  n  be'any  integral  multipliers  fvhatever,  and  ma  be  >  116 
when  mond^  and  ma^nh  when  mc=nd,  and  tna<nb  when  mc<>nd*     Then 

If  a,  bf  c,  d  be  comraensurable,  m  and  n  can  always  be  assumed  so  as 

to  make  ma=nb:  then  also  mc^nd,  and  -r-»-  s-t. 

b     m     d 

If,  however,  a,  b,  c,  d  be  incommensurable,  the  above  equalities  can* 

not  be  obtained;  but  we  can  always  make  ma  approach  as  near  as  we 

please  to  nb,  by  giving  proper  values  to  m  and  n :  t.  e,  we  can  make  ma 

differ  from  nb  by  a  quantity  less  than  b,  or  make  ma  lie  between  nb  and 

•  '    a  c 

(it+l)6.     Then  also  will  mc  lie  between  nd  and  (n-hl)d;  Le,  both  t  and  -t 

lie  between  —  and . 

m  tn 

a     c 
Also  m  and  n  may  be  increased  without  limit;  therefore  t^;i  or 

a,  b,  c,  d  are  proportionals  according  to  the  algebraical  definition.  All 
the  preceding  propositions,  therefore,  respecting  proportionals,  will  be 
equaliy  true  for  incommensurable  quantities  as  for  commensurable. 
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261.  In  the  investigation  of  the  relation  which  varying  and 
dependent  quantities  bear  to  each  other  the  conclusions  are  more 
readily  obtained  by  expressing  only  two  terms  in  cach  proportion, 
than  by  retaining  the  four. 

But  though,  in  considering  the  Variation  of  such  quantities,  two 
terms  only  are  expressed,  it  will  be  necessary  for  the  Learner  to 
keep  oonstantly  in  mind  that  four  are  supposed;  and  that  the 
Operations,  by  which  our  conclusions  are  in  this  case  obtained,  are 
in  reality  the  Operations  of  proportionals. 

262.  Dbf.  1.  One  quantity  is  said  to  vary  'directly  as  an- 
other,  when  the  two  quantities  depend  whoUy  upon  each  other,  and 
in  such  a  manner,  that  if  one  be  changed,  the  other  is  changed  in 
the  aame  proportion*. 

Lei  A  and  B  be  mutually  dependent  upon  each  other,  in  such  a 
way,  that  if  ^  be  changed  to  any  other  value  a,  B  must  be  changed 
to  another  value  6,  such  that  A  i  a  :i  B  i  h\  then  A  is  said  to  vary 
directly  as  B. 

N.  B.  When  it  is  simply  stated  that  one  quantity  ^varies'  as  another 
it  is  always  meant  that  the  one  'varies  directly'  as  the  other. 

Ex.  1.  If  a  man  agrees  to  work  for  a  certain  sum  per  hour,  the 
amount  of  his  wages  varies  as  the  number  of  hours  during  which  he  works. 

Ex.  2.  If  the  altitude  of  a  triangle  be  invariable,  the  area  varies 
as  the  base.  For,  if  the  base  be  increased,  or  diminished,  the  area 
is  increased  or  diminished  in  the  same  proportion,  (the  area  of  a 
triangle  being  the  half  of  the  rectangle  under  the  base  and  perpen- 
dicular.     See  Euclid,  Book  i.  Props.  86  and  41.) 

The  signccplaced  between  two  quantities  signifies  that  they  vary 
as  each  other. 

*  That  Variation  is  merely  an  abridgment  of  Proportion  is  a  point  to  be  carefully  bome 
in  mind;  for  one  quantity  is  said  to  ^'vaiy**  as  another,  not  because  the  two  increase  and 
decrease  together,  bat  because  as  one  increases  or  decreases,  the  other  increases  or  decreases 
in  the  same  proportion,  Thus,  if  yaV^,  in  which  x  and  y  are  varying  quantities  and  a  is 
invariable,  y  increases  as  s  increases,  and  diminishes  as  x  diminishes,  but  y  does  noi  *^vary^* 
as  X,  because,  as  x  iticreases,  y  does  not  increase  in  the  tarne  proportion  ;  for  instance,  if  x 
be  doubled,  y  is  not  doubled.    Ed. 
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263.  Def.  2.  Ooe  quantity  is  said  to  Vary  inversdy  as  an- 
other,  when  the  forraer  cannot  be  changed  in  any  manner,  but  the 
reciprooal*  of  the  latter  is  changed  in  the  same  proportian. 

A  varies  inversely  as  £,  f  Joc  —  j  ,  if,  when  A  is  changed  to  a, 

B  be  changed  to   6,   in  such   a  manner  that  ^  :  a  ::  r^ :  ~ ;    or 

A  \  a  II  b  i  B. 

Ex.  If  the  area  of  a  triangle  be  given»  the  base  varies  inversely 
as  the  perpendicular  altitude. 

Let  A  and  a  represent  the  altitudes,  B  and  b  the  bases,  of  two 
equal  triangles ;  then « ,  otAkB^  ax6 ;  therefore  (Art.  840), 

A  :  a  ::  b  x  B  v.  --i  -. 

Ja     b 

264.  Def.  3.  One  quantity  is  said  to  vary  as  two  athers 
jaintly,  if,  when  the  former  is  changed  in  any  manner,  the  product 
of  the  other  two  be  changed  in  the  same  proportion» 

Thus  A  varies  as  B  and  C  jointly,  (AocBC),  when  A  cannot  be 
changed  to  a,  but  the  product  BC  must  be  changed  to  bc,  such  that 
A  :  a  ::  BC :  bc. 

Ex.  The  area  of  a  triangle  varies  as  its  base  and  perpendicular 
altitude  jointly.  Let  A^  B^  P,  represent  the  area,  base,  and  per- 
pendicular altitude  of  one  triangle ;  a,  6,  p,  those  of  another;  then 

A     BP 
-4-iÄP,  and  a^^bp;  therefore  —  «  --—  ,  or  A  i  a  ::  BP  :  bp. 
^  ^  a       bp 

265.  Def.  4.  One  quantity  is  said  tö  vary  directly  as  a  second 
and  inversely  as  a  third,  when  the  first  cannot  be  changed  in  any 
manner,  but  the  second  multiplied  by  the  reciprocal  of  the  third  is 
changed  in  the  same  proportion. 

A  varies  directly  as  B,  and  inversely  as  C,  ('<^^7^)  >  when 

B    b 
A  :  a  ::  --  :  -;  A,  B,  C^  and  a,  6,  c,  being corresponding  values  of 

C/      c 

the  three  quantities. 

*  Def.  The  reciprocal  of  a  quantity  is  -r r-  ;  thus  the  rednrocal  of  •  ii  - .  £o. 

*  '      the  quantitj  '^  • 
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Ex.  The  base  of  a  triangle  varies  as  the  area  directly  and  the 
perpendicular  altitude  inversely.     The  Dotation  in  the  last  Article 

being  retained,  — -  —  — ;  and  multiplying  both  sides  by  — ,  we  have 

op      a  *  X 

B     Ap      A       a       ,       ^        r>     r      ^     ^ 
—  ■»  — -  =  —  -^  -  ;  therefore  B  :  b  ::—-:- . 
h      aP     P     p  P    p 

r 

In  the  following  articles,  A^  B^  C,  See.  represent  corresponding 
values  of  any  quantities,  and  a,  &,  c,  &c.  any  other  corresponding 
values  of  the  same  quantities, 

266.  If  one  quantity  vary  aa  a  second,  and  that  second  as  a 
third,  the  firat  varies  as  the  ihird. 

Let  AocB,  and  BccC,  then  shall  AozC.  For  A  :  a  i:  B  :  b^  and 
B  :  b  ::  C  :  Cj  therefore  (Art.  241),  A  i  a  ::  C  :  e;  that  is,  AccC, 

In  the  same  manner,  if  AocB,  and  Ba^--^  then  Acc-^ . 

267.  If  each  of  two  quantities  vary  as  a  third,  their  sunt,  or 
differencsy  or  the  Square  root  of  their  prodttct,  will  vary  as  the 
third. 

Let  AocC  and  BocO,  then  A^BocC;  also  \/aBozC. 

By  the  supposition,      A  i  a  ::  C  :  e  ::  B  :  b; 

.*.  A  :  a  ::  B  :  b; 
alternately  A  :  B  ::  a  :  b  (Art.  243)» 
by  composition  or  division  A^B  :  B  :i  a^b  :  b; 

alternately  A  ^B  :  a^b  ::  B  :  b  ::  C  :  c; 

that  is,  A^BocC. 
Again,    A  :     a     ::  C  :  c^ 
and   B  :     b     ::  C  :  c; 
.\  ABl     ab    i:C:<?  (Art.  252), 

and  y/ AB  :  y/ ab  ::  C  :  c  (Art.  253) ; 

that  is,    \/ABocO. 
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268.  If  one  quantiiy  vary  aa  another,  it  will  oho  vary  aa  any 
muliiple,  or  part^  of  the  other. 

Let  AocB,  and  m  be  any  constant  quantity,  then  because  A  :  a 

::  B  :  by  A  :  a  ::  mB  :  m6,  or  A  i  a  v.  —  i  —  (Art.  249) ;  that  is, 

B 
AoztnBy  or  oc — • 

m 

269.  Cor.  1.     i/*  A  vary  eis  B,  A  is  equal  to  B  muliiplied 
by  some  invariable  quantity*. 

For  A  :  a  ::  mB :  mb ;   altern.  A  :  mB  ::  a  :  fii6 ;    if  therefore 
m  be  so  assumed  tbat  A^mBy  then  in  all  cases  a^mb. 

Conversely,  \f  A^mB,  and  m  is  invariable,  then  AocB, 

270.  Cor.  2.     If  we  know  any  corresponding  values  of  A  and 
By  the  constant  quantity  m  may  be  found. 

a 
Let  a  and  b  be  the  two  values  known,  then  m«  -9  and  is  there- 

b 

a 
fore  known ;  and,  in  general,  A  «  -x£. 

b 

Ex.  1.  Let  «oc^,  and  when  /«l  suppose  «  =  l6,  then,  since 
a^mfy  iGafity  and  s^lGf. 

Ex.  2.  Let  y'oca'-x*,  and  when  ar=0,  suppose  ^=6,  then,  since 
y«fn(a«-j:*),  b'^ma',  and  wi=^;    .-.  y=^(a*-ay^. 

271.  //■  one  quantity  vary  aa  another^  any  power  or  root  of 
the  former  will  vary  aa  the  aame  power  or  root  of  the  latter. 

Let  A  vary  as  5,  then  A  :  a  ::  B  :  b,  and  by  Art.  253,  A"  :  a* 
::  B*  ib^\  that  is,  ^"ocfi",  where  n  is  whole  or  fractional. 

272.  If  one  quantity  vary  aa  another^  and  each  of  them  be 
multipUed  or  divided  by  any  quantity,  variable  or  invariable,  the 
producta^  or  quotienta^  will  vary  aa  each  other* 

Let  A  vary  as  fi,  and  let  T  be  any  other  quantity.  Then,  by 
the  supposition,  A  i  a  ::  B  i  b\ 

*  By  the  application  of  this  rule  almost  every  question  in  Variation  is  readily  solved,  since 
the  Variation  is  convertible  into  an  equation,  to  which  tlie  usual  rules  may  be  applied.    £d. 
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.-.  AT  :  at  ::  BT :  6/;   that  is,  ATozBT. 

,,      A     a     B     b       ^      .     A      B 
Also  7^  :—::■=;:-  ;   that  is,  ■=,«--. 

r   ^    r   /  TT 

A     B 

273.  CoK.     If  ^ocfi,  dividing  both  by  5,  ^  «  -«1 ;  that  is, 

—  IS  constant. 

274.  If  ane  qtuxniity  vary  aa  two  others  jainily,  either  of  the 
latter  variea  <u  the  ßrst  directly  and  the  other  inveraely. 

V  V 

Let  Foc/T,  then  by  Art.  272,  Foz^^or  T«  -  . 

275.  Cor.  If  the  product  of  two  quantities  be  invariable, 
those  quantities  vary  inversely  as  each  other. 

Let  fixP  be  constant,  or  BxPccX ;  by  division,  JB«  — . 

276.  If  four  qtuintitiea  be  alwaya  proportionale,  and  one  or 
two  of  them  be  invariable^  we  mayfind  how  the  others  vary. 

Ex.  Let  Pf  qy  r, «,  be  always  proportionals,  and  let  p  be  invari- 
able, then  sccqr.  Because  ps^qr  (^Art.  237),  psocqr;  and  since  p 
is  constant,  sozqr  (Art.  268).      If  both  p  and  q  be  invariable,  «ocr. 

277*  If  OJ^  quantity  vary  as  a  second^  and  a  third  ae  a 
fourth,  the  product  of  the  firet  and  third  will  vary  ae  the  product 
of  the  second  andfourth, 

Let  AccB  and  C«/),  then  ACocBD. 
'   Because     A  :  a  ::    B   :  b, 
and      C  :  c   ::    D  :  d^ 

AC  :  ac  ::  BD  :  bd  (Art.  252) ; 
that  is,  AOozBD. 

278.  When  the  increase  or  decreaee  of  one  quantity  depends 
upon  the  increase  or  decrease  of  two  others,  and  it  appears  that,  if 
either  of  these  latter  be  invariable^  the  first  varies  as  the  other; 
when  they  both  vary,  the  first  varies  as  their  product. 
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Lei  Soz  V  when  T  is  given, 
and  Soz  T  when  V  is  given ; 
when  neither  T  nor  Fis  given,  SocTV. 

For  the  Variation  of  S  depends  upon  the  variations  of  the  two 
quantities  7^ and  V;  let  the  changes  take  place  separately,  and  whilst 
T  is  changed  to  t,  let  S  he  changed  to  S' ;  then,  by  the  supjposition» 

S  i  S" ::  T:t; 

but  this  value  S'  will  again  be  changed  to  a,  by  the  Variation  of  Vy 
and  in  the  same  proportion  that  Fis  changed;  that  is, 

S'  :  8  ::  V  :  v; 

and  by  compounding  this  with  the  last  proportion, 

S'S  :  S's  ::  TV:  tv; 

§ 

or     S  \     8::  TV:  tv  (Art.  249), 
that  is,  See  T  V. 

Ex.  If  6  horses  can  plough  17  acres  in  2  days,  how  many  acres  will 
93  horses  plough  in  4^  days? 

The  number  of  acres  ploughed  oc  number  of  horses, 

if  the  days  are  the  same. 

oc  number  of  days, 

if  the  horses  are  the  same. 

When  both  horses  and  days  are  difTerent, 

number  of  acres  oc  number  of  days  x  number  of  horses ; 

.*.  number  of  acres  required  :  17  acres  ::  93x4^  :  6x2; 
number  of  acres  required  _  9^  ^  ^ 
•'•  17  ~6^' 

.•.  number  of  acres  required  = ^ =  592|. 

279.  1/  there  he  any  number  of  magnüudea,  P,  Q,  R,  S,  &c., 
each  of  which  variea  aa  another^  V,  when  the  rest  are  eonstant; 
when  they  are  all  changed,  V  variea  as  their  product. 

Let  FocP  when  Q,  R,  and  5',  are  given; 
Foc  Q  when  P,  R,  and  S,  are  given ; 
FocR  when  P,  Q,  and  5,  are  given; 
Foc 5'  when  P,  Q,  and  R,  are  given; 

when  P,  Q,  R,  S,  are  all  variable,  FozPQRS. 
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Let  the  changes  of  V  dependent  upon  tlie  changes  of  P^Q^R^S  take 
place  separately,  and  whilst  P  is  changed  to  p,  let  F  be  changed  to  F,  ; 
when  Q  ig  changed  to  q,  let  F,  be  changed  to  F,;  when  Ä  is  changed  to 
r,  let  F,  be  changed  to  F,;  and  when  S  is  changed  to  s,  let  F,  be  changed 
to  V,  Then,  by  the  supposition^  these  changes  are  such»  that  we  have  the 
following  proportions: — 

y  :  r,  ::  P  :  p, 

F,  :  r, ::  Q  :  q, 

F,  :  F,  ::  Ä  :  r, 

F,  :  w  ::  5*  :  *; 

.-.    F  :  11  ::  PQÄÄ' :  pgr*;   (Arts  252,  249), 

that  is,  FccPQRS. 

Otherwise,  FocP  when  Q,  i2,  &c.  are  invariable, 

.-.    r=mP  where  m  does  not  contain  P.     (Art  269.) 

But  if  P  be  made  constant,  and  Q  be  made  to  vary,  VocQ^  and 
.*.  fifPocQ;  .*.  also  fifocQ,  and  consequently  91t  »nQ,  where  n  does  not 
contain  Q;  and  n  cannot  contain  P,  by  what  has  been  said  before, 
-•.  F^nPQ,  Now  i£  R  be  considered  alone  to  vary,  by  the  same  reason- 
ing  we  have  nocB^  and  .*.  «p/^;  .*.  V'^p.PQRy  where  p  does  not  contain 
P,  Q,orÄ: 

.-.    FccPQR. 

This  may  be  extended  to  any  number  of  magnitudes. 
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280.  Def.  Quantities  are  said  to  be  in  Arithmetieal  Progres- 
sion when  they  increase  or  decrease  by  a  Common  Diffirence. 
Thus  each  of  the  following  series  of  quantities 

1,        ^        5,        7,  9,        &c. 

a,      a  +  6,       a+2&,  /i-f3&,       &c. 

a,      a-fe,      a— 26,  a-3&,      &c. 

18  in  Arithmetieal  Progression. 

Hence  it  is  manifest,  that,  if  a  be  the  first  term  and  a  +  6  the 
second,  a+26  is  the  third,  a-^Sb  the  fourth,  8z:c.  and  a  +  (n-l)6 
the  n***  term. 

11 
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By  giving  the  proper  value  to  n  any  one  term  may  be  found  indepen- 
dently  of  the  rest.  Thus,  if  the  50^  term  of  the  first  series  be  required, 
we  have 

a«l,    6=2,    and  «=50, 

/.  the50***terni  =  l+(50-l)x2, 

=  1+98-99. 

281.  Ifihetfvo  extremes,  and  the  numher  of  ierms^  in  an  Ärithmelical 
Progression  be  given,  the  means,  that  is,  the  iniervening  terms,  may  be  found, 

Let  a  and  /  be  the  extremes,  that  is,  the  first  and  last  terms,  of  an 
Arithmetical  Progression,  n  the  number  of  terms,  and  b  the  unknown 
common  difierence;  then  the  progression  is 

a,  a+6,  a+26,  ...  a+n— 1.6; 

and  since  /  is  the  last  term,        

a+n— 1.6=/; 

.-.    6  =  — -; 
n-l 

and  6  being  thus  found,  all  the  means  a+6,  a+26,  &c.  are  known. 

Ex.  There  are  four  means,  or  intervening  terms,  in  Arithmetical 
Progression  between  1  and  36;  find  them. 

Here  a«l,  l^Sßy  «=6, 

.-.    6  = =7; 

5  ' 

and  the  means  are  8,  15,  23,  29. 

Cor.  A  Single  Arithmetical  mean  between  any  two  quantities  a  and 
6,  which  is  called  the  Arithmetical  mean^  will  be  fl  +  ^— r  or  -^:  but 
this  may  be  shewn  more  simply  thus, 

Let  a,  X,  6  be  in  Arithmetical  Progression, 

then  by  Def.    x-a=b-^x;  .*.  Jf=^(ö+6). 

282.  The  sunt  of  a  series  of  quantities  in  Arithmetical  Pro- 
gression may  be  found  by  multiplying  the  sum  of  the  first  and  last 
terms  by  half  the  number  of  terms^. 

Let  a  be  the  first  term,  b  the  common  difference-f-,  n  the  num- 
ber of  terms,  /  the  last  term,  and  s  the  sum  of  the  series : 

*  By  this  rule  we  are  enabled  to  find  the  sum  of  any  number  of  tenns  in  Arithmetiad 
Piogretsion,  without  the  trouble  of  adding  them  all  together.    Ed. 

f  The  Common  Difference  in  any  proposed  cane  is  obviously  found  by  subtracting  any 
term  from  the  term  next  foUowing.    Ed. 
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Then,    a+ (a+6)  +  (a+26)  + +  f«Ä; 

also,  reversing  the  order  of  the  terms, 

f+(/-ft)  +  (f-26)  + +a««; 

adding,     (a  +  /)  +  (a  +  Z)  +  (d  +  Z)  +  ...ton  terms  «  2*, 
that  is,     n  times  a  +  f,  or  {a  +  l)n^  28 ; 

-       ^n 

Cor.  1.     Since  2aa  +  (y»-l)69  we  have  also 

*-{2a  +  (»-.l)6}^. 

Cor.  2.  Any  three  of  the  quantitics  «,  a»  n,  b,  being  given,  the 
fourth  may  be  found  from  the  equation 

Ä«{2a  +  (n-l)6}-. 

Ex.  1.     To  find  the  sum  of  14  terms  of  the  series  1>  3,  5,  7>  &c. 

Herea»iy  6a2y  nal4; 
.*.  *-(2  +  26)x7«196. 
Ex.  2.     Required  the  sum  of  9  terms  of  the  series  11,  9,  7,  5,  &c. 
In  this  case  aally  6»-29  n^9; 

9         9 
.•.  «-(22-l6)x-=6x--27. 
^  ^2  2 

Ex.  3.  If  the  first  term  of  an  arithmetical  progression  be  14, 
and  the  sum  6f  8  terms  be  28,  what  is  the  common  difference,  and 
the  series  ? 

Since      {2a  +  (n-l)6}x-=Ä, 

28 
2a  +  (n-l)6=— , 

n 

.,     28  28'-2an 

(n-l)6  = 2a 


.-.  b 


n  n 

28  -  2an 


n(»-l) 

11—2 
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In  the  case  proposed  8^28,  aal4,  n<B8; 

,      56-224      7-28 
/.   b  « B «  -  3. 

8x7  7 

Hence  the  series  is  14,  11,  8,  5,  &c* 

£x.  4.  If  the  first  term  of  an  arithmetical  progression  be  5^,  the 
common  difference  1|,  and  the  sum  22,  find  the  number  of  terms. 

Generally  *^2a+«-l.Ä)-. 

z 

Here  *=22,   a=3^y  Ä-lJ, 
o«    f20    ^   13)   n 

or   896=47»+ IS»*; 

and  by  solving  this  quadratic  equation  it  is  found  that  n,  the  number  of 
terms^  is  4. 

In  this  and  similar  examples  the  negative  value  of  n  is  excluded  by 
the  supposition  under  which  n  originaÜ^  enters  the  equation,  since  a  nfcm- 
ber  qf  terms  can  only  be  expressed  by  a  positive  integer. 

A  meaning  can  however  be  obtained  for  the  negative  value  of  «•  For 
in  the  equation  *={2a+(«-l).Ä}-,  write  -«  for  n,  and  it  becomes 

SS 

*=-{2a^ii+l).6}|, 

or  *={(n+l).6-2£i}-,   or  {2.(6-a)+(ii-l).i}-; 

and  if  we  compare  this  with  the  original  equation,  we  see  that  the  right- 
hand  member  is  the  sum  of  an  arithmetical  progression  whose  first  term  is 
b—a,  and  common  difference  b:  this  series  therefore  is  indicated  by  the 
negative  result. 

283.  The  sum  of  any  two  terms  taken  equidistant  frcm  the  begmning 
and  end  qf  an  arithmetical  progression  is  equal  to  the  sum  qf  the  ßrsi 
and  last  terms, 

This  is  proved  in  the  demonstration  of  Art.  282 ;  or  it  may  be  shewn 
independentiy,  thus: — ^Let  a,  b,  c^d,  e^J\  ^  be  in  arithmetical  progression, 
then,  by  Definition, 

b^a^g-f,   or   b+f^a-^g. 

Again,  c-h^f—e;  .*.  c+e=6+/'-a+g.  And  so  on,  whatever  the 
number  of  terms  in  the  series  may  be. 

284.  If  the  number  qf  terms  qf  an  arithmetical  progression  he  odd, 
twice  the  middle  term  is  equal  to  the  sum  qf  theßrst  and  last  terms. 
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Let  q  represent  the  middle  term,  p  the  preceding,  and  r  the  succeed- 
ing  term«  then  q-p=r^q,  by  Definition; 

and  p  and  r  are  equidistant  terms  from  the  beginning  and  end; 

.•.  /)+r«a  +  /,    by  last  Art. 
and   2q-a-hL 

285.  By  the  last  two  articles  the  summation  of  series  in  arithmetical 

Erogression  is  sometimes  capable  of  being  facilitated.  Thus,  if  the  num- 
er  of  terms  whose  sum  is  required  be  even,  and  more  than  half  that  num- 
ber  of  terms  are  given,  it  is  sometimes  easier  to  add  together  two  terms 
equidistant  from  the  beginning  and  end  of  the  series,  than  to  find  either 
the  ^^ common  difierence"  or  the  last  term. 

If  the  number  of  terms  be  odd,  and  the  middle  term  is  one  of  those 
which  are  given,  then,  from  what  has  been  proved,  the  middle  term  multi* 
plied  by  the  whole  number  of  terms  will  be  the  sum  required, 

2      7       4       1 
Ex.  1.    Required  the  sum  of  -s  +  tt +TT  +  r=  +  &c*  to  7  terms. 

o     10     15     15 

1  .  17 

Here  r—  is  the  middle  term;  .*.  sum  required  =  --x 7  =»—r« 
15  15         15 

3         5 
Ex.  2.    Required  the  sum  of  l+-+2+~+&c.  to  6  terms. 

Here  the  3rd  and  4th  terms  are  equidistant  from  the  beginning  and  end, 

.-.   sum-(2+|jxS=^=lSi. 

^Exerdses  Zc,2 

GEOMETRICAL  PROGRESSION. 

286.  Def.  Quantities  are  said  to  be  in  Geometrical  Progression^ 
or  continual  proportion,  when  the  first  is  to  the  second  as  the  second 
to  the  third,  and  as  the  third  to  the  fourth,  &c.  that  is,  when  every 
succeeding  term  is  a  certain  multiple,  or  part,  of  the  preceding  term. 

If  a  be  the  first  term,  and  ar  the  second,  the  series  will  be  a, 
atj  ar^,  ar\  ar\  &c.,  the  n*^  term  being  ar^'K 

For    a  :  ar  ::  ar  :  ar^  ::  at^  :  ar^^  &c. 

ar     ai^     at^ 
or,  —  «  —  «  — -m  &c. 
a      ar     ar' 

287«  The  constant  multiplier,  by  which  any  term  is  derived 
from  the  preceding,  is  called  the  Common  Batio,  and  it  may  be 
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found  by  dividing  the  second  term  by  the  first,  or  any  oiher  term  bg 
that  which  precedes  it. 

Ex.  1.  1,  3,  9,  27,  &c  are  in  Geometrical  Progression^  find  the 
Common  Ratio* 

3 
Here  Common  Ratio  — -«3. 

« 

E^  2.  H,  \>  iV  ^^-  ""  •"  Geometrical  Progresaion.  find  the 
Common  Ratio. 

Here  Common  Ratio  =  -— ^-=-. 

10    2     5 

288.  If  any  terms  be  tdken  at  equal  intervals  in  a  geometruuU 
Progression^  they  will  be  in  geometrical  progression. 

Let  a,  ar...ar^ ar^...ar'"...&c.  be  the  progression,  then 

a,  ar^f  ar^^  ar^,  &c.  are  at  the  interval  of  n  terms,  and  form  a 
geometrical  progression,  whose  common  ratio  is  r*. 

289.  If  the  two  extremes,  and  the  number  of  terms,  in  a  geO" 
metrical  progression  be  given,  the  means^  that  is^  the  intervening 
terms,  may  be  found. 

Let  a  and  l  be  the  extremes,  n  the  number  of  terms,  and  r  the 
common  ratio;  then  the  progression  is  a,  ar,  ai^y  ar*,,,<ir""*;  and 
since  l  is  the  last  term, 

l 
ar^'^tsl,  andr""'«-; 

a 


•  • 


ö- 


and  r  being  thus  known,  all  the  roeans,  or  intervening  terms,  ar^ 
ar^i  af^,  &c.  are  known. 

Cor.    A   Single  Geometrical    mean  between   a   and  6,  called   the 

Geometrical  mean,  will  be  af-j    or  JtA;  but  this  may  be  shewn  more 

siraply  thus, 

X    b 
Let  a,  Xy  h  be  in  Geometrical  Progression^  then  by  Def.  -— -; 

.*.  a^=^ah,  and   x^Jah. 

Ex.    There  are  three  means,  or  intervening  terms,  in  a 
Progression  between  2  and  32;  find  them. 


a    X 
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Here  »»5,   a»2,   and  1^32; 

and  the  means  are  4>  8,  l6. 

290.      To  find  the  sum  of  a  series  o/quaniities  in  Geometrical 
Progression. 

Let  a  be  the  first  term,  r  the  common  ratio,  n  the  number  of 
terms,  and  8  the  sum  of  the  series : 

Then      a^a^-ar^- ar^^- . . .  +  af^''^-^- ar^'^, 

and     r*»        ar  +  ar^-\- ...  Var^~^ -^ är^''^+  ar^. 

Subtracting  rs  —  s^ar^^a; 

Cor.  1.     If  2  be  the  last  term,  /=ar""S 

•    •      o  ^  — — — ^— 

from  which  equation,  any  three  of  the  quantities  s,  r,  /,  a,  being 
given,  the  fourth  may  be  found« 

Cor.  2.     When  r  is  a  proper  fraction,  as  n  increases,  the  value 

of  r*,  or  of  ar^i  decreases,  and  when  n  is  increased  without  limit, 

ar"  becomes  less,  with  respect  to  a,  than  any  magnitude  that  can  be 

assigned-J-.     Hence  the  sum  of  the  series,  which  in  general  is  equal 

ar'^'-a        a7^         a  ,    ,        ""^   i_   . 

to or ,  is  reduced  in  this  case,  to ,  that  is, 

r-1    r-1  r-1  r-l 

a 


1-r 


*  The  foUowing  i«  another  method  of  arriving  at  the  same  result  equally  timples— 
Let  o,  6,  c,  d,  &c.,  A,  Xc,  /,  he  the  series,  #  the  sum,  and  r  the  common  ratio;  then, 
by  definition, 

.*.   6+c+d+...+fc+/s=(a+6+c+...+Ä+fe)r, 
or  #-a=(«— /)r=r«-r/; 

''•""F:T'  Ed. 

t  Thus,  if  rarr  or  0*3,  r^O'09,  f^O-0027;  and  so  on,  shewing  that  as  n  incieases 

r*  decreases,  and  that  such  a  power  of  r  may  be  taken  as  to  pioduce  a  quantity  lest  than  any 
number  which  shall  be  named,  howeyer  smaU.    Ed. 
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This  quantity ,  which  we  call  the  sum  of  the  series^  is  the 

limit  to  which  the  sum  of  the  terms  approaches,  but  never  actually 
attains*;  it  is  however  the  true  representative  of  the  series  coo- 

tinued  sineßne,  for  this  series  arises  from  the  division  of  a  by  1— r; 
and  therefore may  without  error  be  substituted  for  it. 

Ex.  K     To  find  the  sum  of  20  terms  of  the  series,  1,  2|  4,  8,  &c. 

Herea«!,  r  —  2,  n->20; 

1x2*^-1        ^„ 
2-1 

Ex.  2.    Required  the  sum  of  12  terms  of  the  series,  64,  l6, 4,  &c* 

Here   a«64,    r«-,    nsi2; 

1 

4^""^       4?_  4"-.l       1    4"-l 

1  4*>    4-1       4*       8 

—  1 

4 

Ex«  3.     Required  the  sum  of  12  terms  of  the  series  1,   —3, 
9,   -27,  &c. 

Here  a«l,  r— -3,  »»12; 

(-3)»«-l         S»«-l 


-3-1  4 


Ex.  4.     To  find  the  sum  of  the   series  1  —  + +  &c.  in 

2      4     8 


in/initum, 

Here  aal,  r» — ;     .•.  «  = 

2  1      3 

l^Exercises  Zd.^ 

*  That  is,  although  no  definite  number  of  termi  will  amount  to  z —  ,  yet,  by  uking  a 

Bufficient  number,  che  Bum  will  reach  as  near  as  we  please  to  it;  and,  wbateTer  nambcr  be 
taken,  their  Bum  will  not  ezceed  it.    Ed. 
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991.     Recurring  decimals  are  made  up  of  quantities  in  geo- 

metrical  proficression,  where  — ,  — , •  &c.  is  the  common  ratio^ 

according  as  one,  two,  three,  &c.  figures  recur;  and  the  vulgär 
fraction  corresponding  to  such  a  decimal  is  found  by  summing  the 
series. 

Ex.  l.    Required  the  vulgär  fraction  which  is  equivalent  to  the 
decimal  '123123123  &c. 

„        ^,           .      .     123     123     123  .    .  ^  .,  123  , 

Herc  the  series  is  tj^  +  77^  +  Tö»  + *"  infintium  ;  a^rr^ ,  and 

l 

Tb • 

10»' 

123 

10»       123      41 
''  "",      1   "999"S33" 


1 


10» 


Or^  as  follows:-^ 


Let  '123123123  &c*a«;  then,  as  in  Art.  290,  multiply  both 
sides  by  1000;  and  123*123123123  &c.»1000«,  and  by  subtracting  the 
former  equation  from  the  latter,  123  »999«; 

123      41 
"999^'sis* 

£z.  2.  Required  the  vulgär  fraction  which  is  equivalent  to  'PPP  &c. 
where  P  contains  p  digits  recurring  in  infi 

Let    s^'PPP  &c. 
then     l(ys=P'PPP  &c. 
.-.  (10'-1>=P, 

P 


and    «s 


lO'-l 


Ex.  3.    Required  the  vulgär  fraction  equivalent  to  'PQQQ  &c,  where 
P  contains  p  digits^  and  Q  contains  q  digits  recurring  in  in/. 

Let    s^PQQQ&c, 

then     iO^s^PQ'QQ  &c., 

and     lO'*»  PQQ&c; 

.-.  (lO'+^-lO'V-PQ-P, 

and    j» ^ , 

lO'Cio'-i) 
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Both  these  results  may  be  easily  verified  by  expressing  the  propoaed 
quantities  in  georaetrical  progressions — the  former  being 

P       P       P  .    .  ^ 

the  latter  being 

10''*"  10^  "*■  lo'^  ^  lo^^»»  "*■ *'**"•'• 

which  may  be  summed  by  the  rule  in  Art  290^  Cor.  2. 

292.  In  a  Geometrical  series  continued  in  inf.  anif  term  > ^  "=,  or  <,  the 
tum  qfall  thaiJbUorv^  according  as  the  common  ratio  <j  «s  ^  ^9  ö  * 

Let  fl+ar+ar*+...flf*-*+flr!*+ be  the  series.     Then  the  sam  of 

the  series  after  n  terms  is  the  sum  of 

01^-^07^^+ which=flr-.-^  (Art  290,  Cor.  2.) 

and  ar^*>,  =,  or  <,  af,- — , 

f 
according  as        1>,  =,  or  <,  - — ,  (Art  2 19-) 

l-r>,  =,  or  <,  r,  (Art  219.) 

1>,  =,  or  <,  2r,  (Art  21?.) 

r<,-,  or>,  -.    (Art  219.) 

HARMONICAL  PROGRESSION. 

Def.  Any  magnitudes  a,  b,  c,  d,  e,  &c.  are  said  to  be  in 
Harmonical  Progression^  if  a  :  c  ::  a-6  :  6  — c;  b  :  d  ::  6  — c 
:  c^d;  c  :  e  i:  c  —  d  :  d-6;  &c. 

293.  The  reciprocals  of  quantities  in  Harmonical  Progression 
are  in  Arithmetical  Progression. 

Let  a,  6,  c,  &c.  be  in  Harmonical  Progression ; 
then  by  Def.     a:c::a-6:6-c; 

.•.  ab-^ac^ac'-bc,  (Art  237), 
and  dividing  both  sides  by  abc, 

1111 
€     b     b     a' 
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Again,  b  :  d  ::  b-c  :  c*d; 

and  dividing  by  bcdj 

1111 

and  —  -  has  been  proved  equal  to  -  —     ;    therefore  the   quanti- 
c     0  0     a 

ties— ,7,~,  -,  have  a  common  difference;   that  is,  they  are  in 
a    b    c    d  •^ 

Arithmetical  Progression.     And  the  same  proof  may  be  extended  to 

auy  number  of  terms. 

Hence  every  series  of  quantities  in  Harmonical  Progression  may  be 
easily  converted  into  an  Arithmetical  Progression^  and  then  the  rules  of 
Aritnmetical  Progression  may  be  applied  to  it.    Thus, 

Ex.  Given  a  and  h  iheßrsl  iwo  terms  of  an  Harmonie  Series,  toßnd 
the  n'**  term. 


Since  - ,  t  are  contiguous  terms  of  an  Arithmetic  Series, 
.*.  the  Common  Difference  of  this  Series =t — « 

and  ite  n^  term=i+(ii-l)Q-iV  (Art.  280.) 

-^^(n   ,x«-ft^(>»-l)a-(>»-g)&. 


ah  ab 

.%  the  «"*  term  requireda- — — — - — —y . 

^  (n-l)a-{»-2)6 

294     The  two  extremes,  and  the  number  qf  terms,  in  an  Harmonical 
Progression  being  given,  the  means,  or  intervening  terms^  may  bejound* 

Let  a  and  /  be  the  extremes,  and  n  the  number  of  terms ;  then  since 
the  reciprocals  of  the  terms  are  in  Arithmetic  Progression,  let  b  be  their 

common  difference,  and  j  being  the  n^  term  of  the  Arithmetic  Progression, 

vre  have 

1     1 


-  =  -+«-1.6,  (Art  280.) 


a-l 
(n  -l)al ' 
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hence  the  Arithmetic  Means  are 

•     a4-(n-2)/        2fl  +  (ii-S)/        3a+(n-4)/    ^ 
®''     (ii-l>i/  '        {n-\)al    '         («-l)a/   '  *^* 

.*.  the  Harmonie  Means  are  the  reciprocals  of  these  quantities,  viz. 

(»■iW  (»-1W  («-1W        &^ 

a+(n-2)/'      2fl+(n-S)/*      Sfl+(n-4)/' 

CoB.    A  Single  Harmonie  mean  between  a  and  b,  ealled  /A«  Harmonie 

Mean,  will  be       /'g^.o^A  *  ^"^  — ä  *  ^^^  ^*  '^■J  ^  shewn  more  simply 

thus, 

Let  a,  j;,  6  be  in  Harmonie  Progression, 

then  by  Def.     a  :  b  ::  a— or :  x^h; 

/.  ax-ah^ab-hx^  (Art  237.) 

(a+6)x«2a6, 

2a6 
•  •  x^ — f  » 
a-^o 

Obs.  There  is  no  general  expression  for  the  Sum  of  an  Harmonie 
Series«  since  the  sum  of  any  number  of  quantities  is  not  deducible  from 
the  sum  of  their  reeiproeals. 

{JExercises  Ze,] 


295.  Series  are  sometimes  proposed  for  summation  whieh  are  not 
actuallv  composed  of  terms  in  Arithmetieal  or  Geometrical  Progression, 
but  which  may  be  made  to  depend  upon  the  rules  of  one  or  both  by 
arrangement  or  artifice.    Thus, 

£x.  1.     Let  the  sum  of  n  terms  of  the  following  series  be  required, 

1+5+1S+29+61+&C. 
The  series  is  equivalent  to 

4^+8-S+l6-S  +  82-3+&e. 
=4+8+l6+&C.  to  n  terms ~3xn^ 

-4.— -Sn=4(2"-l)-3«. 

Ex.  2.     To  find  the  sum  of  n  terms  of  the  series 

l+2jr+Sx»+4*»+&e. 
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Let  S  be  the  sum  required ;  then 

5=l+2x+3jr'+ +im:-\ 

.\  xS==       x+2a^+ 4(ii-l).r^»+njf-, 

subtracting^     S-xS-l+x-^a!^+ +jc^*-iij:", 

or  iS(l-x)=^^-iix",  (Art  29O) 

^        (l-x)» 

£x.  3.     To  find  the  sum  of  n  terms  of  the  series 

«-1        «—2    ,    n-3    ,    - 

.x+ .*■+ ^+&c. 

n  n  n 

Sum  required=dP+**+ar*+ +«^ — {l+2a:+8x*+. . .+f?jr^*}, 

=*.- . rf — Ti^ ,  (Ex.  2.)- 

n(l-ar)« 

£x.  4.    To  find  the  sum  of  n  terms  of  the  series 

a*+  (a+ 6)V  (a +26)*+  &c. 

Let  Ai,  A^,  A^^,,.A^  represent  the  several  terms  in  order  of  the  series 
a,  a+b,  a+2b,  &c.  and  S  the  sum  required;  then 

i^;-^;=(^,+ by-Ai = 3A{b+3A^b*-\-  b\ 

A\^A\^{A^^-by^A\^SAy>-^SAjl}*+b\ 
A\^A\^{A.+ b)*^A\^SA\b + SAJ}*+  b\ 


A\,,--Al^A.^  by^Al^SAlb-^  SAJ>*^V ; 
•*.  by  addition, 

*   i^!U,-i^!=s(^+^;+...+^)6+s(i^i+^+...+^«)Ä*+ii6», 

or  (a+ii6)»-a'=S6iS+S{2fl+(«-l)6}—  +«ä', 

««a*+»*flö+  -- — nab — s-+  -g- , 

3  2        o 

nb' 


=iifl(a+ii-l.^)+-^(2ii*-Sii+I). 
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CoB.    If  fl=6=l,  then 

•     •    «•  ,   n*     «*     « 

2»*-i-8n*+» 
6         ' 

(2n+l)n*-f(2n-fl)» 
6 

=g.«(n+l)(2n+l). 

If  a=l,  6-2,  then 

4n*  2ii 

l«+S«+5*+&c.  to  n  term8»2»*-n+ -5 — 2»*+  — , 

S^  ^  1.2.3 

and  so  on,  when  any  other  values  are  given  to  a  and  b. 

PERMÜTATIONS  AND  COMBINATIONS. 

296.  Def.  The  different  orders  in  which  any  quantities  can 
be  arranged  are  called  their  Permutatwns, 

Thus  the  permutations  of  a,  6,  c,  taken  two  and  two  togetber, 
are  a6,  &a,  acy  ca^  bc,  cb ;  täken  three  and  three  together  are  abe^ 
€U!bf  &aC)  bca^  caby  cba. 

Sorae  writers  on  Algebra  call  them  Permutations  only  when  the  quan- 
tities are  taken  all  together ;  and  in  all  other  cases  Fariations, 

297.  Def.  The  Combinations  of  quantities  are  the  difierent 
coUections  that  can  be  formed  out  of  them,  without  regarding  the 
Order  in  which  the  quantities  are  placed. 

Thus  ab,  ac,  &c«  are  the  combinations  of  the  quantities,  a,  6,  c, 
taken  two  and  two;  ab  and  ba^  though  difierent  permutations, 
forming  the  saroe  combination. 

298.  The  number  of  permutations  that  can  be  formed  out  qf 
n  qtuintitteSj  taken  two  and  two  together ^  is  n(n-l);  taken^  three 
and  three  together,  is  n(n  -l)(n-2). 

In  n  things,  a»  6,  c,  d,  &c.  a  may  be  placed  before  each  of  the 
rest,  and  thus  form  n-1  permutations;  in  the  same  manner,  there 
are  n  - 1  permutations  in  which  6  Stands  first ;  and  so  of  the  rest ; 
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therefore  there  are,  upon  the  whole,  n(n-l)  permutations  of  this 
kind,  a&,  ba,  ac,  ca,  &c. 

Again,  of  n  - 1  things  6,  c,  d,  &c.  taken  two  and  two  together, 
there  are  (n-l)(n-2)  permutations,  by  the  former  part  of  the 
article,  and  by  prefixingtz  to  each  of  these,  there  are  (n-l)(n-2) 
permutations,  taken  three  and  three,  in  which  a  Stands  first ;  the 
same  may  be  said  of  6,  o,  c2,  &c.  therefore  there  are,  upon  the  whole, 
n  (n  - 1)  (n  -  2)  such  permutations. 

Ex.  The  number  of  Permutations  of  7  things  taken  three  together 
=7x6x5=210. 

299.     Toßnd  the  number  qf  permutations  qfn  things  taken  r  together, 
By  Art.  298,  the  number  taken  two  together  =ii(it-l), 
three =>i(ii-l)(n-2). 

Similarly,  four =ii{»-l)(n-2)(ii-S). 

New,  suppose  the  law,  which  is  here  perceived,  to  hold  generally, 
that  is,  let  the  number  of  permutations  of  n  things  a,  &,  c,  d,  &c.  taken 

r— 1  together  be 

ii(«-l)(«— 2) (»— r+2). 

Then  omitting  a,  it  is  equally  true  that  the  number  of  permutations  of 
»-1  things  6,  c,  cf,  &c.  taken  r— 1  together  is,  (putting  n  - 1  for  n), 

(ii-l)(»-2) (n-r+l). 

Prefix  a  to  each  of  these  hist  permutations,  and  there  will  be  a  set  of 
permutations  of  n  things  taken  r  together  in  which  a  Stands  first  hi  every 
permutation,  the  number  of  them  being 

(ii-l)(n-2) (n-r+l). 

The  same  number  may  be  made  of  similar  permutations  in  which  h  Stands 
first;  and  so  for  each  of  the  n  quantites  a,  h^  c,  d,  &c. 

Hence  the  whole  number  of  permutations  which  can  be  made  of  n 
things  taken  r  together  is 

ii(»-l)(»-2) (»-r+1), 

if  it  be  true  that  the  number  of  permutations  of  n  things  taken  r-1 
together  is 

«(n-l)(n-2) (ii-r+2). 

That  is,  if  the  assumed  law  be  true  for  any  value  of  r  it  is  proved  true  for 
the  next  higher  value.  But  it  has  been  shewn  to  hold  (Art  298)  when 
r=2,  and  3;  therefore,  it  is  true  when  r=4;  and,  if  for  4,  for  5;  if  for  5, 
for  6;  and  so  on  generally  for  any  number. 
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Cor.    The  number  of  permutations  of  n  things  taken  all  together  is 

ii(ii-l)(n-2) («-n+l), 

=n(n-l)(ii-2) 1, 

Ex.  l.  Required  the  number  of  difierent  ways  in  which  6  persona  can 
be  arranged  at  a  dinner  table. 

Number  required = number  of  permutations  of  6  things  taken  all  together, 

=  6x5x4x3x2x1=720. 

£x.  2.  Required  the  number  of  changes  which  can  be  rung  upon 
12  bells. 

Number  required=12xllxlOx9x8x7x6x.5x4xSx2xl, 

=479001600. 

300.  TAe  number  of  Combinations  that  can  be  formed  out  of 
n  things^  taken  two  and  two  together^  is  n — — ;  taken  three  and 

2 

,            ,      .       n-1   n— 2 
three  together^  the  number  w  n, . . 

The  number  of  permutations  in  thefirst  case  is  n(n-l),  (Art.  298) 
bot  each  combination,  ab,  admits  of  two  permutations,  ab^  ba ;  there- 
fore  there  are  twice  as  many  permutations  as  combinations,  or  the 

number  of  combinations  is  n . . 

2 

Again,  there  are  n(n-l)(n~2)  permutations  in  n  things,  taken 
three  and  three  together ;  and  each  combination  of  three  things  ad- 
mits of  3.2.1  permutations  (Art.  299-  Cor.);  therefore  they  are 
3.2.1  times  as  many  permutations  as  combinations,  and  consequently 
the  number  of  combinations  is 

n(n-l)(n-2) 

1.2.3         * 

301.  Tofind  the  number  qf  combinations  qfn  things.  taken  r  together. 
Number  of  permutations  of  n  things  taken  r  together 

=ii(n-l)(«-2) (n-r+l).     (Art  299). 

But  every  combination  of  r  things  will  make  l.2.3...r  permutations  r 
together  (Art  299.  Cor.);  and  no  two  of  these  can  be  the  same;  therefore 
there  are  1.2.3...r  times  as  many  permutations  as  combinations:  and  con* 
sequently  the  number  of  combinations  is 

n(w-l)(n--2) (n-r+l) 

1.2.3 r 
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This  may  be  expressed  in  a  very  convenient  form :  for  by  multiplying 
the  numerator  and  denominator  of  the  above  fraction  by  1 .2.3...(n-r),  it 
becomes 

n(n-l)(w~2)...(ii-r-H)(n--r)(ii>r-l)...3.2.1 


or 


Ln-l^Lir 


£x.     Reauired  the  number  of  combinations  of  24  difierent  letters 
taken  four  ana  four  together. 

Here  «=24,   rs4, 

,  .     j     24x23x22x21 

.-.  number  reqmred:- ^  ^  ^  ^  ^  ^  ^. 

=23x22x21-10626. 

302.     To  ßnd  when  the  number  of  combinations  of  a  given  number 
of  things  is  the  greatest, 

Since  the  number  of  combinations  of  n  things  taken  r  together  is  equal 


«-r+1 


to  the  number  taken  r-1  together  multiplied  by    ,  the  number 

of  combinations  will  go  on  increasing  as  r  increases,  until  first 

=  or  <1.     If  r  be  such,  that  — -1,  that  is,  if  r«i(n+l),  and  if  n 

r 

be  odd,  so  that  i(n+\)  is  a  whole  number,  then  this  value  of  r  will  give 

the  greatest  number  of  combinations.     If  r  be  the  least  number  which 

makes less  than  1,  that  is,  if  r  be  the  first  number  greater  than 

4(m+1X  And  M  be  even,  so  that  ^«+1)  is  a  fraction,  then  the  whole  num- 
ber next  less  than  ^(»-i-l),  that  is,  ^n,  will  be  the  value  of  r,  which  gives 
the  greatest  number  of  combinations. 

Ex.    Of  six  things  how  many  must  be  taken  together  that  the  number 
of  combinations  may  be  the  greatest  possible? 

Here  »=6,  an  even  number;  .•.  the  number  (r)  to  be  taken  together 

6x5x4 
=^«=3;  which  will  give  ,  or  20,  combinations. 

l  XäX3 

303.     The  number  of  combinations  of  n  things  taken  r  together  is  the 
same  asthe  number  of  combinations  o/n  things  taken  n— r  together, 

Number  of  combinations  of  n  things  taken  r  together  is 

and  writing  n-r  for  r,  which  may  be  done,  because  it  is  true  for  all 

12 
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values  of  r  less  than  it,  we  have 

Number  of  combinations  of  n  things  taken  n^r  together 


n--r.[n-(»i-r) 


\n 


[n-r.\r' 
the  same  as  the  number  taken  r  together. 

The  truth  of  this  proposition  will  also  appear  from  a  very  simple 

consideration,  viz.  that  of  nthings  if  r  be  taken,  n-r  things  will  always 
be  lefl;  and  for  every  different  parcel  containing  r  things,  there  will  be  a 

different  one  left  containing  n-r;  therefore  the  number  of  the  former 
parcels  must  be  equal  to  that  of  the  latter. 

Hence  in  Unding  the  number  of  combinations  taken  r  together  in 
certain  cases^  that  is,  when  r>^n,  it  will  be  a  shorter  Operation  to  find 

the  number  taken  n-r  together. 

£x.     Required  the  number  of  combinations  of  20  things  taken  18 
together. 

Number  required  s:  number  taken  S  together, 

20x19 


1x2 


=  10x19-190. 


304.  Toßnd  the  number  of  permuiations  of  n  things  taken  all  together^ 
when  the  quantities  recur. 

Let  a  recur  p  times^  b  recur  q  times,  c  recur  r  times,  &c.  And  let 
P  represent  the  number  of  permutations  required.  Then  if  all  the  a*s  be 
changed  into  different  letters,  these  alone  will  form  1.2. 3... p  permuta* 
tions  instead  of  one,  and  out  of  each  of  the  P  permutations  we  should  form 
1.2.S...p  permutations;  therefore  the  whole  number  would  be  P.l.S.8...p. 
If  again,  all  the  ^'s  be  changed  to  different  letters^  in  the  same  manner, 
the  6's  would  of  themselves  form  1.2.3...a  permutations^  and  the  whole 
number  of  permutations  would  be  increased  to 

P.1.2.S...p.l.2.3...^. 

And  so  on,  tili  all  the  quantities  are  different     But,  when  all  are  different, 
the  number  of  permutations  is  1.2.3... n  (Art.  299*  Cor.); 

.•.   P.1.2.3. ..p.1.2.3...^.  1,2.3. ..r.&c.a  1.2.3...«; 

1.2.3. ..71 


and  P 


1.2.3.. .p.l. 2.3. ..9.1.2.S...r.&c.  ' 


or   P= 


[£.[£.  |r.&c. 


Ex.     Required  the  number  of  permutations  that  can  be  formed  out 
of  the  letters  of  the  word  "Mississippi." 
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Here  the  whole  number  of  letters  is  11. 
t  recurs  4  times 
s    4  

P    2  

P^  1 .2.8.4.5.6.7.8,9.10.1 1 
1.2.3.4. 1.2.3.4. 1.2      ' 

=  5.7.9.10.11-34650. 

305.  Tojind  the  number  qf  combinaiions  qf  n  sels  qf  things^  containins 
respeclivefy  p,  q,  t,  Sfc.  thingi,  one  heing  iaken  out  qf  each  set  Jbr  ea(M 
combination, 

1.  First,  suppose  there  are  two  sets  of  thxngs^  oontaining  p  and  q 
things  respectively;  then  the  number  of  combinations  made  by  taking  one 
out  of  eacQ  set  is  clearly  p  taken  q  times^  or  pq, 

2.  Nexty  let  there  be  another  set  introduced  containing  r  things; 
then  each  one  of  these  being  combined  with  pq  combinations,  there  will  be 
pqr  combinations  of  three  sets  of  things,  one  being  taken  out  of  each  set. 

And  so  on:  the  number  of  combinations  required  being  the  continued 
product  of  the  numbers  which  express  the  number  of  things  in  each  set. 

Cor.  If  there  be  the  same  number  in  each  set,  or  p«>^«sr«&:c.y 
then  the  number  of  combinations  is  pT, 

Ex.  There  are  7  men,  5  women^  and  3  boys;  required  the  number 
of  ways  in  which  tliey  can  be  taken,  so  as  always  to  have  one  and  no  more 
out  of  each  set. 

The  number  required  =  7x5x3«105. 

S0&  Toßnd  the  number  rf  combinations  qf  two  sets  qf  things,  con» 
iainine  respectively  p  and  q  things,  m  being  taken  out  qf  one  set  and  n  out  qf 
the  other/or  each  combination, 

The  number  of  combinations  of  the  first  set  taken  m  together  is 

PVP     )•"  P 1 .  ^jj^  ^g  number  of  combinations  of  the  second  set 

1  •  2 ....tu 

And,  to  form  the  combinations  required,  each  of  the  latter  must  be  com- 
bined with  each  of  the  former ;  therefore  the  number  of  them  will  be  the 
product  of  these  two  quantities,  or 

/>(p-l)(p-2). .  .(p-m-H)^^g(y-l). .  .(g-n-H) 
1.2    .     3 m  1.2 n 

And  similarly  if  there  be  more  than  two  sets  of  things,  always  taking 
the  continued  product  of  the  respective  numbers  of  combinations  in  each 
set. 

Ex.  Out  of  10  consonants  and  3  vowcls  how  many  different  collec- 
tions  of  letters  may  be  made  with  4  consonants  and  2  vowels  in  each.^ 

12—2 
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Here  p=10,  q=S,  »1=4^  »=2; 

1-  t  •    j     10x9x8x7  3x2    ,^  ^  ^    4j«^ 

.".  the  number  required  =  --— --— —x— -=siOx9x7-oSO. 

IxzxSxv     1x2 

{Exercises  Z/,2 

THE  BINOMTAL  THEOREM. 

307*  The  method  of  raising  a  binomial  to  any  power  by  re- 
peated  multiplication  has  been  before  laid  down  in  Art.  140.  The 
same  thing  may  be  done  much  more  expeditiously  by  the  foUowing 
general  rule,  which  is  called  the  Binomial  Theorem. 

Let  x  +  a  he  the  binomial ;  its  n^  power  is 

fl  — 1    _       ,         fl  — 1    fl  — 2  •     Ä 

2  2         3 

Where  the  index  of  x^  beginning  from  n,  is  diminished  by  unity,  and 
the  index  of  a,  beginning  from  0,  is  increased  by  unity,  in  every 
succeeding  term.  Also  the  coefScient  of  each  term  is  found  by 
multiplying  the  coefiicient  of  the  preceding  term  by  the  index  of  9 
in  that  term,  and  dividing  by  the  index  of  a  increased  by  unity. 

^.        .         V.      -    .,     »    6>«5    ,  ^     6.5.4  ,  ,     6.5.4.3  ^  , 
^         ^  1x2  1.2.3  1.2.3.4 

6.5.4.3.2    ,       6.5.4.3.2.1    . 

+ flr«  + -rOf. 

1.2.3.4.5  1.2.3.4.5.6 

«  «•+  6ad^+15aV+20a?^+15aV+  ßa^x+a^. 

308.  To  investigate  the  Binomial  Theorem  for  a  positive  integral 
index, 

By  actual  multiplication  it  appears  that 

(x +a)(x+6)=d:*+(a+&)x+flft, 

(x+a)(j?+^)(x+c)«4r'+(a  +  6  +  c)j:V(flÄ+ac+6c)4P+aÄc, 

(x  +  fl)(x+6)(ar+c)(x+rf)=«*+(a+6+c+rf)jr" 

+(«Ä  +ac + bc  +ad  -^hd-^ci)]^ 

4  {abc + aof  +  bcd+abd)x + o^cJ ; 

and  the  same  law  of  formation  of  the  continued  product  is  observed  to 
hold  whatever  be  the  number  of  binomial  factors,  x+a,  x+&,  x+c,  Stc, 
actually  multiplied  together,  viz.  that  it  is  composed  of  a  descending 
series  of  powers  of  x,  the  index  of  the  highest  being  the  number  of  factors. 


I 


DINOMIAL  THEOREM.  181 

and  the  other  indices  decreasing  by  1  in  each  succeeding  tenn.  Also  the 
coeflBcient  of  the  first  term  is  1 ;  of  the  second  the  sum  of  the  quantities 
a,  b,  c,  &c.;  of  the  third  the  sum  of  the  prodiicts  of  every  two;  of  the 
fourth  the  8um  of  the  products  of  every  three;  and  so  on;  of  the  last  the 
product  of  all  the  n  quantities  a,  6,  c,  &c 

SupposCy  then,  this  law  to  hold  for  n  binomial  factors,  x+a,  jr+&V 
x+c> ,  x+i^;  so  that 

(ar+fl)(ar+^)(x+c) . . . (x+it)=x^+i<x^»+ßx-*+Cx^+  ...^K, 

where  i<=a  +  6+c+...+it, 

^sa6+ac+6c+ ... 

C^ahc+acd+,*. 

K^ahcd,,,k; 
introducing  a  new  factor,  x-^l,  we  have 

(x+a)(x+*)(x+c) . .  .(x+it)(x+/)=4r*'+(^+/)x-+(^+/.^)x^'+. ,  .4^^^ 

Hence  i<+/=sfl+Ä+c+...+it+/, 

&C.-&C. 

Kl^ahcd»..kli 

so  thaty  if  the  law  above  described  holds  when  n  binomial  factors  are  mul- 

tiplied  together,  the  same  law  is  proved  to  hold  for  it-i-1  factors.  But 
it  has  been  shewn  to  hold  up  to  4  factors,  therefore  it  is  true  for  5;  and, 
if  for  5,  then  also  for  6;  and  so  on,  generally,  for  any  number  whatever. 

Now,  let  a=6=c=&c., 

then  i^=a+a+a+&c.  to  n  terms^iki. 

-B=fl*+a*+&c.  to  as   manyj 
terms  as  is  equal  to  the  No.  I  _     »-1   , 
of  combinations  of  n  things  j  *"  "  •   ^    ^ ' 
taken  iwo  together,  ' 

C-a*+fl"+&c.   to  as  manyj 
terms  as  is  equal  to  the  No.  I        (>t-l)(n-2)   , 
ofcombinationsof»  things  i"'     g    7"'5     ^  ' 
taken  three  together.         J 

Kssa.aM.,.io  n  factors  «a*. 
Also  (x+a)(x+6)(x+c)...(x+Ä)  becomes  (x+a)"; 

..    ^x+a^=x+iiflx     +- — — — a  xr   +  — — ax    +...+ö» 

^        '  1.2  1.2.3 
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309.  Having  givcn  ihe  Binomial  Theorem  for  a  positive  integral  index, 
to  prove  it,  when  the  index  is  eilher  fractional  or  negative,  [^£uler  s  Proof.  j 

Let  the  series  l+i?ix+  ^  xF+Scc,  he  represented  for  all  values 

of  m,  whether  positive,  or  negative,  integral,  or  fractional,  by  the  synbol 
J^fn) ;  then  it  has  been  shewn  that,  when  m  is  a  positive  integer, 

/(m)-(l+*)-. 

It  remains  to  prove  that  this  equation  is  also  true  when  m  is  either  frac- 
tional or  negative. 

By  the  notation  assumed 

l+nx+  7^— ^ä'+äc-ZC«); 

therefore,  by  multiplication, /(iit)./(it)sithe   product  of  the  two  series, 
which  will  evidently  be  a  series  of  the  form 

1 + Ä  j? +6  j:*+C4:*+ &c., 

ascending  regularly  by  the  integral  powers  of  x,  the  coeflBcients  a,  &,  c,  &c. 
being  different  combinations  of  m  and  n, 

Now,  although  by  changing  the  values  of  m  and  n  the  values  of  a,  6, 
c,  &c.  are  altered,  yet  their  ßirms,  that  is,  the  manner  in  which  m  and  n 
enter  the  series  will  remain  the  same.  Whatever,  therefore^  be  the  ^rm« 
of  a,  h,  c,  &c.  when  m  and  n  are  positive  integers,  the  same  will  they  be 
when  m  and  n  are  fractional  or  negative.     But  in  the  former  case 

/(m)=(l+*r,  /(n)-(H.x)-j 

.•./(m)./(>.)=(H.x)-^=t4(m+H>-f^"'t"^^'""'r^^*'-^&c- 

V   m  +  n  is  a  positive  integer. 

These  then  are  the  forms  in  which  m  and  n  appear  in  the  product 
when  they  are  positive  integers;  and  therefore  they  appear  in  these  same 
forms,  whatever  be  their  values:  i.e.  whether  m  and  it  be  positive  or 
negative,  integral  or  fractional,  the  multiplication  of /(m)  by  f{n)  alwa^s 
produces  the  series 


,      -  .  (OT  +  ll)(«t  +  ll-l)     ,     - 

l+(m+n)jF+  "^    ,    '^ — - — ^«Väc. 

1.2 


which  by  the  notation  is  represented  by/(OT  +  ii); 

.'.    universalltfy  /(tw)  ./(/i)  ■»/(»» + «)• 

Since,  then,  this  last  equation  is  true  whatever  be  the  valnes  of  m  and 
It,  for  n  write  n+p,  and  we  have 

/(«+fi+p)=/(»i)./(n+|))=/(m)./(«)./(p); 

and  proceeding  similarly,  we  have  generally 

/(iii+fi+p+&c.)=/(w)./(»)./(p).&c.  to  any  number  of  terms. 
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h 
Vom,  let  msit^p->&c.a"T,  h  and  k  being  positive  integers;  then 

/ö4**«->/ö)/ß)4)-*'- 

and,  if  the  number  of  terms  be  k^ 

/fr  +  T+Äc*  to  k  ^®''™8J=/(t)-/(t)**c.  to  k  Factors, 

oryiA)={/(§)}*; 
buty(Ä)=(l+j:)*,  because  A  is  a  positive  integer: 

A  (!+*)"/(  lJ=1+I*+j""T^*^+'--  by  *«  notation, 
vhich  proves  the  Theorem  for  a  fractional  positive  index. 

Again,  \*/(fn)./(n)-/(m+n)  for  all  values  of  «t  and  n,  let  «=-»?,  then 
/(m)./(-m)=/(m-iii)=/(0), 

=  1,  *.*  the  assumed  series  becomes  1  whenm=:0; 

or  (l+«)-"=/(-m)=l+(-m)4?+^^~^^^ar»+... 

1    •    z 

which  proves  the  Theorem  for  a  negative  index,  integral  or  fractional. 

310.     Toprovethe  Binomial  Theorem  for  any  index  whatever.   ^Grif- 
fith's  Proop.*] 

Let  a,  denote  ~-^ ;  .'.  2a,=(a— l)a, 

1  .  z 

a, 1     Q       tt     »  •*•  3a,«(a-2)a,;Änd  soon: 

a(a— l)...(a— r+l)  ,  ,. 

a, 1  .  8.........r ■  '  *''  '■<''=(«-''+0«r.i- 

A f^2^^.^r^ ;  •••  8A-(/3-2)Ä;  «id  K>  on: 

*  Thii  proof,  unlike  most  othera,i8  dependent  only  upon  the  most  simple  elemenUrj  ml« 
of  Algebra.   £d. 
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Now  the  product  of  the  two  series 

l+aa:+aaj:VayC*+. .  .  +  0^"+ (1) 

l+/3a:+/3^+/?^+...+/3X+ (2) 

by  actual  multiplication,  is     l+(a+/?)j?+ terms  of  a:*,  «*,   .-.«',   ... 
the  coeff *.  of  j:'  being     a,+ a^^ + a,^,+ a,^,+ . . .  +aß^i+  ß^, 

and «^*  ...      a^i+a,^+a,^,+  a,^,+  ...  +  a/3^+/3^i. 

But    ra^= -(«--'•+l)ar-i> 


r/3,  = -(^-r+l)/3^; 

.*.  adding,  and  observing  that  tbere  is  a  pair  of  sitnilar  terms  in  every  two 
lines,  we  have 

rxcoeff*.  of  afx=(a+/3-r^)(a^i+a^+a^,4-. .  .+/?n-i); 

.-.  coeff*.  ofyr=^^i^^^^^^—^x  coeff'.  of  j:*^S 

r 

r  r-1 

^,.^-(.-0    „-H^-C.-g)        ^^^^^^    ^^ 

r  r-1  2  ' 

a+^-(r-0   a+/3-(r-2)       a-^ß-l    a+ß 
%  r  r-1  2  1    ' 

^(g+/?)(a+/3-l)...(a+)g-r+l) 
"1.2         ...  r  ' 

and  writing  2,  3,  4,  ...  successively  for  r,  the  prodact  of  the  series  (1) 
and  (2)  becomes 

1*2  1.2..*  f 

therefore  calling  a  the  '  characterhtic'  of  series  (1),  and  ß  of  (2),  it  is 
proved  that  the  producl  of  two  such  series  is  a  similar  series  with  the  sum 
of  their  *  characteristics'  for  its  '  characteristic' 

Hence  also  this  product  multiplied  by  another  such  series»  that  is,  the 
product  of  three  such  series^  will  be  an  exactly  similar  series  with  the  sum 
of  their  '  characteristics'  for  its  'characteristic':  and  so  on  for  any  number 
whatever  of  such  series. 

1.  Let  the  number  of  series  be  n,  and  the  'characteristic'  of  each  1; 
then  all  the  series  being  alike>  and  the  sum  of  their  characteristics'  n, 
we  have 
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\  2  /  1.2 

which  proves  the  Binomial  Theorem,  when  the  index  is  a  positive  integer. 
2.     Let  the  number  of  seriea  be  it,  and  the  '  characteristic'  of  each 

in      ^,  •  W*       IW      ^ 

—  ;  tnen,  sxnce —  +  — +&c.  to  n  terms^m. 
n  n     n 


(1+ 


m       n\n      /    ,       .  m(m—V)  .  ^       %      , 

—*+^--— -«•+.. .)*=l+iw«+-p--5--^a:'+...=(l+x)'',  by  !■*  case; 


urhich  proves  the  Theorem,  when  the  index  is  a  positive  fraction. 

5.  Let  there  be  two  series,  of  which  the  '  characteristics'  are  m  and 
-•«f,  then 

Ojit(m— l)   ,       v,^            — iw(— m— 1)  -       X    ,    /         \       o 
+»i*+-^-r--^ar*+...Xl-»w+— 7^ 5-^«*+...)=:l+(m-m)ar+&c. 
.1   •  äs                                 A    •    SS 

=1; 

which  proves  the  Theorem  for  a  negative  index,  whole  or  fractional. 

311.  If  1.2.3 n  be  represented  by  \n,   n   being  any  positive 

integer,  the  Binomial  Theorem  may  be  written  in  the  following  form  : — 

312.  In  applying  the  Binomial  Theorem  to  any  proposed  case  it  is 
well  to  observe,  that,  if  each  term  of  the  given  Binomial  be  of  one  dimen* 
sion,  every  term  of  the  expansion  will  be  of  n  dimensions,  n  being  the 
index  of  the  power  to  which  the  binomial  is  raised. 

Also,  if  each  term  of  the  proposed  binomial  be  of  iwo  dimensions, 
every  term  in  the  expansion  will  be  of  2»  dimensions ;  ftnd  so  on. 

And  it  will  be  found  convenient  in  practice  to  reduce  the  proposed 
binomial  to  such  a  form  that  it  may  have  l  for  its  first  term.     Thus  we 

reduce  {a+h)*  to  a"n4-j  ,  then   expand  (l+-)  f    ^^^    multiply    every 

terra  of  the  expansion  by  a". 
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Ex.  1.    («•+«^--|«'(l+^}'=«-x(l+^.)". 


j./, .     **       n-1  *«     «(«-IX«-«)  «•     ,    \ 

.,1-1  '-lU 

fi        2«'  2.3.«" 


Ex,  4.    (a*+6*r=(fli)*{l+-j}*. 


-f        Ai     4XS/&JV   4xSx2/6iV   4x3x2x1 /6K*\ 
=n^"*"*^''^W'"^^2^W''jx2xSx4i^;^ 

-  «•+  4a*6i + 6a5 + 40*6* + 6*. 


Ex.  5.     .^^^»»(1+^)"*^ 


«  ,    -3x-4   .    -3x-4x-5   ,. 
1x2  1x2x3 


=l-3x*+6jr*-10J!^+ 

Ex.  6.     (flx+*y)*-(«)*.{l+^}** 

^    ^  \     2  ax       1.2  \ajry        1  .  2  TS     \ax/         y 

^    ^     2'(i«)i     8'(ax)i     iS'(^,)I    

313.  If  either  term  of  the  bxnomial  be  negative,  every  odd  power  of 
that  term  will  be  negative ;  and  consequently  the  signs  of  the  termti  in 
which  those  odd  powers  are  found,  will  be  changed. 

Ex.l.     (l-x)"»l-iix.fii^^-;'^''";^^^^"^^;r>^.&c, 
^        ^  2  1.2.3 

Ex.  2.     («•-*•)•=  «••-iia*^«^+ii.^ «••-***- «rc. 
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314.  If  tbe  index  of  the  power,  to  which  a  binomial  is  to  be  raised, 
be  negative,  and  the  second  term  of  the  binomial  be  negative,  then  every 
sign  in  the  series  is  positive. 

Ex.  1.    ^,..r-^^nx^f^^^f^^J^^^ 


The  particular  form  of  this  residt  is  worth  remembering. 
^        '  1x2         1x2x3 


a+3Ä+6«*+l(?JC»+. 

«•vi 


^"'-  7Äi^^(^"-^"*-<^-?)  ' 


'    r"*"2-?"^     1x2     •?"^1   .2.3 ^-^"^ 


} 


11^3«^^«^ 
a"*"2*fl*'*^8*a»"*'l6'fl^"*' 


315.     Toßnd  ihe  general  term  of  the  expansion  of  (x+a)". 

The  Ist  term  is  x*, 

2nd na^j:*-\ 

8rd n.^a'r^, 

Ä^u  ^-1    '•-2    ,^j^ 

*th «.-^.-^fl»«^, 

in  which  we  observe  that  the  coefficient  of  any  term  is  formed  of  the  pro- 

duct  of  the  factors  j ,  —^  ,  —^ ,  &c  in  number  one  less  than  the  num- 

her  which  expresses  the  position  of  the  term ;  therefore  the  coeflBcient  of 
the  f^  term  will  be  

n  ii-1  »-2  tt-r-Z^ 

1'  2   '    S   "T^iT  ' 


n(»-lX«-2) (n-r-2) 

1.2.  3 (r-1)      • 

Also  the  index  of  a  is  always  the  same  as  the  denominator  of  the  last 
factor  of  the  coefficient ;  and  the  index  of  x  is  the  difference  between  n 
and  the  index  of  a  t ;  therefore  the  whole  r^  term  is 

n(n-l)(ii-2) («->r-f2)  _r-i _.-rf i 

1.2.    3 (r-l)  • 

*  The  learner  often  finds  a  difficultj  in  putüng  down  correctlj  the  tenninal  factor  in  a 
proposed  case.  Let  him  write  tbe  denominator  ünt,  and  after  that  the  numerator,  hearing  in 
mind  that  their  tum  ii  always  n+l* 

-f*  Ohterre  the  mm  of  the  indices  of  a  and  *  is  alwajs  n. 
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\ 


By  substituting  in  this  expression  any  proposed  number  for  r  any 
Single  term  of  the  expansion  tnay  be  found  inuepeudently  of  the  re$t. 

Ex.     Required  the  fifth  term  of  (a»-6")". 

Here  rmS,  andn^ig; 

.     .    12.11.10.9  ,   ....  ,  „. 
.-.  tenn  reqmred«  i.^.S  .4'('^  '  W  > 

-495a'V. 

« 

316«  If  ihe  index  of  the  hinomial  be  a  positive  integer^  everjf  co^ßcieni 
in  Ihe  expansion,  fonnedfrom  the  index,  is  a  positive  integer. 

For  the  coefficient  of  the  {r+l)^  term  is 

yt(w-lXw-2). .  >(»-r-f  1) 

1.2.    S r        ' 

and  this  fby  Art.  SOI)  is  the  same  as  the  number  of  oombinations  of  m 

things  taken  r  together.     Now  this  latter  number,  by  the  nature  of  the 

thing,  must  be  a  whole  number,  if  n  and  r  be  positive  whole  numbers; 

therefore  also 

ii(ii-lXfi-2)...(ii-r+l)  .  ,    ,  , 

,     ^       „ — ^ IS  a  whole  number. 

1  .2   •   3 r 

Another  Method,  If  all  the  coefiicients  of  the  expansion  of  (l-^xY  are 
positive  integers  for  aity  one  value  of  n,  it  is  obvious  that  they  will  be  also 
for  the  next  higher  value,  since  no  fractional  quantities  can  be  introduced 
by  merely  multiplying  by  1+x.  Now  we  know,  that  the  coeflBcients  are 
whole  numbers  in  (l+jr)%  and  therefore  it  Jbllows  that  they  must  be  so  in 
(1+ar)";  then  again  in  (1+jr)*;  and  so  ongenerally  in  (1+*)". 

31 7«     Tofind  the  number  of  terms  in  the  expansion  of  a  binomtal. 
The  (r+1)^  term  of  («+«)*  is 

fi(«-lXn-2)...(n-r+l)   ,^_, 

1.2.    3 r  ' 

and  if  r  be  such  that  ti — r+1  is  equal  to  0,  that  is,  if  n  be  a  positive  whole 
number  and  r»n+1,  there  is  no  term  afler  the  r^,  or  the  number  of  terms 
is  n+},  that  is,  greater  by  1  than  the  index. 

If  n  be  negative  or  fractional,  since  r  must  necessarily  be  a  positive 
integer,  no  value  of  r  can  make  n— r+l  equal  to  0,  and  therefore  in  these 
cases  the  number  of  terms  is  unlimited. 

Thus  the  number  of  terms  in  the  expansions  of  (x-f  a)*,  (x-k-aY^  ^>  ^ 
and  8  respectively;  but  the  number  for  (x+a)"*,  or  (x-fa)^  is  unlimited,  or 
indefinitely  great. 

318.  To  prove  that,  in  an  expanded  binomialj  when  the  index  is  a 
positive  integer,  the  coefficients,  formed from  the  index,  of  any  tfoo  terms  taken 
equidistantjrom  the  begmning  and  endy  are  the  same. 

Since  the  number  of  terms  is  it+1,  the  (r+l)*'*  term  from  the  end, 

having  r  terms  after  it,  is  the  («+l-r)**»  or  (»-r+1)***  term  from  the 
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beginning;  and  iU  coeflBdent  (Art  315,  putting  »-r+1  for  r,)  is 

ii(yt-lX>«-'2),..(w~>t~r-t-l) 
1*2    •    3  ••••••   ('*—'') 

«(ii-lX»-2).-.(r+l)    r(r«l)... 3.2.1         ,  j.  .  ,        ,  j  .    , 

i«z    •    o..*  ^11— r^    i«z    r 

1.2.3  ...(n-r), 
ii(ii-l)(ft-2)...(fi-r+l) 

""l  .2    •    3 r       ' 

sCoeflBcient  of  the  (r+1)*^  term  from  the  beginning. 

This  result  is  shewn  at  once  by  Art.  31 1.  Or  it  may  be  obtained  by 
writing  a  for  Xy  and  x  for  a,  in  the  expansion  of  (x+a)\  so  as  to  deduce 
that  of  {a+x)%  and  then  equating  the  coeflBcients  of  similar  terms  in  the 
two  expansions^  which  are  clearly  equal  to  each  other^ 

GoB.  Hence  in  expandlng  a  binomial,  with  the  index  a  positive 
integer,  the  latter  half  of  the  expansion  may  be  taken  from  the  first  half! 

Ex.  1.     Required  to  expand  (a-^by, 

Here  the  number  of  terms  is  8;  and  it  ivill  be  necessary  to  calculate 
the  coeflBcients  up  to  the  4""  term  only; 

.-.  (fl+fty=fl^+7a*6+p|fl*Ä«+]^fl^i»+&c. 

=a^+7a'^+21fl*6«+35fl*Ä»+35a»6*+21fl'6*+7a&'+6^ 

Ex.  2.     Required  the  11**»  term  of  (a+ar)". 

Since  the  number  of  terms  is  14,  the  1 1^  is  the  4^^  from  the  end,  and 
its  coefficient  the  same  as  that  of  the  4^  from  the  beginning, 

.-.  term  required -i?4^^«''''=286aV». 

319.     Toßnd  the  greatest  term  in  the  expantion  of  (a+b)\ 
The  (r + 1)*  term  of  the  expansion  is »(''-J)-"(»»-r+l) ^^, 

and  the  r^  term  is  /  .     — ^ — -~^.  ar^^b'^K 

1  .  2 (''""l) 

Therefore  the  (r+1)**»  term  is  obtained  from  the  r***  by  multiplying 

the  latter  by .-;  and  as  r  takes  its  successive  values,  the  numerator 

r       o 

of  this  fraction  continually  diminishes,  and  the  denominator  increases. 

Hence  the  r^  term  will  be  the  greatest  when ,-ßrst  <  1, 

or  («-r+l)Ä<ör,  (Art  219), 
or  r(fl+6)>(fi+l)6,  (Art.  217), 

or   r>(n+l) — y.     (Art.  219.) 
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Take  r,  therefore,  the^r«/  whole  number  greater  than  (»4-1) — 7, 
and  the  r^  term  will  be  the  greatest. 

If  (ft+l) — ',  be  a  whole  number^  when  r  is  equal  to  it  we  shall  have 

.-=lj  and  then  two  terms^  the  r***  and  the  (r+1)*^  will  be  equal. 

and  each  of  them  greater  than  any  of  the  other  terms. 

If  the  index  be  negative^     n,  the  r^  term  will  be  the  greatest  when 

'^—^ ,-  18  first  <1,  irrespectively  of  sign;  ie.  when  .-is  first 

<  1,  or  r  first  >(fi— 1)  — r.    And  if  this  is  a  whole  number^  two  terms  will 
be  equal,  and  each  greater  than  any  of  the  others. 

G)R.  By  thus  aseertaining  the  greatest  term  we  determine  the  point 
from  which  the  terms  of  a  series  become  less  and  less^  or,  as  it  is  usually 
stated,  the  point  at  which  the  series  begins  to  converge. 

Ex.  Required  to  find  which  is  the  greatest  term  in  the  expansion  of 
(3 + 5xy,  when  «=  - . 

5 
Here    (n^i)±^^(S^l).^^, 

2 

The  ßrst  whole  number  greater  than  4^^  is  5;  therefore  the  term 
required  is  the  5^. 

320.     Toßnd  the  sum  of  all  the  coefficients  of  an  expanded  binomiaL 

Since  (l+«)"-l+iix+--^—^  «•+&€.,  for  any  yalue  whatever  of  x,  let 
x^l,  then 

or    S*«the  sam  of  the  coefficients. 

Ex.    («+a)*=jr*+5ax*+10flV+10a*jr*+5a^x+a*,   and  the  sum  of  the 
coefficients  =1+5+10+10+5+ 1=S2«2*. 
Also  by  putting  ««— i,  we  have 

or  Oasum  of  the  odd  coefficients  -  the  sum  of  the  even  ones. 

.*.  the  sums  of  the  odd  and  even  coefficients  are  equal,  and  consequently 
each«i2"«Ä"-*. 
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321.     To  ßnd  ihe  approximate  roots  of  numbers  hy  ihe  Binomial  Theo» 

TCtltm 

The  theorem  being  proved  for  a  fractional  index,  we  have 

^  ^        '  »        «     2« 

Now,  if  N  repreaent  a  proposed  number  whose  n^  root  is  required, 
take  p  such  that  ff  is  the  nearest  perfect  n^*^  power  to  N,  so  that  N^^pT  ^q, 
q  being  small  compared  with/>%  and  +  or  -  according  as  A^>  or  <p"; 

then     ^^p^^p  ( 1*-^,  j" ;  and  writing  -2.  for  w. 


^  \      n    p""    n     2n   \fj         y 


of  which  series  a  few  terms  only  will  give  the  required  root  to  a  consider- 
able  degree  of  accuraey. 


£x.     Required  the  approximate  cube  root  of  128. 

Here    7l28=75S:3  =  5^l+j|^, 

,13       1  If  3  Y     l    5f  3  y       . 

1111  „i:      2»       2*      1    2^ 


=  5 +004- 0-00032 +00000042- 

=5-0396842. 

322.    A  trinomial,  a+b+c,  may  be  raised  to  any  power  by  consider- 
ing  two  terms  as  one,  and  making  use  of  the  Binomiiu  Theorem.    Thus^ 

(fl+6+c)"s(a+6+c)*, 

»(fl+6)-+ii(fl+6)-'c+^^^\a  +  6)— c»+&c. 

1*2 


in  which  the  several  powers  of  a+6  may  be  replaced  by  their  expan- 
•ions  found  by  the  Binomial  Theorem. 

Ex.     Required  the  cube  of  l+x+x*. 

(l+4r+jr')'«(ri^+x')*, 

-(l+jr)»+3(l+x)V+'3(l+«)j?*+a:*, 

«1 + Sx+ 3«*+  x^-¥  3x'+  6j^+  3«*+  3x*+  3jt*+ar*, 

-1+ 3x  +  6«*+  7x'+6j:*+3ar*+  x\ 

Similarly  (a-^b+c+dy  may  be  expanded  by  considering  a+6  as  one 
term  and  e-^d  as  another;  and  any  multinomial  may  be  expanded  in  a 
flimilar  manner  by  dividing  the  whole  into  two  terms  and  considering  it  as 
a  binomial. 
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Also  any  particular  ierm  of  an  expanded  trinomial  may  be  easily 
found : — thus 

To  find  the  term  involving  x*  in  the  expansion  of  (1 +<+«'}'. 

(lTr+j:»)"=(l+j?)*+S(l+J?/jr*+3(l+«)j:^+jr«, 

and  without  further  expansion  it  is  seen  that 

the  term  required  =  3j^x  jp*+  3x*^6x\ 

Again^  the  numher  of  terms  in  the  expansion  of  (a-f5+c)*  may  be 
found ;  for  it  will  obviously  be  the  aggregate  number  of  the  terms  in  the 

expansions  of  the  several  powers  of  a-k-b,  from  (a+by  down  to  {a+b)\ 
that  is,  (Art.  317) 

=  («+l)+«+(ii-l)  +  &:c.  to  nTi  terms^ 

£Exercises  Zg.] 

323.     Required  to  ßnd  the  Bemainder  öfter  taking  r  terms  of  ike 
expansion  qf  (1  — x)"^. 

By  the  Binomial  Theorem, 

(1  -4r)-*=l  +2j?+Sj!'+...+rj:'"*+/?, 

R  representing  the  remainder  after  r  terms ; 

l-2x+x"  ' 

fl-f2«+Sjp*+ +r4r-^+Ä 

+  x«+...+  (r-2>r'-*+(r-l)jf+r«'+»+J?«', 
or      l=l-(r+iy+rÄ'+»H"Ä(l-x/; 

In  the  same  manner  may  be  found  the  remainder  after  taking  r  terms 
of  the  expansions  of  (1  -x)"*,  (l-x)~*,  &c. 

324     To  fnd  the  number  of  homogeneous  products  of  r  dimensions 
tvhich  can  be  made  of  n  things  a,  o,  c,  d^  ^c,  and  their  powers, 

By  common  division,  or  the  Binomial  Theorem, 

1  +ax+  a'x*+aV+ 


1-ax 

1 
l-6x 

1 


=:1+6X+ÄV+6V+ 

=1  +  cx+cV+ c'x*+ . 


1— ex 

&c.     »  8iC. 
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.'.  z .; — r— T .&C-l+(a  +  6+C+&C.)« 

1— fl«  1—6«  1-c«  ^  ^ 

+(«•+ fl6 +&•+ ac + 5c +<:•+ &c)«* 

+    &c.  &c 

the  ooefficient  of  «'  being  the  sum  of  the  homogeneous  producta  of  m  thingt 
a>  b,  Cy  d,  &C.  of  r  dimensions. 

Now  to  obtain  the  number  of  diese  products,  let  as6scs<fa&c.Bl, 
then  the  ooefficient  of  of  will  give  the  number  required.  But  on  this 
supposition,  the  left-hand  side  of  the  equation  becomes  (1— x)*^,  which 
by  the  Binomial  Theorem  is 

«+1.      «+111+2.    «  ii(ii+l)(ii+2)...(ii+r-l)- 

l+jMP+n>~T;-jr+ii.--~.---4r+&c«.>.+  ,     r^        ^    — ^ ^4f+...; 

2  2       3  1  .  2    .    3     ...        r 

,  .     ,     ii(ii+lX«+2) (ii+r-l) 

.%  number  required  =  ^        ^ ^ •'. 

CoB«  Hence  also  the  number  of  terms  in  the  expansion  of  any  multi« 
nomial,  as  (ai+aä+ff,+...ar)%  is  known;  for  it  is  obviously  the  same  as  the 
number  of  homogeneous  producta  of  r  things  taken  n  together,  that  is, 

r(r+l)(r+2) (r+w-l) 

1.2.3     11       ' 

If  r-2y  that  is  for  a  binomial,  (a+b)\  the  expression  becomes 

2.S.4 («+!) 

--—- ^^ ^,  om  +  l. 

1.2.3 II     ' 

If  rmS,  the  number  is,  for  (a-^b-^c)*, 

3.4.5 (»-»-g)        (w4'l)(m-2) 

If  rs4,  or  the  quantity  to  be  expanded  be  (a+6+c+iQ%  the  number 
of  terms  is 

^.5.6 (»+3)        (n+l)(it+2)(ii+3)^ 

1.2.3. ••.••     It  1    •    2    •     3 

and  so  on  for  any  value  of  r. 


THE  EXPONENTIAL  THEOREM. 
325.     To  expand  a'  tu  a  series  of  powers  €f  x. 
a's{(l+a-l)"}";  and  expanding  by  the  Binomial  Theorem, 
-{l+ii(a-l)+ii.^(a-l/+ii.?^^(a-l)'+&c.}-,      , 

«{l+[(a-l)-^^^'+^-^^-&c]ii+Bii«+Cii'+...}^,    B,  C,  &c. 


containing  powers  of  n-l  only; 

13 
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=1 +-Mii+B»»+. .  .)+--^(^»+^'«*+-  •  •)'+ 

«^  '    If     2  ' 

«l+jr(il+BÄ+...)+«.-^(ii+B»+...)*+ 

Now,  since  cT  is  clearly  inclependent  of  »f,  n  must  entirely  disappear 
from  the  above  series^  which  will  therefore  consist  only  of  those  terms  in 
which  n  is  not  found ; 

Cor.     If  €  be  that  value  of  a  which  makes  A  equal  to  1>  then 

€•=!+-  +  —  + + 

1     1.2     1.2.S 

Hence>  making  x=\i 

Anotfaer  method  of  expanding  a'  will  be  found  in  Art  342«  £z.  9* 


THE  MULTINOMIAL  THEOREM 

326.  The  Multinomial  Theorem  is  a  rule  or  formula  for  expanding 
any  power  of  a  quantity  which  consists  of  more  than  two  terms. 

The  expansion  of  a  multinomial  may  frequently  be  effected  by 
the  Binömial  Theorem,  as  is  done  for  a  trinomial  in  Art.  322 ;  for 
(a+b+c+d+Sccy  may  be  expanded  as  a  binömial  by  considering  any 
number  of  terms  as  one  term,  and  the  remainder  as  another  term.  But 
a  more  general  method  is  to  find  ihe  general  ierm^  and  to  deduce  the  whole 
expansion  from  that  term  as  follows  :— 

327.  Toßnä  the  general  term  of  the  expa fuion  ^(a+b+c  +  d+  &c.)". 

Let  6+c+rf+&c.«j2,  then  (a  +  ^+c+rf+&c.)'"=(fl +«)'",  of  which  the 
general  term,  expressed  by  the  a+P**,  is 

fii(m~l) (m— a+l) 


1  .  2     a 


a'5*,  where  p-ha^tn, 


or  iw(m-l) (p+l).a'.  y- ,  where  a  is  a  positive  integer. 

Again,  if  c+jrf+&c.=y,  then  J&*=(^+i)*,  of  which  the  general  term, 
expressed  by  the  q+V\  is 
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f°;^\;;;;;^°"^'''^»y,  (where g4-y3=a,  or  p+q+ß~m), 

o(a-l)...(/3+l)   /3(/3-l)... 8.2.1  ,.  .    ,-.    .  .^         . 

or  |a.y-.^;  80  that  tl^e  general  term  of  die  multinomial  becomes 

«(w-i) (^+^)-^-T^-ra* 

Again,  if  rf+&c=jr,  5^»(«+cy,    of  which  thc  general  term,  ex- 
pressed by  die  r+1*^,  is 

f^"^^ ^"''"^^V^,  where  (r+7=/3,  or  p+g+r+y-m), 

X    0   X      ••••••  f 

/303-l)...(-y+l)  7(7-1)  •••8«.l^  ,    ...  ..X 

*»'  V     9    — ^hr^-i     9   Z-'^*"'  (1^  ^'°8  ■  P«>^  integer), 

or  1/9.--.  •  -- ;  80  diat  die  general  term  of  the  multinomial  becomes 

^  [r  [r 

m{m--\) (p+l).fl'.--.j--.--; 

and  so  on,  until  the  terms  of  the  mulUnomial  are  exhausted. 

Hence  the  general  term  required  is 

V^   <f  d^ 
m(sR-l) (p+1)^.  j— .y-.-p.&c^  where  p+(f+r+f+&c» 

p  being  fracdonal  or  negadve  when  m  is  fractional  or  negative,  bat  q, 
r,  1,  &C.  always  posidve  integers. 

Cor.    If  m  be  a  positive  integer,  dien,  since  p  is  a  positive  integer, 
the  expression  for  the  general  term  may  be  written 

c^   b'   (f 

The  last  result  may  also  be  arrived  at  by  the  following  method, 
assuming  Ihe  index  a  positive  integer: — 

328.     To  expand  (a+b-fc+d-f  &c.)'",  when  m  is  a  positive  integer. 

€<******^«->'=  €-.  €**.  €-.  €^.  &C. 

and  if  e«2*7182818,  expanding  by  the  Exponential  Theorem,  (Art  325). 

X  jy* 

l+(a+6+c+rf+&c.)Y+(flf  6+c+(/+&c.)*-r-  +  ... 

[m 
13—2 


•# 
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-(l-¥ax+ 

a'a* 

¥*■■ 

a*ar 
m 

.) 

x(l+6«+ 

6V 

6V 

. .  + +  . 

m 

..) 

x(l+cjr+ 
x&c....... 

■  +  .. 

3 

'•■^  [m  '*'•' 

• .  • 

Now,  as  this  Operation  merely  exhibits  the  same  quantity  expanded 
in  two  different  ways  by  the  same  theorem^  the  corresponding  terms,  that 
is,  the  terms  involving  the  same  powers  of  x  will  be  equal  to  each  other; 
therefore  equating  the  coefficient  of  a"*  on  the  one  side  with  the  coefficient 
of  x"*  on  the  other,  and  observing  that  each  separate  term  on  this  side  of 
the  equation  which  involves  j:"*  will  be  the  product  of  as  many  terms  as 
there  are  series  to  be  multipHed,  one  of  which  is  taken  out  of  each  series, 
and  will  therefore  be  of  the  form 

\p   \i  ]L  i£.[5.lr-&c- 

wherep+^+r+&c.=  w,  we  have 

Cor.  1.     If  9+r+x+&c.»ir,  then  p=m-ir,  and  the  general  term  be- 

comes  iw(fii— 1)..  .(m— ir+l)    ^  ,.  ,  « 

— ^- ,  X o     fl    'i'C.  «c. 

1 .2..  .9.1.2.. .  r.&c. 

which  form  is  sometimes  found  more  convenient. 

Cor.  2.  If  it  be  required  to  expand  (i»p+fl,j:+flr,Ä*+fl,x*+&c.)*.  the 
general  term  may  be  obtamed  from  that  of  (fl+6  +  c+i+Ärc.)*  by  writing 
flp,  fl,x,  a^x\  a^^  &c.  in  place  of  a,  h,  c,  rf,  Äc.  respectively,  by  which  it 
becomes 

and  all  the  terms  of  the  expansion  may  be  found  as  before,  by  giving 
p,  q,  r,  Sy  &c.  all  possible  values  which  the  condition  p+9  +  r4x-f&c.=iii 
admits  of. 

Also  any  particular  term  involving  a  proposed  power  of  Jt,  as  *",  will 
be  found  by  taking  the  sum  of  the  values  of  this  general  term,  when 
/7,  q,  r,  s,  &c.  are  made  to  assume  all  the  values,  which  satisfy  the  two 
equations  p+9  +  r+*+&c.  =  w,  and  g+2r+S*+&c.=«. 

•  2  Stands  for  the  expression  "  the  sum  of  all  the  quantities  of  the  fonn  of." 
f  The  proof  here  given  of  the  Multinoniial  Theorem  extends  only  to  the  case  of  positive 
integral  indices,  for  by  the  Exponential  Theorem  m  cannot  be  any  thiog  but  a  potttiTe 
integer.  But  if  the  Muliinomial  be  deduced  from  the  Binomial  Tlieorem,  (as  in  Art.  827) 
then  since  the  latter  is  proved  for  fraciional  and  negative  indices,  the  former  is  also  proveü 
to  hold  for  such  indices. 
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Cor.   3.      Assuming  the  Theorem  for  a  positive  integral   index^  it 
may  be  proved  for  a  fractional  or  negative  index  thus: — 

Let  6+c+rf+&c.=x,  then  (g-f ^ + c-frf +&€.)"*= (g+j?)"*,  of  which  the 
general  term^  expressed  by  the  a+l^«  is 

7 -<^x^,  where  p+a=m; 

and  since  a  is  a  positive  integer,  by  what  has  been  proved  the  general 
tcrm  otxa^  or  (6+c+rf+&c.)*,  is  [« .-j— «t-  •  &c. 


6«    c' 


/.  terra  required«jw(m-l).,.(p+l).a'.  — .  r-.&c. 

Ex.  1.     Required  the  term  in   the  expansion  of  (a-^-cy   which 
involves  a'AV. 

Here  iiib7>    m-ir-2,    g  =  S,    r=2 ; 

.*.  the  term  required«  / aW  q  •o*«(""^)*«(~0** 

£x.  2.      Required  the  term  in  the  expansion  of  (a  +  6x-fcj:'+cir')* 

li 


which  mvolves  «*. 

The  required  term=Z 


.«"ftVcf^.x", 


where  p-fg-f r+xsi,  and  9+2r+d^=8;  and  it  remains  to  find  all  the 
values  of  p,  g,  r,  «  which  satisfy  these  equations.  To  do  this,  it  is  most 
convenient  to  take  in  order,  beginning  with  the  highest  or  the  lowest, 
the  several  values  of  q^  r,  and  s,  which  satisfy  the  latter,  and  reject  those 
which  are  inconsistent  with  the  former,  equation.  And  it  is  most  ad  van* 
tageous  to  begin  by  assigning  values  to  that  quantity  which  has  the 
Ijrreatest  coefficient,  t.e.  in  this  case  s,  and  to  take  thera  in  descending 
Order  of  magnitude.  Thus  we  see  from  the  second  equation  that  s  cannot 
be  greater  Üian  2:  t.e.  it  may  have  the  values  2,  1,  0:  let  ««2;  then 
g+2r=2 :  whence  r=l  or  0,  and  9=0  or  2.  Next,  let  *i=l ;  then  g+2r=5 ; 
and  r-2,  1,  or  0;  g=l,  S,  or  5.  Lastly,  let  *»0;  then  g4-2r=8:  and 
r=4,  S,  2,  1,  or  0;  jr=0,  2,  4,  6,  8.  Of  tnese  values,  only  so  many  must 
be  taken  as  will  satisfy  the  first  equation,  when  we  shall  have  to  reject  all 
except  the  underwritten: — 


s 

r 

9 

P 

2 

1 

0 

1 

2 

0 

2 

0 

1 

2 

1 

0 

0 

4 

0 

0 

where  the  simultaneous  values  of  the  quantities  are  written  from  left  to 
right. 
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Hence  die  required  term  is 


or  (12ac«?+66W+126c»rf+c*)«*. 

Ex.  3.    Find  the  coefficient  of  or*  in  the  expansion  of  (a-ix-i-cx')^*. 

'^    ^      "      >  are  the  equations  of  condition : 
a+2r»  8; 


p 

9^ 

r 

4 

8 

0 

5 

6 

1 

6 

4 

2 

7 

2 

S 

8 

0 

4 

...  cxM.fP.req«ired,li2.|^+^^+^^^^^+^^^ 

=495fl*6'+5544aVc+lS860a*6V+7920ß^6V+495flV. 

Ex.  4.    Required  t^e  term  involving  ar'*  in  the  expansion  of 

(ax-6«'+CJr*-&c)". 

Here  (ax-6*»+c*»-.&c)"=«"(a-6**+c«*-&c.)|';  therefore  it  will 
only  be  necessarv  to  find  the  term  involving  x*  in  (a— 6«*+c«*— &c.)'** 
Hence  the  equations  of  condition  are 


2f+4r-f&c 


r+&c.=lO,| 
^r+&c.-  4,/ 


p 

9 

r 

8 

2 

0 

9 

0 

1 

and  by  virtue  of  the  second  equation  all  the  quantities  after  r  mast 
aeparately^O. 

.-.  the  term  required« [10.  JJ!^  +  ^H«>*, 

«=(45tf'6«+10ö*c)dp". 
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Ex.  5.     Required  the  coefficient  of  «■  in  (a+6«+c«*+</x^^ 
^    ^  il  are  the  equations  of  condition: 


p 

9 

r 

X 

5 
"2 

3 

0 

0 

3 
2 

1 

1 

0 

1 

0 

0 

1 

2 

a'H*     l/l 


coefficient  required  - 1(1- l)(i.2)£^+ IQ  ^ 


l^a^6c+-a"i</, 


Töfli     4fl*    2a*' 


EVOLXJTION  OF  SURDS. 

A  practical  method  of  findinff  the  Square  root  of  a  binomial  surd  was 
given  in  Art.  182;  the  following  is  the  one  more  usually  adopted:-— 

329.     To  extraci  ihe  square  root  of  a  quantily  wkich  is  under  the 
Jorm  a+<yb« 

Assume   Jx-\-Jy=Ja'¥jby 
then  squaring,    x-^y-^-^Jxj/^a-k-Jb; 

from  these  two  equations  we  find  x  and  y  thus:— 

Ä*+2xy+y=flV 

And  x-k-y^a; 


;:■} 
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and  ^y^a-Ja^-hi 


x= 


a-^Ja^^h 


...  7^+^V-'^+\/^=^*- 

From  this  conclusion  it  appears  that  die  sauare  root  of  a+ijö  can 
only  be  expressed  by  a  binomial«  one  or  both  of  wnose  terms  are  quadraiic 
Burds,  when  a^-b  is  a  perfect  Square. 

If  the  proposed  surd  be  of  the  form  a-Jb^  then  wc  assume  Jx-Jy 
^Ja—Jij  and  proceed  as  before. 

330.  It  must  be  observed  that  this  method  applies  only  to  cases  in 
which  one  of  the  terms  of  the  binomial  is  a  quadraiic  surd,  and  the  oiher 
rational. 

If^  however,  a  binomial  is  proposed  which  can  be  put  under  the  form 
Jt?c-\'Jbc,  or  »Jc(a+Jb),  its  «quare  root  may  be  found,  by  finding  the 
Square  root  ofa-^-Jb,  and  multiplying  the  result  by  ijc. 

Ex.  1.     Required  the  Square  root  of  r+vÄ. 


Assume  V*+^/y=V  ö+^/^» 


2 
S 


then  J?+y+27*y  =  g+N/2; 

•••'+^4  {(Art  179) 
and   Zjxy^j^] 

4ay=2, 

1 

•\  24P«2,  or  «al, 
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and  2y-l,  or  ^--; 

.'.  /v/«+is^=l+jN/2f  the  root  required. 

Ex,  2.    Rcquircd  the  Square  root  of  J^-^Jm. 

Here  727+^/2i-^/9^+^/8^=^/s(S+^/8); 

and  applying  the  method  of  Art.  329i  J^^J^  is  found  to  be  l-f^/2;  (or 
See  Art,  182.  Ex.  1):  therefore 

the  root  requircd=^(l+72).  or  Iß-k-tJTi. 

331.  Lbmma.    If  h/tL-^Jhmx-^Jy,  ihen  also  JtL-Jb»x-Jy. 

For  if  Ja-^Jb^x^Jy, 

a  +Jb=j^+3jfJy+9gy'¥jfJ^, 
.-.    (Art  179)   a-*»+Sxy, 

and   Jb^Si^Jy+yJy^ 
hence  a-Jb=:^-S3^Jy-k-Sxff-yJly^ 

332.  7o  Jind  the  cube  rooi  of  a  btnamial  Surd  of  the  form  a+^b, 
wken  it  can  he  expressed  hy  a  binomial  pf  the  same  description. 

Assume   x+Jy==iJa+Jb, 

then  x-Jy^Hja-Jt^  (Art.  SSI); 

Now,  if  a*^b  be  a  perfect  cube,  let  it  be  equal  to  c*; 

then    x'—yssc, 

but  :^+Sxy^a^   (Art  SSI); 
.%  «'+Sjr(**-c)=fl, 
or  ^—Scx^a. 

From  this  equation  x  must  be  found  by  trial,  and  then  y  is  known 

from  the  equation  y^^-c;  thus  x-^Jy  is  known,  which  is  the  required 
root 

It  appears  from  the  Operation  that  the  cube  root  of  a  -^-Jb  can  only 
be  expressed  by  a  binomiat  of  the  same  form  when  a'-  6  is  a  perfect  cube. 
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This  test,  therefore«  ought  to  be  applied  to  every  proposed  ose  in  tfae 
first  instance. 

Ex.     Required  the  cube  root  of  10+^108. 

Here  a'-&-100-108«-8=:(-2)';  therefore  the  method  of  Art.  852 
may  be  applied. 

Let    x-^^^JlO-hJToSy 

.-.  «-^=-710-^108; 

x'-^-  VlOO-108  —  2. 
Also    «'+S4py=10; 
.-.  V+Sx(«*+2)=10, 
or     4j:*+6«=10, 
an  equation  which  is  satisfied  by  x^l ;  therefore  y^S;  and 

If  therefore  the  cube  root  of  10+^108  can  be  expressed  in  the  pro- 
posed form^  it  is  l-^JS;  which  on  trial  is  found  to  sucoeed. 

£Exercise*  Zh,^ 

333.     Lemma.     If  u  be  an  odd  nutnber,  a  and  h  one  or  both 

quadratic  surda^  and  x  and  y  involve  the  eame  eurds  that  a  and  b 

1  1^ 

do  respectively^  and  also  (a  +  b)** «  x  +  y,  then  (a  -  b)"  —  x  -  y. 
By  involution  a  +  6»(^4-9)% 

or  a  +  b^af^nof  'y  +  n. a^^y'+n. . «••"V+«c. 

2  2         8 

where  the  odd  terms  involve  the  same  surd  that  w  does,  becauae 
n  is  an  odd  number,  and  the  even  terms  the  same  surd  that  y  does; 
and  since  no  part  of  a  can  consist  of  y,  or  its  multiples  or  parts 
(Art.  181.), 

a  «  d?"+  n. ^"  V+  &c. 

2 


1   »           .1            fl— 1    fl  —  2        -  ,     - 
and  6«««""'y  +  n. • «""y+ÄC. 


hence, 


a-o«^'*-n«r*~*y+n. ^"y-n. . 47*""y+&c. 

2  2  5 

«(ar-y)«; 

/.  (o  — 6)''«»d7-y. 
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834.  The  vf^  rooi  qf  a  binamial,  one  or  both  of  tohase  terms 
are  possible  quadratic  surdsy  may  sometimes  be  expressed  by  a 
binomial  of  that  description. 

Let  Ä-vB  be  the  given  binomial  surd,  in  which  both  terms 
are  possible ;  the  quantities  under  the  radical  signs  tvhole  numbers ; 
J  greater  than  B;  and  n  an  odd  uumber. 

Assume  V{A+JB)x\/ Q^x-^y, 

then  ^{A  -  B)x\/ Q « o;  - y,  (Art.  333.) 
by  muh.  v^(^«-B*)xQ-d?«-y«; 

let  Q  be  so  assumed  that  {A*-B*)xQ  may  be  a  perfect  n^  power, 
as  jp",  then  ^-y*— p. 

Again,  by  squaring  both  sides  of  the  first  two  equations,  we  have 

hence  ^{A  +B)\Q  + 17(^  -i?)*xQ- 2ar»+  Zy\ 

which  18  always  a  whole  number,  when  the  root  is  a  binomial  of 
the  supposed  form.  Take,  therefore  s  and  t  the  nearest  integer 
▼alues  of 

y/{A+ByxQ  and  \7(^-B)*xQ, 

one  of  which  is  greater,  and  the  other  less,  than  the  true  value  of 
the  corresponding  quantity ;  then  since  the  sum  of  these  surds  is 
an  integer,  the  fractional  parts  must  destroy  each  other,  and 
247*+  2^*  ms-^t  exactly,  when  the  root  of  the  proposed  quantity  can 
be  obtained.     We  have  therefore  these  two  equations 

s  +  t 


/.    Qa^map-^ 


2 

S  +  t     s  +  t  +  2p 


ÜB 


a 


2 
,     «  +  /  +  2p 

\/7+7+2p 
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Also   8y'-*^*"'-P. 


and  y  — ^; 


therefore,  if  the  root  of  the  binomial  V^(^+B)x\/(i  be  ot  the 
form  jf  +  y,   it   is  ^ — il;   and  the  n^  root  of 

335.  In  the  same  manner,  the  n^^  root  of  A-^B  is 

\/7+7+2p  -  \/«  +  ^  -  2p 

in  which  expression,  when  A  is  less  than  By  p  is  negative. 

336.  If  the  index  of  the  root  to  be  extracted  be  an  even 
number,  the  square  root  of  the  proposed  quantity  may  Iie  found  by 
Art.  829,  when  it  can  be  expressed  by  a  binomial  of  the  same 
description ;  and  if  half  the  index  be  an  even  number,  the  square 
root  may  again  be  taken,  and  so  on,  until  the  root  remaining  to  be 
extracted  is  expressed  by  an  odd  number,  and  then  the  method 
either  of  the  preceding  Arts.,  or  of  Art.  332,  may  be  applied. 

Ex.  1.     Required  the  cube  root  of  ll  +  5\/7, 

Here  ^«5\/7,  i?=ll,  ^"-Ä*«54;  therefore  Q«4,  and  p'-2l6, 
or  p^6. 

Also  \/(^  +  B)"xQ-v^(296+110\/7)x4, 

-  v^2268-44, 

SimUarly  vV(^-.jB)«xQ«s-/; 
or  Ä«13,  and  /  =  3;  therefore,  by  Substitution^  wmy/j^  andy«I; 
hence  w  +  ymy/j+i ;  and  the  quantity  to  be  tried  for  the  root  is 

\/7  +  l 

— »7=^,  which  is  found  to  succeed. 

V2 


EVOLUTION  OF  SURDS.  20Ö 

Ex.  2.     Required  the  cube  root  of  2\/7+3\/i« 
Here  ^«2v/7,  Ä-Sv/s,  ^*-5*«l;  hence  Q«l,  andp«l. 
Also  v^C^+Ä^rQ «  V^(55  +  12\/2T)xl, 

-\7l09-96* 
«4+/. 

Similarly  vy(^-5)».Q-l-/; 

\/7  \/s 

or  ««4,  and^—l;   therefore  «— ,  and  y«- ;    hence  d?-fy 

2  2 

■» ,  the  quantity  to  be  tried  for  the  root,  which  is  found  to 

succeed. 

337.  In  the  Operation  it  is  required  to  find  a  number  Q,  such, 
that  (-4*-J?*)xQ  may  be  a  pcrfect  n*^  power;  this  will  always  be 
the  case,  if  Q  be  taken  equal  to  (ul*-^)"~^;  but  to  find  a  less 
number  which  will  answer  this  condition,  let  ^*-jB*  be  divisible  by 
a,  a,  &c....a  times;  6,  6,  &e.»..ß  times;  c,  c,  tzc,...y  times,  &c. 
in  succession;  that  is,  let  A*-B^^a:'l/c^.hQ.  Also  let  Q^a'Vd'Mc. 
then 

(A^-jB*).««  a*+''x6^+yxc^+'x&c. 

which  is  a  perfect  n^  power,  if  jr,  y,  izr,  &c.  be  so  assumed  that 
a  +  «9  ß-i-y^  y+x^  &c.  are  respectively  equal  to  n,  or  some  mul-» 
tiple  of  n. 

ThuSy  to  find  a  number  which  multiplied  by  180  will  produce  a 
perfect  cube,  divide  180  as  often  as  possible  by  2,  3,  5,  &c.  and  it 
appears  that  2J2.3.S.5«180;  if,  therefore,  it  be  multiplied  by  2.3.5.5, 
it  becomes  2'.S'.5%  or  (2.3.5)*,  which  is  a  perfect  cube. 

338.  If  A  and  B  be  divided  by  their  greatest  common  measure, 
either  integer  or  quadratic  surd,  in  all  cases  where  the  n^  root  can 
be  obtained  by  this  method,  Q  will  either  be  unity,  or  some  power  of 
2,  less  than  2'.     See  Dr.  Waring's  Med.  Alg,  Chap.  v.* 

*  The  proof  here  omitted,  and  the  reference  to  it  in  Dr.  Waring't  worlc,  m»/  both  be 
Mfdj  neglected,  as  it  it  of  no  practical  uie  wbatever.    Ed. 
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339.  The  Square  root  of  a  mullinomial,  as  a+Jb-^Jc-y-Jd^  of  wbidi 
one  term  is  rational,  and  the  rest  quadratic  surds,  may  sometimes  be  foand 
by  assuming 

and  proceeding  to  find  x,  y,  and  z«  as  in  Art.  329« 

Ex.     Required  the  Square  root  of  21  +6^5+6^7-^2  JS5. 

Let  Jjc+Jy+Jz=j2l+6j5  +  6^+2j35, 
then  x+y+z+zJxy+2jxz+2jyz=^\+6j5+6jl+2jsEi 

.•.  x+y+z=^2\, 

2jxy^6j5,     .        ^    -  , 

_      V  to  find  X,  y,  and  z. 

2jxz^6j7, 


J 


2^^2j35, 

Now  2jxyx2jxz=^Jys,  or  6j5x6j7-^JS5, 

.•.  jr=9,  and  ^«=3. 

Also  ^Jxyx^JyZ'^^yJxz^  or  6^x2,^35-12^^7, 

.'.  ^«5,  and  Jy^Js. 

Again,  «+^+5=21,  or  9+5+2=21, 

.•.  z^7f  and  Jz^j7» 

Hence  Jx + Jy + ^^/F »  S+J5+ J7y  the  root  required. 
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340.  Tf  A  +  Bx  +  Cx*+&c.«^a+bx+cx*+Ä:c.  6«  an  idenitcal  equaiion, 
that  is^  if  it  hold  for  all  values  whaiever  of  x,  ihen  the  coeßcienU  qflike 
powers  of  Ji  are  equal  to  each  other,  ihai  h,  A=a,  Ba=b,  C«c,  &c.* 

For  if  A+Bx^a+bJt,  then 

A-a+{B''b)x^O, 

an  equation  which  admits   of  one  value  of  x  onlv   (Art.    19^)>   unless 
B-b'^Oy  or  B'^by  and  therefore  also  A-a^O^  or  Ä^a, 

*  In  the  proof  which  is  usually  giren  x  is  assumed  equal  to  0,  and  aftenraitU  the  eqnal 
quantities  are  dirided  by  x,  whereas  it  is  not  proved  that  we  may  divide  any  quantity  by  m 
when  X  Stands  for  0,  in  the  same  manner  as  when  it  Stands  for  a  finite  magnitude ;  and  that 
»uch  a  proceeding  wÜl  in  ceruin  caset  lead  to  erroneous  retults  is  well  known. 
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Again,    if  A+Bx+Cj^^a+bx-^-cj^,  then 

-4 -Ä + (jB-ä)  « + (C- c)  j:*«  0, 

a  quadratic  equation  with  respect  to  x  which  admits  of  no  more  than  tfpo 
distinct  values  of  a  (Art.  204),  unless  C-c^O,  or  Ct^c,  and  B-^-tO^ 
or  ßs^b^  and  therefore  also  J— a»0>  or  A=a. 

Similarly,  i£any  number  of  terms  be  taken,  or 

(^-a)+(B-6)x+(C-c)«'+&c--0, 

there  are  certain  values  of  x,  and  none  other,  which  will  satisfy  the  equa- 
tion as  long  as  it  remains  an  equation  with  respect  to  a, 

But,  by  the  supposition,  the  equation  must  be  true  for  any  value 
whatever  which  we  may  please  to  give  to  Xy  and  consequently  for  any 
number  of  values  of  x;  and  this,  therefore,  can  only  be  attained  by  that 
which  is  apparentW  an  equation  with  respect  to  x  ceasing  to  be  such, 
that  is,  by  the  coeffidenis  of  the  powers  of  x  being  separately  equal  to  0; 
that  is,  we  must  have 

-4-a«0,         B-^=0,         C-c=0,   &c 

or  A^a^  Bsiby  C^c,   &c. 

CoB«  If  there  be  found  any  power  of  x  on  one  side  of  the  proposed 
equation,  and  no  corresponding  one  on  the  other,  then  the  whole  coemcient 
of  that  power  is  of  itself  equal  to  0.  Thus,  if  A-^-Bx+Cj^-h&C'O,  for 
aU  values  mhatever  of  x^  then  ^=0,  i?=0,  C=0,  &c. 

This  may  also  be  arrived  at  in  the  following  manner. 

Ithas  been  already  proved  (Arts.  193,  204)  that  if  a  simple  or  a  quad- 
ratic  equation  be  known  to  be  satisfied  by  more  different  values  of  the  un- 
known  quantity  than  the  dimensions  of  the  equation,  the  coefficients  of  the 
several  powers  of  the  unknown,  and  the  term  independent  of  it  are 
separately  equal  to  0.     This  proposition  will  be  now  extended. 

If  a^-fa,«-f-arr'-f...-Hr».iJ^'+aa«*»0  be  satisfied  by  ii-fl  different 
values  of  X,  then    a^,  a,,  ag,.,,a^  are  each  equal  to  0. 

Let  the  ii+l  values  of  x  be  «„  x„  «st'-.Jr»«.,. 

Then  we  have 

a^+aij/  +flrr^+...+a^iJr^'+fl^  »0, 
where  x'  may  be  equal  to  any  of  the  n  quantities 

X|,  J7j .  •  .  X^t 

By  subtraction  we  have 

fl,(«'-«^,)4.a,(jr«-*:,0+--+«-i(*^'--<i)+fl.(*^-<ti)-O, 
and  as  x^^x^i  is  not  equal  to  0,  dividing  by  it  we  obtaiu 
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or,  arranging  in  powers  of  y, 

(fli+flajr^,+...)  +  (a,+...)j?'+...+a,*^'=0, 

where  x^  may  take  any  of  the  n  values 

*i>  *»»•••*»• 

Comparing  this  with  the  original  equation,  we  find  tliat  it  is  of  one  dirnen* 
sion  less,  and  that  the  coefficient  of  the  highest  power  of  the  unknown  is 
the  same  as  before,  viz.  a.. 

By  repeating  this  process  we  shall  have  an  eqaation  of  fi-2  dimen- 
sions,  the  coefficient  of  the  highest  power  of  the  unknown  being  still  a^ 
and  we  shall  know  that  it  is  satisfied  by  n-l  values  of  the  unknown,  vis. 
jTj,  JCg,...x^i;  and  so  on.  At  last  we  shall  arrive  at  an  equation  of  one 
dimension,  where  the  coefficient  of  the  unknown  will  be  o.»  and  this  will 
be  satisfied  by  two  values,  jr„  x,. 

.'.    by  Art  IQS,  fl,=a 

And  our  original  equation  will  then  become 

satisfied  by  more  than  n-l  values  ofx; 

•*•   as  before«  a^-i^Oy 

so   ^«-«»0,  &c 

This,  however,  cannot  satisfactorily  be  applied  to  the  case  of  an 
infinite  series. 

341.  Otherwise,  Let  il+^j;+Cx'+...Ba+5jr+cx'-f...  be  an  identical 
equation,  that  is,  such  as  will  hold  for  any  value  whatever  of  »;  then 

il-Ä+(5-6)«+(C-c)Ä»+...-0, 

and,  if  ^~a  is  not  equal  to  0,  let  it  be  equal  to  some  quantity  p;  then 
WC  have 

(B-  6)4:+(C-'c)x"-«-&c.=-p. 

And  since  A,  a,  are  invariable  quantides,  their  difference  p,  and  .%  ~p, 
must  be  invariable;  but— ps(B'«6)x-f  (C-'c)x'+...  a  quantity  which  may 
have  various  values  by  the  Variation  of  x;  that  is,  we  have  the  same  quan* 
tity  (p)  proved  to  be  both  fixed  and  variable,  which  is  absurd.  Therefore 
there  is  no  quantity  (p)  which  can  express  the  difference  A'^a^  or,  in 
other  words, 

il~a=0,   and  .*.  A^a. 

Also    (^-^>r+(C-c)x*-«-...=0, 

or   i?-'Ä+(C-c)jf+...=0.    (Art  82.) 

Therefore,  by  what  has  been  proved,  B=^b,  And  so  on,  for  the  remaining 
coefficients  of  like  powers  of  x. 

This  is  open  to  the  same  objection  as  the  first  proof,  in  which  it  is 
assufned  that  every  equation  has  only  a  ceriain  number  of  values  of  x 
which  will  satisfy  it:  for  as  long  as  x  takes  the  value  of  any  of  the  roots 
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of  the  equation  here  written^  the  equality  will  hold :  and  as  the  right-hand 
side  may  be  an  infinite  series,  there  may  be  an  infinite  number  of  values 
of  j;  that  will  satisfy  it,  considered  as  an  equation:  the  conclusion  thatp  is 
variable  as  well  as  fixed  is  therefore  hardly  correct. 

The  same  result  niay  also  be  deduced  from  the  coroUarv  to  Art. 
S92:   for  by  virtue  of  it  we  can  make  (ß~Ä)r+(C-'c)j:*+&c.  less  than 

— |i,  by  putUng  for  x  any  quantity  less  than  — —r,  where  k  is  the  greatest 

coefficient  in  the  series  involving  x.    But  this  cannot  be  unless  p=0; 

••.   A  -ö. 

.•.  as  before,  B^b,     C^c,    &c, 

This  however  supposes,  a  priori^  that  the  coefficients  do  not  increase 
without  limit 

It  will  be  Seen  that  none  of  these  proofs  are  altogether  satisfactory: 
the  reason  of  this  is^  that  an  identity  is  treated  in  them  in  all  respects  as 
an  equation.  The  fact  of  the  matter  is,  that  we  predicate  of  x  propertles 
qnite  distinct  from  those  that  belong  to  the  Symbols  we  have  hitherto  had 
to  deal  with.  These  Symbols  Standing  for  abstract  or  concrete  quantities 
considered  with  reference  to  number,  are  obtained  by  the  repetiUon  of 
certain  units  which  may  be  as  small  as  ever  we  please.  By  that  repetition 
therefore,  all  numbers,  and  all  quantities  that  can  be  represented  under 
any  circumstances  by  numbers  generally,  are  essentially  discontinuous. 
Now  in  the  identity  we  are  dealing  with  we  predicate  of  x  continuity, 
making  it  thereby  a  symbol  of  quantity  in  the  most  general  and  un- 
restricted  sense  it  can  possibly  be  conceived  in.  Now  an  equation  in 
which  X  appears  in  an  infinite  series,  certainly  has  an  infinite  number  of 
roots:  but  these  roots  are  Symbols  of  auantity  not  unrestricted:  and  the 
equation  is  satisfied  only  when  x  takes  tne  value  of  one  or  another  of  these 
roots,  and  not  under  any  other  circumstances.  Now,  however  near  these 
roots  may  lie  to  each  oüier,  as  x  passes  from  one  to  another  of  them,  it 
changes  discontinuously.  But  supposing  x  to  possess  continuity,  which 
it  does  in  the  identity  nere  discussed,  it  changes  by  insensible  degrees  from 
any  one  value  to  any  other  however  near  to  die  former,  and  consequently 
the  infinitude  of  the  number  of  values  which  x  takes  is  of  an  infinitely 
higher  order  than  the  infinitude  of  the  number  of  roots  of  an  equation  in 
the  form  of  an  infinite  series.  On  this  principle,  therefore,  and  not 
otherwise,  in  the  first  proof,  we  can  say  that  the  infinite  equality  is  satis- 
fied bv  more  values  ofj?  than  the  number  of  its  dimensions;  and  in  the 
second  proof  we  can  conclude  that  p  is  variable  as  well  as  fixed,  and  by 
this  manner  we  overcome  the  objecUons  to  those  proofs,  Or  we  may 
proceed  to  reason  as  foUows : 

When  we  say  a+bx+cx*+&e,^0  is  an  identity,  for  all  values  of  x, 
we  thereby  assign  to  x  the  property  of  continuity,  and  make  the  series 
continaoas  likewise,  and  therefore  capable  of  taking  all  manner  of  different 
values  by  the  Variation  of  x,  These  may  or  may  not  lie  between  certain 
limits,  but  that  is  quite  another  question :  what  we  say  is  merely  that  the 
series  does  depend  upon  x  for  its  value,  and  that  therefore  it  can  change 

14 
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in  vftlue,  and  moreover  that  if  x  is  unrestricted,  it  doet  change,  howerer 
much  it  may  not  vrhen  x  is  restricted. 

But  by  its  continual  equality  to  sero,  we  see  that  it  is  incapable  of 
taking  different  values,  during  the  Variation  of  x  which  is  unrestricted. 
This  cannot  be  unless  it  only  involves  x  apparently  and  not  really,  t.  e. 
unless  X  disappears.  Now  the  only  way  in  which  x  can  disappear  is  by 
each  of  the  coefficients  vanishing  separately,  therefore  we  have 

a-0,     ft=0,     c=0,     Are. 

And  by  the  same  reasoning  we  shall  have>  if 

A^a,    B^h,     C'^c,    &C. 

842.  1/   A+Bx+  Cx^  -^..."i     jfl+6ar+c**+... 

+A'y+B'xy+,.A-)   -^a^y+h'xy -{-... 

+  iiy+...j  .[         +ay+... 

for  all  välues  tphatever  ofx  and  y,  then  the  coefficients  cf  Uke  quantitiu  are 
equal  to  each  other,  that  is, 

A^a^    B^b,    C^c,    A'^a\    B'^b\    A"^a'\    &c 

Since  x  may  receive  any  value  whatever,  suppose  it  to  have  some  iixed 
value  while  y  is  variable^  then  the  equation  may  be  put  under  the  fonn 

where  A^,  B^,  C^,  &c.  a^,  b^  c^,  &c.  are  invariable  coefficients,  and 

B.^A'+B'x-hCx''^... 
&c.»&c. 

&C.B&C. 

Now,  by  Art  840,  A^^a^    -B,-*/i     C,««^    äc.;  therefbm 

A  +^jp +ß»*+...«ö  +  6jt  +  CÄ*+... 

&c.  =  &c 

Then  by  Art  340  again,  since  x  may  have  any  value  whatever« 
A^a,    B^b,     C^c,    A^d,    B'^b\    A"^a'\    &c. 

The  application  of  the  preceding  Theory  will  be  shewn  in  the  follow- 
ing  Examples:— 

Ex,  1.    Expand  — —  to  four  terms;  that  is,  divide  a-&r  by  0+cr. 
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Let  ^^^^— =ui+Ä4p+C4pVD«*+...;  in  wWeh  the  coeflkn^titi  A^  B. 
a+cx  '  '      * 

Ct  D,  &c  remain  to  be  AeUfitdtked, 

and  equating  coeffidents  of  like  powers  of  jr, 

Aa^a,    or  u<»l. 

a       '  o" 

2}a+Cc«0,  .•.   Da« r-««*.      or  2>= — -j-.c*; 

a-ftj:    ,    {+•       4+c        Ä+c   ,  , 

1 ar+  — 5-  er j-  cV+ 


a+cx  a  a'  ar 


Sis.  S.    Eitra^t  tb«  gqiMre  root  «f  1+jr.r 

Lct  ^l+x=l+il«+5«'+  C«*+ 

assnming  1  for  the  first  term,  aince  that  is  the  root  when  »«0; 
Squaring,    l+«=!l+2il«+2-ö«*+2Cr*+ ^ 

Hence,  equating  coefficiettttf  of  like  powers  of  », 

2C+2uiJ3=0,        .-.  C=-uiJ5«+i;  and  so  on: 


2        8        16 


Ex.  ^.     Let  ^-*dy+«"»0}  required  the  value  of  }f  in  tr  series 
of  ascending  powers  of  a. 

Assume  y^Aw^  Ba^»^  Ca^'^Dafl-h  fcc*, 

*  The  eren  powers  of  x  are  omitted  because,  from  the  giren  eqnatioo,  it  appean  that 
the  relation  betwixt  jr  and  y  is  such  that,  if  —  x  be  written  for  x,  and  -  y  for  y,  the 
equalkm  li  not  khered.  If  the  erctr  powen*  were  reCaiatBd,  (b«ir  eMfletehts  w^uld  W  found 
■eparatel/  equal  to  0.    Ed. 

14—8 
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then   2^— 


--Sym^  sAof  -  sBj;'-  sc«»-    sDof'^  &c. 

+  am  +     w 


0, 


and  supposing  the  coefficient  of  each  power  of  «  to  be  equal  to  0, 
(Art.  340.  Cor.) 

1  ^1 

-3ul+l-0,    or-4«-;    -i'-S-ß-O,   or£«— «  — ; 


S^fi-SC-0,     orC-J'fi--;;  &C. 


Ex.  4.     Let  ««ay  +  6^+cy*+&c.  required  the  value  of  y  in 
terms  of  w. 


Assume  ym 

then    ay  m 
by'm 


bJ^a'+ZbJBa^+kc. 
&c. 


>-0; 


hence  cul-l«0,     or^«-; 

a 


aB  +  bA^^Of    or  B 


^bA*     -6 


aC-^StbAB+oA^mO,     or  C< 


-2&i<£     Cil'     2&*-ac 


;  bc. 


«     6«      (25*— oc)«*     ^ 


Ex.  5.     Let  «— y-a2^+&y'-&c.  required  the  value  of  y  in 
terms  of  a* 
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Assume  y-^+^.v'+Cr^+&c.     (See  Note,  Ex.  7-) 

&C.  a  &C.  I 

^a^—x  ] 

hence  J-laO,    or  A^l\     B-^aJ^mO,     or  £«0; 

[^ExercUes  Zi»2 

Ex.  6.     Tofind  the  sum  ofthe  teriet  l*+2'+S*+...+n*  hy  the  methoi  of 
Indeterminate  CoefficienU. 

Assume  l*+2'+S*+...+ii'-^+i?«+C«*+D»*+&c  A,  B,  Cy  &c  being 
unknown  coeffidents  independent  of  n;  then 

l*+2*+. .  •+(ii+l)'=il+5(ii+l)+C(ii+l/+D(ii+l)'+&c 
.-.  by  subtraction,     fi*+2»+l=5+2C«+C+SDn'+SZ)»+D, 

tfae  following  terms  being  omitted^  because  their  coefficients  are  separately 
equal  to  0,  bein|;  the  coefficients  in  the  last  eqnation  of  n\  n^,  &c  Henoe, 
equating  coefficients  of  like  powers  of  n  (Art  340), 

SD-1,  or2)=|, 

2C+dD»2>  or  C=i 


J5+C+D=l,  or  J5-i; 


«•     «• 


2 
1 

'8 

i 

►'.  sum  required-g  +  ^+^+il, 

«=gii(ii+lX2«+l)+i^. 

• 

To  find  A.  It  ivill  be  observed  that  all  this  investigation  will  equallj 
hold  good  if  we  had  begun  at  any  other  term  of  the  proposed  series, 
instead  of  1' ;  therefore  the  value  of  A  depends  upon  the  term  of  the 
series  from  which  we  Start.  Putting  then  n-1,  which  we  can  do,  because 
we  do  not  thereby  alter  the  value  of  Ay  which  is  independent  of  n,  our 
original  equation  becomes  l'»il+^+C-i-D;  but  we  already  have  obtained 

•*.  A^O,  and  the  sum  required 

-gn(«+lX2»+l),or  _+-  +  _, 

which  IS  the  most  convenient  form  for  recollection. 
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Ex.  7.    Tojlnd  ih^  ßun  of  the  fmet  l*+«'+S»+,,,+ii». 
Assume  1*+  2*+  S'+ . . . + n*  =A+Bn + W-hD^^JStn*-^  tfc, 

and  by  subtraction, 

omitting  the  remainiDg  terms  for  the  reason  assigned  in  th«  preceding 
Exampk.    Hfipoe 


4£=i, 

(WrJB,». 

Sl)-f6£-S, 

or  D-|, 

«C+SD+4JB=S, 

or  C-1, 

B+C+D+E=l, 

or  B=Oi 

.     ,    n»    n« 

n*     .    1  .,  . 

sum  required«— +  ^+— +^f^-ji*(iiV2ii+I)+^ 


c 


An  iii  tbe  lart  aiuimpH  to  find  ^  we  put  n^h  vhea  v«  obtm  by  a 

omH^y  prwpsf  4f^0^  Wd  th^  iwni  required 

'«(n+l)V 

TT2"J- 

CoB.    Sincc  1 +2+S+ . . . + n  = ,  ^  .  ^ ,  therefore 

l*+2'+S*+. .  .+»»=(1+2+3+. .  .+»)•. 

Ex.  8.     To  solve  the  equaHon  ^+laO. 

Assume  ar*+lpi(a^-m«+l)(aj'-fM;+j),  then 
A^+l«i^-(m+n)i»'+(mn+2)«*-(m  +  n)dr+l ; 
and  equating  coefficients  of  like  powers  of  ^, 

m  +  n'^Qi  and  in»^ + 1^ -■  Q, 

/.  n«-i7i^     ^n(Iiit'-i2,     orm«i*\/?; 

.•.  **+!  =  («•+ \/?.ar  +  l)(^'-\/^.a7+l)«0, 

ov  4f'+V^.«+l»»ö>     and  a^-\/««*  +  l«ö» 
from  which  two  quadratica  we  obtain  the  foqr  fOQtSi 

«  m -= — ,  and 7= —  • 
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Ex.  9*     To  expand  a'  in  a  seriet  of  powers  qf  x. 
Sincca'«(l+^)'=l+x(a-.l)+«.^Ca-l)»+ar.^.59^a-l)»+&c 

ii«9iinie  (f^l-^Ax'i'Bji^-^Cj^+ 

then  of=l-hAy+Bif*-¥(y+ , 

and  a*^^l+A{x  +y)+B(x  +y/+  C(jp+yy+ 

Multiply  the  first  two  series  togethex,  and  äquale  coefficiente  of  ^  with  the 
last»  ana  the  result  will  be 

firom  which,  by  equating  coefficients  of  like  powen  of  a:^  we  have 

SC^AB,  /.  C=-4^;     4D^AC,  .\  D^r^nl  »"d  so  on. 

„          _^  ,    Ax     A*3*     -rfV       A*t*  ,.         ^  . 

Hence  «-.i+_  +  -^+^^  +  ,^^^^+ where  A  » 

equal  to  a-l-i(a-l)*+J(a-l)*- 

Ex.  10.    Resolve  7 > .   . ., . — -x  into  its  partial  fraetions. 

(4:+a)(a:+6)(j+c;  '^ 

^  ,  1  ABC 

Let-?- TT Tw v= + F  + 


(i+fl)(«+Ä)(jr+c)     x+a     x+A     x+c' 

.'.  l=i^(x+6)(x+c)+B(x+fl)(x+c)+C(x+a)(x+Ä). 

Now,  since  tbis  equation  (by  the  theory)  is  true  for  ai^  value  of  Xj 
let  x=-fl,  that  is,  X4-fl=ü, 

then  l>fjL(ii-A.a-c);    or  A^-, — tt? ?; 

^  ^  (a— 6)(fl— 0) 

let  x=-ft,  that  is,  x+6=0, 

then   1— B(a-6.6--c);    or  5=-; — 7777 — r; 
let  x=-c,  that  is,  x+c-0. 


•  • 


then  l=C(a-c.Ä-c);    or  C^-. rr^ — x; 

1 1 1 

(x+aXx+Ä)(x+c)  ""  (a-6)(fl-cXjp+a)     (o-ä)(6-c)(x+ä) 

1 

(a-c)(6-c)(x+c)* 

*  Thii  trantfonnation  ii  msde  to  shew  tbat  the  series  will  ioToWe  no  otber  than  positiTe 
integral  powers  of  «. 
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Ex.    11.    Resolve  7^ >,,    .  .., r  into  its  partial  firactions. 

Let  -TT ...    ,  .., :=-: +- — i--f 


{l+ax){l-k-bxXl-¥cx)     l-¥ax     1+hx     1+c«' 
then  A ■hBx-^Cx'^P{l+bxXi+cx)+Q{l+ax)(l+cx)+R(l^ax)(l+  &«), 


let   jr=s — ,  that  is,  l+flj:«0. 


a     a*        \      aj\      aj*  {a-b){a-c)' 


let  dP=— T»  that  is,  1+5^=0, 
0 


let  x= — ,  that  is,  l+c«=0. 


then   ^--  +  ^  =  B(^1..)(^1«-);     or  ^^ ^^^^^^^^y 
A^Bx^Cx"  Ai^-Ba  +  C  Ab'^Bb+C 


"  (l+fljr)(l  +  6«)(l+cjc)     (Ä-6Xfl-cXl+flx)     (fl-6X6-cXl+^a:) 

4. . 

(a-c)(6-c)(l+C4:) 

Sjt— l     .        . 
Ex.  12.     Resolve   3V — -y,  into  its  partial  fractions. 

X^\X  •  i ) 

Let  -T? — Tx» «  —  +  -•+ — 1+7 — r^t,  (it  IS  necessary  to  assume  so 
dr(x+l)'     X     jr     x+l     (x+i)      ^  ^ 

many  fractions  to  include  every  possible  case  which  can  produce  the 

proposed  fraction,  although  either  A^  or  C,  or  both^  may  possibly  be  equal 

toO,) 

then    Sj-1=^x(x+1)«+jB(jj+1)«+Cjc*(x+1)+D*"; 

let  jr=0,  then  -l=jB, 

let  *=-l,  that  is,  ar+l=0,  then  -4  =D, 

let  «=1,  then  2=4.d[+4B+2C+Z>,   or  4.4  +  2C=10,    (1) 

let  «=2,  then  5=18i4+9JB+12C+4D, 

or  18/i+12C-30,       or  3/i  +  2C-  5,   (2) 

subtracting  (2)  from  (l)y     ^^«5,   and   C=:5--2i< --5, 

3jr-l    ^5     1        5  4 

•*•     «•(x+iy"ar     Ä*     x+1     (a?+l)'* 
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dx+2 
Ex.  15.     Resolve  -p — -r^  into  its  partial  fractions. 

thcn    S«+2 «yiCx+lZ+^^x +1/+C«(«+1)+D«, 
let  »-0,  then  2»il, 
Ict  *=-!,  thcn  -1=-A  or  D=l, 

Ict  *«1,  then  5=8il+45+2C+D,  or  4B+2C— 12, (1) 

let  «»2,  then  8»27><+18^+6C-|-2D, 

or  18^+6C— 48,  or  65+2C«-l6,  (2) 

subtracting  (1)  from  (2),  25=-4,  or  5=-2;  and  £7— 2B-6=-2. 

3x+2      2       2  2  1 


• . 


*(«+!)»     Jr     «+1      («+1)^     («+1)»* 


342  *•  The  four  preceding  are  examples  of  the  resolution  of  a  "  rational 
fVaction"  into  its  partial  fractions,  of  which  we  shall  now  proceed  to 
describe  the  general  method.  By  a  rational  fraction  is  meant  one  whose 
numerator  and  denorainator,  when  arranged  according  to  the  powers  of 
a  variable  quantity  x,  contain  only  positive  integral  powers  of  x;  and 
furthermore  it  is  supposed  that  the  numerator  is  of  lower  dimensions  in  x 
than  the  denominator :  if  however  this  be  not  the  case,  we  can  perform 
the  division  as  far  as  it  will  go,  thus  obtaining  an  integral  quotient  and  a 
fraction  with  its  numerator  of  lower  dimensions  than  its  denominator :  to 
this  therefore  we  can  confine  our  attention. 

Let  -^  be  such  a  fraction ;  then  V  can  always  be  resolved  into  factors 
of  one  or  two  dimensions,  which  may  or  may  not  be  repeated, 
ue.     r=(x-o)...(j-Ä)'' (a:*+ax+^...(ic*+yx+8y... 

«— a  being  one  of  the  linear  factors  not  repeated,  x-h  one  repeated  r  times, 
a^+ax+ß  a  quadratic  factor  that  cannot  be  resolved  any  further,  and 
a^+yx+h  a  quadratic  factor  repeated  s  times.  The  following  assumptions 
must  then  be  made :  for  every  factor  such  as  x—a,  assume  a  partial  fraction 

:    for  every  factor  repeated  as  (x^by,  assume  a  series  of  partial 

fractions 

Bi  Bf  Bf. 

qT^'^  (X''by-''^"'J^' 

for  every  quadratic  factor  x'+ax+/9  assume  a  partial  fraction 

Cx-\^D 
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and  for  the  other,  assume  a  series  of  firactiona 


A^  B  &c.  being  independent  of  x.  It  will  be  obyious  on  conaideradon 
that  these  assumptioQs  muat  be  made,  btcaase  all  that  we  know  ia  that  the 
nuraerator  of  the  proposed  fraction  is  of  Iower  dimenaiona  than  the 
denominator« 

(1)  To  find  A.  Moltiply  by  xr^a,  tht  depomiwl^r  ^aanwpaiidiDg 
to  A^  and  suppose 

U  * 

F=Q.(«-fl),  then  ^Bil+(the  other  fractions)x(x-a). 

Now  neither  Q  nor  anj  one  of  the  denominatora  of  the  other  frac- 
tlon,  contain.^,-«;  ««d  if  we  put  *=«.  Ae  vdue  of  ^  i.  not  dunged. 

and  neither  ^  nor  any  of  the  other  fractiona  becomea  infinite,  and  the 

other  fractions  are  all  multiplied  bj  zero; 

.'.  A^-Q  when  *=a. 

In  this  manQfv  all  thq  Qther  Qorre9po«diiig  partial  fraetions  cta  be 
d^tennined. 

(2)  To  find  Bxi  B,,  &c.    Multiply  by  («-6)',  wd  euppose 

ü 
F-Q(*-6)%  then  Q«pJ5^+B,(«-i)+.,.+(the  other  flractio«*)x(«-»i)'; 

By  transposing  this  fraction  we  have 

U  B,  Jg.      . 

And  if  the  left-hand  member  be  rednced  to  a  single  fraction,  ^^i  will  be 
a  factor  of  the  numerator^  which  if  cancelled  will  make  the  denominator 
involve  (a-^hy'^ :  B^  can  then  be  determined  in  the  same  way  aa  J^i;  and 
so  OQ^  if  there  be  more. 

(S)    To  find  C  and  D.    Multiply  by  x'+ax+ß,  and  suppoee 
r=Q(4r'4-(MP+/9)«  then  ^i«C4r-l-D+(the  other  fraetionaXtf'-fax-f/S). 

If  then  we  put  dr^+a^+y^sO,  we  have  -q^^Cx'^D. 

We  then  must  Substitute  for  «*  continually  —  (ax+/^  and  after  multi« 
plying  out,  we  shall  have  at  last  a  sinaple  eqnation  in  x^  irhtse  terma 
mvolve  C  and  D.    Now  we  know  that  t^s  is  satisfied  whenever 
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u  e.  it  is  satisfied  by  two  values  of  x,  therefore  the  two  terms  are  each 
=0,  thus  giving  two  equations  to  find  C  and  D. 

(4)  Tofindi^,,  JPjj&c.  Multiply  by  (4^+7*+Sy,  and  we  can  detcr- 
mine  Ei  and  Fi  as  in  (3) :  let  this  first  fraction  be  transposed  as  in  ^2), 
then  we  shall  have  «"-f  7X4-3  to  be  cancelled,  and  we  can  taen  fiqd  JS^^F^; 
and  so  on,  for  any  others* 

Ea^    Besolve  ^^-j -.  into  its  partial  fraetions. 

Let  it  SS  -3  +  —  +  -» . 

Then  by  (2)  maldpljriag  by  «*  and  putting 

jp—0,  wehaveil=— J. 
Transposing  this  first  fraction, 

«•(jp*+«+l)    «■"«     x*+«+l' 
jr+2  B     C*+D 

therefore  by  a  similar  prooess  B^% 
Applying  (S)  we  haye 

Cx+D^^  when  a!*+jf+l=0, 

or  «*j«— «— 1| 

/.  C«+D- -  = —; 

/.  -^+l=(«+l)((7a:+I))=C«*+(C+D)jr+D 
=  C(-x-l)+(C+D)«+D; 
.'.  0=(D+l)x-C+D-l, 
ipi  equatipn  wkieh  is  satisfied  by  the  two  roots  ot^-^x-^X^O ; 

.-.  D+1=:0,   and  -C+D-1=0; 
.-.  D=-l,     (7=-2; 
therefore  the  proposed  fraction 

««1     ?-  ^'^^ 


*•    «    ^+«+1  * 
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CONTnnJED  FRACTIONS. 

343.     To  represent  r  «^  ^  continued  firacHon^. 

Let  b  be  contained  p  times  in  a,  with  a  re-  bJtiA^p 
mainder  c ;  again,  let  c  be  contained  q  times  in  b,    e)b(jq 
with  a  remainder  d,  and  so  on ;  then  we  have  dTc(  r 

a«pfr+c,     b^qe+df     e^rd-jre,  &€•  e^c. 

a  c  c  1 

1                       1 
-p  +  — -— -p+ —,  &c 

9+-TT-  9  + 

ra+0  « 


*-+ä 


that  1S|    -  «p  +  — ^— 


1 

S  +  &C 

344.  Cor«  1.  An  approximation  may  thus  be  made  to  the 
value  of  a  fraction  whose  numerator  and  denominator  are  in  too 
high  terms;  and  the  farther  the  division  is  continued,  the  nearer 
will  the  approximation  be  to  the  true  value. 

345.  CoB.  2.     This  approximation    is  altemately  less   and 

a  1 

greater  than  the  true  value.     Thus  p  is  less  than  --;  and  p  +  - 

is  greater,  because  a  part  of  the  denominator  of  the  fraction  is 

omitted:  9+  -  is  too  great  for  the  denominator,  therefore  p+  — » 

is  less  than  - ;  and  so  on. 
0 

*  Altbough  a  'earUmuedfraeiion'  (see  Def.  Art  8)  may  be  of  the  foftm  p  ■!■■  ^  ■ 

ff  +  p 

the  term  ia  commonl/  reitricted  to  dioee  of  the  foim  p-f  — ^        or  ^^ 


«+;+&c,  "+-1 


'"'"r+fte.    Bb. 
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It  if  obvioos  thati  when  t  i>  *  pro/per  fraction^  P'^O,  and  c^a^  lo 

that  the  Operation  of  Converting  -r  into  a  continued  firaction  in  this  case 
oommenoes  with  dividing  h  hj  a. 

DsF.    The  quantities  p,  q,  r,  See,  which  are  always  positive  inte- 

n  1  1 

gera,    are    called  the  Partial  QMoiientt;  and  Y»  p+-»  jP+*^>   when 

reduoed  to  simple  fractiona,    are  called  the  Ccmverging  Fractions^  or 
ConvergenU^  to  t« 

314159 

Ex.     To  find  a  fraction  which  shall  be  nearly  equal  to , 

j  .    1  .  ^    ^  100000 

and  m  lower  terms.  vw^/w 

■ 

100000^314159(^3 
300000 


14159^  100000  [J 
99113 


887^  14159  (^15 
887 

4435 


854^  887  i^l 
854 

"i3&C. 

Here  ji""3,  q^l^  r— 15,  s^l,  &c.  therefore 

314159  1 

~»3  + 

100000  1 

7  + 


15  +  &C. 

The  first  approximation  is  3,  which  is  too  little,  the  next  is 

1      22      ^  ^      .  .  1  15      SSS 

3-|-~«i — •   too  mreat;  the  next  is  3  +  — «3+-- « — ,  too 
7      7  *  1  106     106 

little ;  and  so  on.  '  ^  15 

The  proposed  fraction  expresses  nearly  the  circumference  of  a 
drcle  whose  diameter  is  1 ;  therefore  the  circumference  is  greater 

than  3  diameters.  less  than  —  diameters,  and  greater  than  — ^  dia- 

7  100 

iQeters,  &c 
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346.     To  convert  any  continued  fraction  inio  a  series  qf  comergimg 

Jraeiians, 

Lei  the  coiiliDtt^  frtction  be  (Alt.  343) 

1 
P+ J 


g> 


1 

then  the  quotients  are  p,        g,        r,        t,        &c. 
and  the  converging  fractions  are  respectively  eqaal  to 

p         1             1                1  p 

p  P+->  P+ — J  »  P+ 1>  &c. 

r  +  - 
p      P9+1       f>yr+p+r       pgr^-j-pj-^^r^^pq-^l 

1'         g     '  gr+1       '  (g''+l>+^         ' 

in  which  the  law  of  formation  is  observed  to  be  as  follows  :*- 

Write  down  in  one  line  the  quotients  p,  q,  r,  «,  &c.«  and  the  first  and 
second  converging  fractions  at  sight;  then  the  other  fractions  may  be 
obtained  thus : — 

For  the  Srd, 

Jnum'.    B3rd  qaotx  num'.    of  2nd  fract+  num'.    oflstfract. 
\denom'.a3rd  quotxdenom'.  of  2nd  fracU+denom'.  of  Ist  fract 

For  the  4th, 

rnum'.    B4th  quotx  nnm*.  of3rdfVaGt+   num'.  of  Sndfract. 
'(denom'.=4th  quotxdenom'.  of  3rd  fract+denom'.  of  2nd  fract. 

And  generally«  for  the  n^  fraction  in  the  series, 

Multiply  the  n}^  quotient  by  the  numerator  of  the  «—1  p*  fraction  and 

add  the  product  to  the  numerator  of  the  n— 2]^  fraction.    This  will  give 
the  numerator. 

Multiply  the  n***  quotient  by  the  denominator  of  the  ii— 1 J**  fraction 

and  add  the  product  to  the  denominator  of  the  n-S  {^  ^ction.    This  wiU 
gi?e  the  denominator. 

To  prove  this  gener allif:-^ 

N     N     N 
Let  qi,  gt9  qif  9»  ^^  ^^y  ^  successive  quotients^  and  -^^  ^T«  W* 
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j^    the  oorretponding  convergents;  and  suppose  the  law  above  stated 

to  hold  for  the  3rd  fraction,  so  that 

N^q^N^^Ni,  and   D,-^,D,+Di; 

tben,  tince  any  convergent  is  obtained  from  the  preceding  one  by  merely 

bringing  to  account  another  quotient,  it  is  dear  that  yt  may  be  found 

N  1 

from  jY  ^7  writing  9s+—  instead  of  q^,  that  is, 

Now  it  may  be  proved  that  these  fVactiont  are  both  in  their  lowest 
terms  by  the  application  of  the  foUowing  :— 

Lemma.  If  an  integer  be  added  to  a  fraction  in  its  lowest  terms, 
the  resulty  when  reduced  to  an  improper  fraction,  will  also  be  in  its  lowest 
terms. 

Let  a  be  the  integer,  and  -  the  fraction:  then  a+-a ; 

.     .  ^  c        c     ' 

and  if  this  is  not  in  its  lowest  terms,  its  numerator  and  denominator 
have  a  common  measure,  which  will  therefore  also  measure  (ac+b^-ac 

h 
or  6,  thus  making  the  fraction  -  not  in  its  lowest  terms. 

It  is  important  here  to  observe  that  this  reduction  to  an  improper 
fraction  is  to  be  effected  by  multiplying  by  the  denominator. 

Now  in  the  given  continued  fraction,  —  is  dearly  in  its  lowest  terms : 
.*.   9,+  —  is  so  when  reduced,   .*.  its  reciprocal  ^^^^  is  in  its  lowest  terms, 

1     .  NN 

and  .*.  gr,+  is  so  likewise,  and  so  on  to  any  extent  •*.  —^   ~,&lc, 

are  all  in  their  lowest  terms,  considered  as  arising  from  the  continued 
fraction,  and  not  as  derived  fVom  each  other. 

*  This  Dotation,  altbough  at  first  sight  somewhat  complex,  is  Terj  expressive,  and 
greatly  relieves  the  memory  throughout  the  Operation,  the  fir$t  letter  of  each  word  heing 
used,  q  for  quotient,  N  for  Numertiiar,  and  D  for  Denaminaior,  whilst  the  small  figures 
indieate  the  poniion  of  each  with  respeet  to  the  others  here  employed.  Thus,  for  instance, 
the  final  resolt  in  this  proof  may  be  as  easily  read  and  understood,  as  if  it  weic  written  at  füll 
length  in  ordhuary  langoage. 
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NN  .  1  ' 

Now  wben  we  derive  yt  from  y^ ,  aayre  have  written  g,+  —  for  5„ 

*  ,  *  ^* 

and  multiplled  by  the  denominator  g«,  we  clearly  must  get  the  aame 

re8ult>  whether  we  retain  the  form  g,+  —  until  the  end  of  the  Operation,  or 

perform  the  multiplication  by  q^  first.  But  under  this  latter  mode  of 
reducing  the  fraction  the  result  we  obtain  is  in  its  lowest  terms,  therefore 

it  is  also  in  its  lowest  terms  in  the  other  case:  t.  e.  ^^^ — f^  is  in  its  lowest 

N 
terms.    Also  jJ  has  been  proved  to  be  in  its  lowest  terms,  .*.  the  nume- 

rators  and  denominators  are  separately  equal,  t.  e. 

N^=q^Ng^N„  and   D^^q^D^+D^ 

which  proves  that,  if  the  law  holds  for  anj/  one  convergent,  it  also  holds 
for  the  next;  and  as  we  know  it  does  hold  for  each  of  those  near  the 
beginning  of  the  series,  it  follows  that  the  law  holds  generally.   (Note  4.) 

84 
£x.    To  find  a  series  of  converging  fractions  for   -- -• 

84        1 

227"^       1 
2  +  — 


IH-I 


2+J^ 


2  +  -^ 


If-i 


3+1- 


.'.  the  quotienU  are  0,  2,  1,  2,  2,  I,  S,  2, 

,  ^,     ,   ^.  0     1      1     3      7      10      87       84 

and  the  fracUons  are  -,  -,  -,  -,   -,  -.  — ,  _. 


347.     To  express  ^a*+l  in  the  form  of  a  Continued  Fraction. 

1 


^a■+l«a+^/a•+l-a=a+  -7=5=7= —  * 


1 
a+ == 


a  result  which  is  easily  remembered  and  applied  to  any  proposed  case. 
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Ex.     7l7=74VT-4+ — i— 

8+  — 


»4. 


4  1  1 

The  converging  fractions  will  be  equal  to  -,    ^-^  q  >    4+  ,  &c. 

1  S  ^1 

or  -,  ~  ,  -^ ,  &c  cach  of  which  is  nearer  to  the  true  value  of  ^17 
than  the  one  preceding. 

348.    To  express  ^  in  acontinuedfraction;  and  iofind  the  converging 
fraclions, 

Let  a  be  the  greatest  whole  number  less  than  Jn;  then 

Jn^a'^Jn-a^a-k'-j= — =:a+  ,  where  ras«— o*. 

»Jn-i-a  tjn+a 

r 

Let  6  be  the  greatest  whole  number  less  than  ^^—1? ;  then 

i/n-i-a     ,     Jn+a-rb     ,     Jn-a!    .^    .      . 
r  r  r  ' 


Similarly  ^^qi^'=y+— i ,  if  «''^r'Ä'-a',  and  r^. 


and  so  on,  until  the  quantity  corresponding  to  r^'  is  equal  to  1,  after  which 

the  quotients  will  recur;  for  then  the  fraction  corresponding  to  -      — 

becomes  a^rot'-^Jn—a^  giving  the  same  expression  to  be  transformed  as 
the  original  one.  The  quotients  of  the  continued  fraction  being  thus 
Ibund,  the  converging  ßractions  will  be  found  by  the  Rule  in  Art.  346. 

(NOTB  5.) 

Ex.        7h=S+JIT-S=S+-7= *3+    ,Jl      , 

JTl-k-S  Vll+3 


^/ll±^.S^^/liz^.S^_l 


« 


=3+ 


-— =«7T   — »SOT       ^     -^— —  ö-r    •  i # 

2  2  2(^11+ S)  S+TlT 
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.-.  ^/n-8+ 


8+ 


s+vn 


3+ 


6+ 


1 


«+ 


1 


6+ 


^^6+&c 


the  quotients  are  3,    3,      6,      3,       6,  Sic 
.u    Ä^^-  S     10     63    199     1257     -. 

349.  As  a  test  of  the  correctness  of  the  convergtng  fractions,  jt  ma^ 
be  observed,  that  the  difference  hetween  any  iwo  consecutine  fractians  u 
always  a  fraction  having  +1  or  —1  for  iU  numeratoTt  acooraing  aa  that 
whicD  is  subtracted  from  the  other  is  in  an  odd  or  even  place.     For 

l"     g         q  *        q  qr+l       '^ q{qr+iy 

{pq^l)r+pj-^l.r+p)s^pq^l^ -1_ .  ^nd  so  on. 

qr+l  (qr-^})s-^q  {(ir+l){qr+la+q) 


Thu8,  in  the  hist  example, 

3     10       1        10    63      1        63    199         1 


,  &c. 


13       8*      3     19    57*      19     60        1140 

To  prove  ihU  generaüy; 

N     N     N 
Let  TP  >    j^f  TT  ^  ^^y  three  consecutive  convergents, 
Ui      Ug     mj% 

9i>     9t»     9«  ^^  correspondlng  quotients, 

and  suppose  the  law  above  stated  to  hold  f<H*  the  first  two  fractions,  so 
that 

iVr,D,-2V,D.«l; 

then  Ar,D,-Ar,D,-iVr^9,D,+D,)-(g,Är,+iV^,)D„  (Art  346) 

which  proves  that^  if  the  law  holds  for  any  one  fraction  and  the  next 
preceding  one,  it  also  holds  for  that  and  the  succeeding  one.  But  it  has 
been  shewn  to  hold  for  two  consecutive  fractions  at  the  beginning  of  the 
series ;  therefore  it  holds  generally. 
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350.     To  delermine  ihe  limit  of  ihe  error  in  iaking  any  convergenl  for 
Ihe  tmejraction  r-. 

N         N 
Lei  YY  ^uid  JY  ^^  ^^X  ^^^  consecutive  convergents,  then  we  know 

that  iVjD,-iV,Di=l,  (Art.  349);  and  of  j^  and  -g?  we  know  that  ?<  one, 

and  >  the  other,  that  i8>  lies  between  thera^  (Art.  345);  therefore  the  diffe- 

rence  between  y  and  either  of  them  is  less  than 

o 

N^    Nj    N,D,^N,D^        1 

Or,  since  D,>D,,  a  fortiori,  j'^'W^nT 

Thus  in  Ex.  Art  345,  —  differs  from  the  value  of  3«14159  by*a 

1  1  333 

qaantity  less  than         ^  or  --— ;  and  — >  differs  from   the  true  value 

by  a  quantity  less  than  ^.  or  ^^^^ . 

Cor.  1.     Those  convergents,  which  immedialdy  precede  large  quotienU, 
approximate  especialfy  near  to  ihe  true  value  ofihe  continued fraclion, 

For,  if  w  *   7^  *   TT  ^®  three  consecutive  convergents  to  r »  corre- 
sponding  to  quotients  9,,  ^s,  g,,  then 

A'  A'  6»  i>, 

are  in  order  of  magnitude :  and 

N,     N,     q,N,+N,     N,     q^N,D,~N,D,) q^ 

27,  "A     q,D,+D,~n,       A(9,D.+A)       AD. 

.       N,    N,       1 

And  if  9j  be  especially  large,   since  D^-cD^,  jyjf  will  be   much 

\  N     ,  NN 

greater  than  j^jr ;   -'-  w   lies  much   nearer   to  j^  than   to  -^ ,   and 

therefore,  a  fortiori,  7  lies  much  nearer  to  y^  than  to  yt  • 

o  A/j  JJi 

Cor.  2.     i<»^  convergenl  is  nearer  lo  the  true  value  than  any  other 
Jracium  with  a  üss  denominator, 

15—2 
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For,  if  possible,  let  -i  be  a  fraction  nearer  to  the  true  value,  t  >  than 
its  convergent -yy^  is,  andd^Di.  Then  since  ^  lies  between -^  and  v, 
and  j  he«  between -^  and  ^^,  therefore  5^5l<^-.-^^<  jg^<^, 

.*.  nD^'^Nid'CjY , 

or  a  whole  number  <  a  proper  fraction,  which  is  impossible. 

[_Exercises  Zk.2 

351.  To  find  the  value  of  a  cantinued  fracHon^  tvhen  the 
quotienta  q,  r,  s,  &c.  recur  in  any  certain  order. 

Ex.  1.     Let  Mmwi 

1 
g+  — 


1 

r+  — 


1 
9+ 


r  +  &c.  in  inf. 

,  1  r  +  dT 

then    — —  »  ^,  or  «s  j» ; 

1  gr  +  g j?  + 1 

g+ 

r  +  d? 

hence  r+d?  =  grj7  +  ga;*+ar,    and  w^+rw  —  =  0, 

9 

by  the  Solution  of  which  quadratic  equation  the  value  of  a  may  be 
obtained. 


Ex.  2.     Let  w 


\/a  +  &c.  in  inf. 


6  6 

squaring  both  sides,  «"«  a  +  — — =^-^=— -— =•  —  a  +  -  ; 


/  6 

/  0  +  — 7= 

\/  VO  +  &C. 


^ 


and  «r'— a«v-bBO ;  whence  the  value  of  o;  is  to  be  found. 


CONTINUED  FRACnONS.  229 

352.    The  roots  of  quadratic  equations  may  sometimes  be  approxi- 
mated  to  by  means  of  continued  fractions.    Thus^ 


Let  g^-px-q^O ;  then  x^p-^^-p-^  ^^ >  &c.; 

P 


X    '  q 


X 

80  that  x=/}+i— 

p^.5 i  which,  though   not  a  continued   fraction 

.9  of  such  a  form  as  those  to  which  the  pre- 

^    P+&C.        ceding  theory  applles^  may  yet  sometimes 
be  made  use  of  to  calculate  the  value  of  x. 

353.     To  ßnd  in  the  form  qfa  continued  Jraclion  the  value  of  x  which 
satisfies  the  equation  a*=b.  « 

Substitute  for  x  the  numbers  0,  1,  2,  3,  &c.  until  two  consecutive 
numbers  are  found,  n,  and  n+l,  such  that 

a"<6,  and  a**'*>6; 
then  it  appears  that  x<n+ly  and  >ii;  so  that  xaii+-,  where  jr>l>  and 

a   ^'^bj   OT   a^.c^^hf   and  a^=— ,   or  f  —  J  =a.     Again,  since  —  >1,  and 

<a,   by  substituting  the  numbers  between   1  and  a  for  y  in  the  last 
equation,   two  consecutive  numbers^  p,  and  p-¥\,  will   be  found  such 

that  ^<p+l>  and  >p,  so  that  y-p-¥-;  and  .•.  x^n+         ;  and  by  con- 

2  1 

p+- 

tinuing  the  process  in  the  same  manner^  the  fraction  expressing  the  value 
of  X  may  be  continued. 

Ex.     Required  the  value  of  x  in  IC^sg. 

By  substituting  0  and  l  for  x,  it  appears  that  x>0,  and<l;   let 
1  i 

X— -,   then    10*= 2,  or  2* =10.      Again,   it  appears   that  y>3,   and  <4; 

1  8+'-  *-  '-     10 

let^=S  +  -,   then  2   ■=2'.2*=10,   or  2'=  —  =l-25,  .-.  (l-25)*=2.     Again, 

it  appears  that  z>3,  and  <4;  let  2«34--,  then  (l-25)**"=(l-25)'.(r25)"=2, 

.-.  (1*25/-T— — j=1024,   .-.  (1-024)"- 1-25,  and  by  trial  v>9  and  <10. 

Hence  by  successive  Substitution 

1 


X« 


3^2 


^*9+&c. 
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INDETERMINATE    EQUATIONS    AND    UNLDflTED 

PROBLEMS. 

354.  When  there  are  more  unknown  quantities  than  inde- 
pendent  oquations,  the  number  of  corresponding  values  which  those 
quantities  admit  is  indefinite  (Art.  198).  This  number  may  be 
lessened  by  rejecting  all  the  values  which  are  not  integers;  it  may 
be  farther  lessened  by  rejecting  all  the  negative  values ;  and  still 
farther,  by  rejecting  all  values  which  are  not  Square  er  cube  num- 
bers;  &c. 

By  restrictions  of  this  kind  the  number  of  answers  may  be  confined 
within  definite  limits;  and  problems  are  not  wanting,  in  which  such 
restrictions  must  be  made. 

355.  If  a  simple  equation  ejfpress  the  relatum  of  two  unknown 
quantities,  and  their  corresponding  integral  values  be  required, 
divide  the  whole  equation  by  the  coejßdent  which  is  the  less  of  the 
two,  and  suppose  that  part  of  the  resuÜ,  which  is  in  a  fractianal 
form,  equal  to  some  whole  number ;  thus  a  new  simple  equation  is 
obtainedy  with  which  we  may  proceed  as  before ;  Ut  the  Operation 
be  repeated^  tili  the  coeßcient  of  one  of  the  unknown  quantities  is 
1,  and  the  coefficient  of  the  other  a  whole  number;  then  an  integral 
value  of  the  former  may  be  obtained  by  substituting  0,  or  any  whole 
number j  for  the  other;  and  from  the  preceding  equations  integral 
values  of  the  original  unknown  quantities  may  befound. 

Ex.  1.  Let  S}Cß  +  ltf*^2Q\  to  find  the  corresponding  integral 
values  of  w  and  y. 

Dividing  the  whole  equation  by  5,  the  less  coefficient, 

2y  4 

5  o 

4-2v 

or     «T  =  5-y  + 9  a  whole  number; 

5 

.'. is  a  whole  number. 

5 

4-2y 
Assume    «p,     or4-2ye5p9 

then      2-ys»2p  +  -; 


AND  UirLIMITED  PBOBLEMS.  231 

P 

•••  y-«2-2p  — ,  a  whole  number. 

And  ^  is  a  whole  number. 

Let  -■=*,    or  p'^ZSf   then  9^2-5«, 

and  JT«5-y+pB3+5«  +  2«"3-|-7«** 

If  ««0,  then  a^S  and  y^S»  the  only  positive  whole  numbers 
whicb  answer  the  conditions  of  the  equation ;  for,  if  x  and  y  are 
positive  integers,  5s  cannot  be  greater  tfaan  %  that  is,  s  cannot  be  greater 

than  - ,  and  s  cannot  be  negative,  for  then  x  would  be  negative. 

If  negative  valoes  of  jt  and  y  are  not  excluded^.then  an  indefinite 
number  of  such  Solutions  may  be  found  by  putting  1>  2,  5,  &c.  —1,  —2, 
—3,  &C.  fat  s. 

Ex.  2.  To  find  a  number  which  being  divided  by  3,  4,  5, 
gives  the  remainders  2,  3,  4,  respectively. 

Let  w  be  the  number, 

4f  — 2 

then  Bf),  a  whole  number,  or  « v3p  +  2 ; 

S 

also,  from  the  second  condition, 

,    or  ■=  ?f  a  whole  number, 

4  4 

g+1 

that  is,   3p-lB49,     or  pag  + ; 

ö 

letill-r.  org-sr-l.  thenp-4r-l. 

and  a?  =  Sp  +  2-12r— 1; 

w  ^  4i  1 2?*  ^  u^ 

again,  from  the  third  condition,  or  ^  is  a  whole  num- 

5  5 

2r 

ber,  that  is,  2r  + 1  is  a  whole  number ; 

5 

*  Thij  Operation  might  hare  been  abridged  thui, 

*««-y+^^?f^;  let  ?=*=#,  or  y«8-6«, 
0  0 
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2r 
.'.  —  is  a  whole  number; 
5 

let  — «2fii;    then  r^5m. 
5 

and   a7«12r-l-s60m-l. 
If  m«l,    ar-59;    if  w>«2,  a?  =  n9;  &c. 
The  artifices  employed  in  the  two  following  examples  are  deserying 
of  notice. 

Ex.  S.     Let  llar- 17^=5;  to  find  the  integral  values  of  «  and  jr. 

Here  x,l^  =  ?^^^  =  2^-^^>  =  a  whole 

Let  -^»P,   or  j^-1-11/);     /.  y=llp+l. 

And  ar=2y-5/)=22p+2-5/}=17p+2. 
If    p=0,  Ä=2,  and  y^l;  if /?=!,  x=19*  and  ^=12;  &c.^ 

Ex.  4.     Let  Ux-XSy^ßS;  to  find  the  integral  values  of  x  andy. 
Since  18  and  6S  are  divisible  by  9»  let  «»92,  then 
llx9£r— 18^=63;  and  dividing  by  9* 
ll2-2y«7; 

Let  -^=p>   or  £:-l=2p;    .'.  z=2p+l. 

Hence  «-18p+9;   and  ^=10p+5-S+p=llp+2; 

and  by  giving  tp  p  the  values  0,  1,  9>  3,  &c.   the  integral  values  of  x 
and  y  are  determined. 

356.  If  the  simple  equation  contain  more  unknown  quanti- 
ties,  their  corresponding  integral  values  may  be  found  in  the  same 
manner. 

Ex.  Let  4<r +  3y +  10  e5iir;  to  find  corresponding  integral 
values  of  w,  y  and  z. 

Dividing  the  whole  equation  by  3,  the  least  coefficient,  ^ 

»r  + 1  2ar 

^  3  3  ' 

gj^r  —  .9  . 1 
y^x^ai-S-\- ,  a  whole  number. 
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Assume  =p,   or  2;ir-a7-l«3p, 

o 

then  a?ss2Är-Sp-l, 

and   y«Är-2Är  +  3p  +  l-3+p  =  4p-Äf-2; 

and  for  p  and  e  substituting  0,  or  any  whole  numbers,  integral 
values  of  x  and  y  are  obtained.  If  x^S,  and  p«!»  then  J7»2  and 
y  «s  — 1 ;  if  «  s  4,  and  p  =  0,  then  jt  «  7  and  y  =  -  6 ;  &c. 

357.  If  the  nuraber  of  independent  equations  be  less  by  one  than 
the  number  of  unknown  quantities,  the  equations  may  be  reduced  by 
elimination  to  one  equation  only  betwixt  two  unknown  quantities^  and 
then  the  preceding  method  of  Solution  may  be  applied. 

Ex.     Let   2x+5^+3fl:=108,\  ^     ^    ,  ^.      .  ^        ,1  c 

and  3x^2^+7^=95,  /  "^  ^"^  '^'  '"'''^''^  ^*^"""  ^^  ''  ^'  '' 

From  Ist  equ»  6a? +15^+92=324,) 

...     2nd    ...    6ar- 4^+142=190,1 

.-.  l()^-5£r=134; 

from  which  equation  the  values  of  y  and  s  may  be  found  by  the  usual 
method,  and  tnen  the  values  of  x  may  be  deduced  from  either  of  the 
original  equations. 

[Exercises  Z/.] 

A  more  complete  Theory  of  Indeterminate  Equations,  distinct  from  the 
preceding,  is  contained  in  the  following  Articles  of  this  Section : — 

358.  To  sherv  that^  if  a  ts  prime  to  h,  the  equation  ax+by=c  has 
one  integral  Solution  at  least. 

Since   ax=c—hy^    .*.  ar= --; 


now  give  to  y  the  several  successive  values  0,  1,  2,  3, ...  a— 1,  and  since 
a  18  prime  to  h,  the  several  values  of  c— 6y,  divided  by  a,  will  all  leave 
afferent  remainders,  C^or,  if  not,  let  y,  and  y,  be  two  of  the  values  of  ^, 
which  make  c—hy,  divided  by  a,  if  possible,  to  leave  the  same  remainder 
r,  9,  and  g,  being  the  quotients,  then 

c-6^,=flgf,  +  r,   and  c—hy^^aq^-^r^ 

or  h(yi-y^  is  divisible  by  a  without  remainder;  but  b  is  prime  to  a,  there- 
fore  yi—y^  must  be  divisible  by  a,  which  is  impossible,  since^,-^a<a]. 

Hence  the  remainders  being  all  difierent,  since  the  number  of  them  is 
a,  and  each  one  necessarily  less  than  a,  it  follows  that  one  of  them  must 
be  0,  that  is,  ;p  is  a  whole  number  for  a  certain  integral  value  o£  y  less 
than  a,  and  these  values  of  j:  and  y  satisfy  the  equation  ax-^-by^c. 

Cor.  It  is  obvious,  that  not  only  is  an  integral  Solution  proved  pos- 
sible, but  also  we  are  directed  to  a  most  simple  way  of  obtaining  it,  in  all 
cases,  where  the  coefiicient  of  either  x  or  ^  is  smalL 
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£x.  1.    4x4- 29^— 150,  find  x  and  y. 

Here  x« '^aa  whole  number  for  some  value  of  y  between  0 

and  3  inclusive.     Try  0^  1,  2,  3,  successively,  and  we  find  2  will  answer; 
in  which  case 

150-29V    92    ^o  «o       j       « 
-—^  =  ^»23;   /.  «=2S,  and  vs2. 

4  4» 

Ex.  2.     17xs7y+l>  find  ar  and  ^. 

ITx— 1 
V« — = — =a  whole  number  for  some  value  of  x  between 

0  and  6  inclusive. 

84 
By  ttial  x=5,   and  then  ^=s---sai2. 

359.  To  ßnd  aU  the  integral  values  of  x  and  y  which  satisfy  an 
equaiion  0/ i he  form  ax*by«c. 

Suppose  a  and  b  prime  to  each  other;  for.  if  they  are  not,  (since 
a,  b,  X,  and  y  are  all  integers  by  supposition,  and  every  common  measure 
of  a  and  b  measures  ax  and  6y,  and  therefore  ax^by^  or  c,)  a,  b,  and 
c  must  have  a  common  measure,  and  dividing  by  this  common  measure, 
the  equation  is  reduced  to  one  in  which  the  coefficients  of  x  and  y  are 
prime  to  each  other.  Hence  it  is  only  necessary  to  consider  the  case  when 
a  and  b  are  prime. 

Let  x=a,  y-ßhe  one  Solution  of  the  equation  ax+6y=c;  then 

.-.  a{a^x)=b{y-ß), 

and  T-^^— ^; 
6     a— X 

but  7  is  in  its  lowest  terms,  since  a  is  prime  to  b,    .'•  y-^ß,  and  o-j;, 

are  certain  equimultiples  of  a  and  6,  or  y-ß'^ai,  and  a—x-bt,  where  i  is 
integral  and  remains  undetermined; 

/.  x^a~bt,\ 
and  y=^ß-^ai;\ 
which  values  of  x  andy  are  found  to  satisfy  the  original  equation. 

Hence,  if  we  know  one  Solution,  xsa,  y'^ß,  (which  may  often  be 
guessed  at  sight,  or  found  b^  Arts.  355^  358)  all  the  requirea  Solutions 
are  found  by  giving  difierent  integral  values  to  /  in  the  equations 

x^a—bt,\ 


x^a—btA 
y^ß^at.S 


Similarly,  if  the  proposed  equation  be  ax-by^c,  it  may  be  shewn, 
(or  deduced  from  the  former  by  writing  —b  for  6,)  that  the  general  Solu- 
tion is 


x—a+6/,1 
y^ß-k-at.) 
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Ex.     If  llx— 17^a5  ;  find  the  integral  values  of  x  and  y. 

Here  it  is  easily  seen  that  jr=:2,  y^l,  is  one  Solution;  therefore  the 
general  Solution  is  ar= 2 +17/,  y^l+lW»  from  which  all  the  others  may  be 
obtainedy  by  giving  integral  values  at  pleasure  to  /• 

360«  Another  Meihod.  Find  the  series  of  fractions  converging  to 
j- ,  and  let  ^  be  the  convergent  immediately  preceding  •▼ ,  then^  by  Art. 

349»  since  ^  and  7  are  contiguous  convergents, 

ng— 6/}sikl,  (+  or  —  according  as  t>  or  <£ ,  that  is^  accord- 

Ing  as  £  occupies  an  even  or  an  odd  place  in  the  series ;) 

.*.  either  fl.c5'+6.(— cp)=sc,  or  a.{^—c(^-\'h,cji»Ci 

a(cq—bf)-hb{ai-'Cp)^c,  or  ö(-cg— Ä/)+&(cp+aO*^* 


But  as+bif=c,    .*. ,  according  as  r>or<2, 

r=cg-6/,  )  ^^    x=^cq'-bt, ) 

i'^^at-cp, )  y^  cp  -hat. ) 


Similarly,  if  the  proposed  equation  be  ax-by^Cy  the  general  Solution 
will  be,  according  as  -r  >  or  <  - , 


x^cq-^bi,  ) 
y^cp-¥at^ ) 


x^^cg-^bl,  \ 


y^—cp+al. 

N.B.  Of  course,  in  any  proposed  case,  where  we  can  see  at  once  the 
values  of  x  and  y  which  will  make  ax-by^il,  or  —1,  there  will  be  no 
need  to  form  the  series  of  ronvergents. 

£x.  1.     2l4r+40y=4000. 

The  convergents  are  y,  j,   — ,  — , 

.-.  21x19-40x10=-!, 

21x19x4000-40x10x4000—4000, 
21(-76000-40/)+ 40(40000+ 21/)= 4000, 
.-.  jp —76000- 40/,  and  y=40000+21/. 

Ex.  2.     5* +7^ =29. 

Here  we  can  see  that  x=3,  ^=2,  will  satisfy  the  equation  5ar— 7y™l* 
that  is,  5x3-7x2=1, 

.'.  5x5x29+7x(-2x29)«29, 

or     5x87+7(-58)-29, 

.-.  5(87-7/)+ 7(- 58 +5/) =29, 

/,  ar=87-7/,  and ^=-58 +5/. 
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Cor.  1.  If  only  positive  integral  values  of  x  and  tf  are  required,  i 
will  be  restricted  witnin  certain  Timits  dependent  upon  the  particular 
Example.  Thus,  in  Ex.  2  above,  if  x  and  y  must  both  be  positive^ 
7/<87>  and  5/>58,  that  is,  /<12fy  and  >11}^  .*.  /  can  only  be  12;  and 
the  only  positive  Solution  is  x=3,  y=2. 

Cor.  £.  Since  x^a—bt,  and  y-ß-^-at^  is  the  general  Solution  firom 
-which  all  the  values  of  x  and  y  are  found  by  substituting  for  /,  0>  >^l»  >^2, 
^Si  &c.,  it  follows  that  the  values  of  x  and  y,  taken  in  order,  form  two 
arithmetic  progressions,  the  one  decreasing,  and  the  other  increasing;  so 
that  when  trvo  contiguous  values  of  each  are  obtained^  the  rest  may  be 
assumed. 

N.B.  If  an  equation  of  the  form  ax^hy=^che  proposed  for  Solution, 
in  which  (when  redubed  as  low  as  possible)  a  and  b  are  not  prime  to  each 
other,  it  may  at  once  be  affirmed  that  it  admits  of  no  Solution  in  whole 
numbers.  For,  if  x  and  y  be  whole  numbers,  dividing  by  the  common 
measure  of  a  and  6,  which  is  not  a  measure  of  c  by  supposition,  we  have  a 
whole  number  equal  to  a  fraction  in  lowest  terms,  which  is  impossible. 

361 .  To  shew  that  the  number  of  positive  integral  Solutions  is  limited 
for  ax+by=c,  hut  unlimitedfor  ax-bys^c,  a  being  prime  to  b. 

Ist  It  has  been  shewn  (Art.  359)  that  all  the  Solutions  of  ax-^hy^c 
are  deducible  from 

x=a—ht^    y=ß+aty 

where  x-a,  y=ßy  is  one  Solution,  and  /  any  integer,  positive  or  negative. 
But,  if  X  and  y  must  both  be  positive^  then  it  is  piain  that  bt  must  be  less 
than  a,  that  is,  t  is  restricted  to  the  integral  values  which  are  less  than 

T .     Hence  the  number  o£ positive  Solutions  is  limited. 

Änd.     If  ax-by==c,  y=^ — y — ,  which  is  positive  and  integral  for  all 

c 
values  of  x  greater  than  -  and  divisible  by  6,  the  number  of  which  values 

is  unlimited,  that  is,  the  number  o€  positive  Solutions  is  unlimited, 

362.  Tofind  the  number  qf  Solutions  in  positive  integers  ofthe  equa- 
tion ax  +  by  =  c,  where  a  is  prime  to  b. 

Let  the  series  of  fractions  converging  to  ?  be  foimd,  and  let  ^  be 
that  which  immediately  precedes  j,  then  (Art.  349)  either  ag-6pe=],  or 
ag-bp=^-l,  according  as  r>  or  <-  . 

I.     If  T>^»  then  a.c^— Ä.cp  =  c, 

.'.  a(cq-bt)+b(at-cp)=c; 
and  comparing  this  with  the  original  equation,  ax+by=c, 

xs^cg-bt,  and  y=»ai—cp; 
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and  the  several  Solutions  will  be  found  by  giving  /  such  values«  that 
cq—bt  and  al—cp  may  be  positive  integral  quantities,  that  is^  /  may  be 

any  positive  integer  less  than  -^  and  greater  than  -^,  but  no  other  num- 

ber,  (supposingV  to  be  excluded  as  a  value  ofeither  x  or  y.) 

Hence  the  number  of  Solutions  will  be  the  number  o£  integers  which 

lie  between  ^  <md  ^ . 
b  a 

IL    If  T<-,   then  ag-6/>=-l,  and  it  may  be   shewn,  as  before^ 

that  the  number  of  Solutions  is  the  number  of  integers  which  lie  between 

2  and  ^. 
a  b 

Cor.  1 .     If  ^ »  and  -f-  are  both  whole  numbers»  the  number  of  solu- 

a  b 

tions  will  be  -^~  -^-l*. 

a      b 

If  either  -£,  or  -^ ,  be  a  whole  number,  and  the  other  fractional,  then 

the  number  of  Solutions  will  be  the  greatest  integer  contained  in  ^  -^  -^  t. 

a      b 

If  —  and  -^  be  both  fractional,  reducing  each  to  a  mixed  number, 

the  number  of  Solutions  will  be  the  greatest  integer  contained  in  -^~-j?j:, 

or  — '-■^+1§,  according  as  the  greater  of  the  two  quantities,  -^*  -r »  has 
the  greater  or  smaller  fractional  excess. 

Cor.  2.     Since^-^=c.-^^^  =  -^,  (Art,  349),  the  greatest  inte- 


a      b       '    ab        ab 


c 


ger  contained  in  -j-  cannot  difier  by  more  than  1  from  the  number  of  Solu- 
tions; so  that  the  number  of  Solutions  may  be  determined  within  this 
error  (which  may  be  either  in  excess  or  defect)  without  solving  the  equa- 
tion  at  all.  And  hence  also,  if  c  <  ab^  there  cannot  be  more  than  one  Solu- 
tion in  positive  integers,  and  there  may  be  none. 

Obs.  In  any  case  where  a-hb>c  it  is  impossible  to  have  a  positive 
Solution  ;  for  ;r=l,  ^»l,  are  the  smallest  positive  values  which  x  and  y 
admit  of,  and  for  these  ax+by:>c,  therefore  ä  fortiori  for  any  other  positive 
Talues  ax-¥by>c. 

Ex.  In  how  many  different  ways  may  £1000.  be  paid  in  crowns 
nnd  guineas  ? 

♦  Ex.   7jr+2y=42.  +  Ex.   21jr+6y=400. 

X  Ex.  9jr+7y=nO.  %  Ex.  3jr+0y=26. 
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Let  X  be  the  number  of  guineas,  and  y  the  number  of  crowns,  then, 
redudng  all  to  Shillings, 

21jp+5y«20000; 

and  it  is  required  to  find  how  many  Solutions  this  equation  adinits  of  in 
positive  integers. 

The  fractions  are  -,  -=-;  .•.  p=4,  g-1; 

.  cq     cp     20000     20000x4 

hence  -i---*-« — — , 

6      a         5  21 

=4000-3809^, 
=190^?; 

and  since  one  of  the  quantities  — ,  -j- »  is  a  whole  number, 

.*.  the  number  of  Solutions  required  is  190. 

Or,  if  x=0  be  admitted  as  a  Solution,  that  is,  if  the  pajment  may  be 
made  in  crowns  oit/y,  then  the  number  required  is  191* 

363.     {Anoiher  Method*),     Toßnd  ihe  number  of  the  posilive  integral 
Solutions  qf  ax+by^c 

Let  xsa,  y=ß,  be  one  of  them,  then  all  the  others  are  found  firom 
x^a—bty  y=ß+at,  subject  to  the  condition  that 

a        ,         0 
t<j-  and>-^; 
ö  a 

and  there  will  be  as  manj  positive  Solutions  as  there  are  integral  values 
of  /  between  these  limits,  (reckoning  /=0  for  one  of  them  to  indude 
the  Solution  jr=a,  y^ß^  which  is  positive  bj  the  supposition). 

*%  f  /i  a     c     ß 

But  aa+bß^c^     .'.  r*-T--> 
'       '  0     ab    a 

4       ^       ß  Aß 

.*.   <<— r— — »  and>-— . 
ab     a  a 

c     ß 
Also    obß^   •/  aa  is  positive^   /.  —-->  —  . 

'  ab     a 

Hence  the  number  of  negative  values  of  /  will  be  the  greatest  inte« 

ger  less  than  — ,  and  the  number  of  positive  values  the  greatest  integer 

c     ß  , 

less  than  ~t~^  ,  that  is,  the  total  number  will  be  (excluding  zero  values 

c  c  c 

of  X  and  y)  the  greatest  integer  either  in  -r ,  or  -7-I,  or  -nr+l,  ac- 

a 


C  sJ 

cording  to  the  particular  forms  of  —r  and  ^. 


*  ThU  method  maj  be  emplojed  when  one  Solution  is  either  given,  or  easily  discovered 
by  trial. 
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C  ß 

Ist.    If  -T  and—  be  boih  whole  numbers»  the  number  of  Solutions 
ao  ü 

wiU  be  A-1». 
ab 

2ncL  If  oftf  of  tbe  two  be  a  whole  number,  and  the  other  fractional, 
the  number  of  Solutions  will  be  the  greatest  integer  in  -?  t* 

c  3 

3rd.    If  both  — r  and  -  be  fVactional,  reducing  thero  to  mixed  num- 

bers«  the  number  of  Solutions  will  be  the  greatest  integer  in  -y+1 :(,  or  in 

c  c 

-T  §,  according  as  the  fractional  excess  in  -^  is  greater  or  not  greater  than 

that  in  ^. 
a 

Ex.  Given  «==4,  ^»9>  one  Solution  of  2x-f  3y"35,  find  the  total 
number  of  Solutions  in  positive  integers. 

c      S5  0    9 

Here  -j^  -zr^^^f«   &nd  ^  =  -=44=4|9  both  fractional,  and  the  frac- 

c  ,    3 

tional  excess  in  ^>'  that  in  ^ ,  therefore  the  number  of  Solutions  required 

c 
is  the  greatest  integer  in  -7+1,  viz.  6. 

Or  thus,  with  less  bürden  on  the  memory : — Since  x=^,  y-9>  is  one 
Solution,  x-4-3/>  and  y^g+2t^  (Art  359)  is  the  general  Solution;  and 
in  Order  that  both  x  and  ^  may  be  positive  integers,  t  will  be  restricted, 

4  "9 

so  as  to  be  less  than  -  or  1|,  and  greater  than  -£■  or  -4^.     Hence  the 

3  2 

values  of  /  will  be  -4,  -3,  -2,  -1,  0,  1,  or  the  number  of  positive  Solu- 
tions will  be  6,  as  before. 

364.  To  ßiid  ihe  number  of  Solutions  in  positive  integers  of  the 
equatioH  ax+by+cs=d,  each  lernt  being  positive^, 

Transposing  one  of  the  terms,  cz,  the  equation  becomes 

ax+byszd-cZy 

where  z  may  have  any  integral  value  greater  than  0  and  less  than  -; 

c 

zero  values  of  the  unknown  quantities  being  supposed  to  be  excluded. 

Hence,  by  Art  362,   the  number  of  Solutions  will  be  the  number 

of  integers  which  lie  between      "^  ^^ ,  and  ■   "^  ^^ ,  where  p  and  q  are 

those  quantities  which  satisfy  the  equation  aq-^bp-l. 

*  Ex.  ar+4y=24.  t  Ex.  3dr+4y=S9. 

t  Ex.  24r+7y=126.  «  Ex.   ll*+7y=108. 

H  If  any  tenn  be  negative,  as  6y,  then  the  equation  being  of  the  form  as-by^C,  the 
number  of  Solutions  is  at  once  declared  infinite.    (Art.  361 ). 


240  INDETEBMINATE  EQUATIONS 

Thus  a  certain  number  of  Solutions  is  determined  for  eacb  value 
of  Zy  and  the  sum  of  these  numbers  will  be  the  number  required. 

Obs.  The  application  of  this  rule  is  attended  with  considerable 
difficultj  (see  Barlow's  Theory  of  Numbers^  Art.  l62,  or  Peacock's 
Algebra,  Art.  506);  but  tbe  foUowing  Example  will  shew  the  Student 
how  he  may  determine  the  number  of  Solutions  in  some  cases  without 
much  trouble. 

Ex.     Required  the  number  of  positive  integral  Solutions  of 

17J?+19y+21jBr=400. 

Dividingby  17,      «+y+ j^+^+ j^=2S+~; 

2y+45-9 


.*.    x+y  +  jB:=23- 


17 


Assume     ^      — -^t,  or  2y+4Ä-9=17/; 

then     y+2£:Ä4+8<+-— ; 

2 

Assume  -5—=*;     •'•  <=2*— 1. 

Hence  it  appears,  (1)  that  t  must  be  an  odd  number;  (2)  that  it  must  be 
less  than  23;  also  since  x+y-k-z  cannot  be  less  than  3»  {zero  values  beins 
excluded),  t  cannot  be  greater  than  20>  that  is,  its  greatest  value  is  19;  and 
therefore  all  the  different  values  of  t  are 

1,  3,  5,  7,  9,  11,  13,  15,  17,  19; 
and  the  number  of  Solutions  required  is  10. 

365.  The  theory  for  the  Solution  of  indeterminate  equations  of  more 
than  one  dimension  is  too  difficult  to  be  admitted  into  an  elementary  work, 
like  the  present  The  reader  is  referred  for  further  information  to  Barlow's 
Theory  qf  Numbers^  Chaps.  iii.  and  iv.  But  there  are  two  classes  of  such 
equations,  which  admit  of  easy  Solution:  Ist.  Such  as  do  not  involve  the 
Square  of  either  of  the  unknown  quantities;  and  2nd.  Such  as  involve  the 
Square  of  one  of  them  only. 

Ex.  I.     Required  the  positive  integral  Solutions  of  3j:^— 4y-f  3x~14. 

Here  3jr(y+l)=14+'ly; 

^      14+4y    40+1)  _,  10 
y+1        .y+1       ^+1' 

ä      10 
=4+ — -; 
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Ijenoe  jfM  matt  be  either  10,  or  a  divisor  of  10;  that  is,  it  must  be  either 
1,^5,  or  10;  and  therefore  the  values  of  y  can  be  only  0,  or  l^,  or  4,  or  9; 
of  whidi  the  first  and  last  make  x  fVactional. 


are  the  Solutions  required« 


Ex.  S.    Required  the  positive  integral  Solutions  of  2j^^5«*-f y^l. 

Here  y«- — -  --^-t  +  tt;; — r\»  hy  division; 
^     2«+l      8     4    4(24?+!)*    -^  ' 

/.   4y=6«-S+  - — - ,  a  whole  number, 

Henee^  7  being  a  prime  number,  ^+1  can  be  no  other  number  but  7, 
or  1; 

.•.  2x=6,    or  4P=S,    and  /.  y-4; 

'  or  2jr»0,   i.e.  ««0,    and  .*.  y-1; 

whidi  are  the  only  Solutions  in  positive  integers. 

[^ExercUes  Zfit.]| 

SQ6.  In  the  Solution  of  different  kinds  of  unlimited  problems 
different  expedients  must  be  inade  use  of,  which  expedients,  and 
their  application,  are  chiefly  to  be  learned  by  practice. 

-    'Ks«  ^^    To  find  9  ^^  perfect  number",  that  is,  one  which  is  equal 
to  the  sum  of  all  the  numbers  which  divide  it  without  remaioder. 

Suppose  ff^äf  to  be  a  **  perfect  number^;  its  divisors  are 


Now  1+y+y* +y"' 


y-i' 


y"-i 

and  j^  +  a;y  +  «y*....«» +a?y""'»» — r-x.r; 

y*l-l+(y«-l)xJ> 

•••J^' ^;:i » 

«•+'-1 

y»+l-2y«  +  l 

;ilid»  .that  «p  may  be  a  whole  number,  let  y"+*-2y"-0,  or  y-SsO, 
that  iSf  y-2;  then  4f=2"+^-l. 

Also,  let  n  be  so  assumed  that  2"'*'^-l  may  have  no  divisor 
but  unity,  which  was  supposed  in  taking  the  divisors  of  y^x;  then 
y"j»,  or  ^"x(2»+*-.l)  is  a  "perfect  number'',     Thus,  if  n-U  the 

16 
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number  is  2kS  or  6,  which  is  cqual  to  l  +  S  +  3,  the  hum  of  ito 
ßors:  If  n^2j  the  number  is  2'x(2'-l)«4x7*28. 

£x.  2.     To  find  two  Square  numbers,  whose  sum  is  a  Square. 
Let  x*  and  y*  be  the  two  Square  numbers; 
assume    fl»'-fy'«(na?  — y^—nV— 2iMfy+y*, 

then     ar'«fi*a?*-2fwy, 

hedoe     (n*- 1 )  «  ■  any, 

«ny 
or     w^—z — . 

And  if  n  and  y  be  assumed  at  pleasure,  such  a  value  of  4f 
is  obtained,  that  d?*+y*  is  a  Square  number. 

But  if  it  be  required  to  find  integers  of  this  description,  let 
yan*-!,  then  d?8  2n,  and  n  being  taken  at  pleasure,  integral 
values  of  a  and  y,  and  consequently  of  dr'  and  y*,  will  be  fotind. 
Thus,  if  n«iS,  then  y«S,  and  x^^,  and  the  two  squareft  are  9  and 
16,  whose  sum  is  25,  a  Square  number. 

Ex.  8.  To  find  two  square  numbers,  whoM  differenet  is  a 
Square. 

Let  äo^  and  y^  be  the  two  Squares ; 

assume   «r*  -*  y*«  (d?  -  wy)% 

•ajr*-2n*y  +  iiy, 

Then  y*«2fM:y-ny, 

or  2«ir— (n'+l)y; 

...   am .y, 

2n    ^ 

And  if  yB2n,    then  ar-n'-fl.      Thus,  if  n«2,   then  ys^,  and 
««5;  hence  a?*-y*a25-l6«9. 

SCALES  OF  NOTATION. 

367«     To  explain  the  different  Systems  of  notation. 

Def.  In  the  common  sjstem  of  notation  each  figure  of  an^  number* 
increases  its  value  in  a  tenfold  proportion  in  proceedlng  fhim  nght  to  left» 
Thus  3256  may  be  expressed  by 

6+50+200+3000, 

or   6+5xlO+2xlO'+SxlO". 

*  Ja  thii  S^ction  Mid  in  tht  following  ont  by  numUr  a  »hak  nwmbsr  is  alwi^  niMm. 
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The  figores  8,  2,  5,  6,  by  which  the  number  is  formed^  are  called  iu 
digits^  and  the  number  10^  according  to  nvhose  powers  their  values  proceed, 
ia  called  the  radix  of  the  scale. 

It  is  purely  oonventional  that  10  should  be  the  radix;  and  therefore 
thene  may  be  any  number  of  difiPerent  jfcalesy  each  of  which  has  its  own 
raduf,  When  the  radix  is  2,  the  scale  is  called  Binarif;  when  3,  Ternary; 
when  10,  Denary^  or  Dedmal;  when  \%  Duodenartf^  or  Duodecimal;  &c. 

If  $256  expressed  a  number  in  a  scale  whose  radix  is  7»  that  number 
might  be  expressed  thus, 

6+5x7 +2x7*+Sx7'. 

And  generally,  if  the  digits  of  a  number  be  a^  fli,  a^  a^  &c.y  reckoning 
from  right  to  left,  and  the  radix  r,  the  number  will  be  properly  repre« 
aented  by 

iit+«,r + Äjr*+fl^+  &c. 

Or,  if  tbere  be  n  digits,  the  number  will  be  (reversing  the  order  of 
the  terms) 

«i^,r^*+  ff«_fr'^+  flr»^r*^+ .  • . + flir  +ao* 

Obs.  In  any  scale  of  notation  every  digit  is  necessarily  less  than  r, 
and  the  number  of  them,  including  0,  is  equai  to  r.  Also  in  any  number 
the  highest  power  of  r  is  l^ss  by  1  than  the  number  of  digits. 

368.     To  express  a  given  number  in  any  propoeed  scale.  ' 

Let  N  be  the  number,  and  r  the  radix  of  the  proposed  scale. 
Then  if  üq,  aj,  a„  &c.  be  the  onknown  digits, 

and  if  JV  be  divided  by  r,  the  remainder  is  a©. 

If  the  quotient  be  again  divided  by  r,  the  remainder  is  a^ 
If •••;. ia  a^l 

and  so  on,  until  there  js  no  further  quotient. 

Therefore  all  the  digits  a^  Oi,  a^  a,,  &&  are  found  by  these  repeated 
divisioRS;  and  consequently  die  number  in  the  proposed  scale. 

£x.  To  express  1820>  written  according  to  the  denary  scale,  in  a 
scale  whose  radix  is  6. 


6 

1820 

6 

SOS, 

2. 

'.Ist  rem'.  ao*2. 

6 

50, 

S 
2 

2d  rem'.  a^^S, 

6 

8, 

Sd  ren/.  fla«2, 

6 

1, 

2 

4threm'.  a,^2. 

0, 

1 

5threm'.  «4=1; 

•*•  the  number  required  is  12232. 

16 — 2 
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This  may  be  easily  verified.     Thus  if  the  retult  be  correct, 

S+Sx6+2x6*+2x6'+lxe* 

niust  amount  to  1820;  which  upon  trial  it  is  found  to  do. 

By  tbe  same  method  a  number  may  be  transformed  from  any  given 
Scale  to  any  other  of  which  the  radix  is  ffiven.  It  is  only  necessary  to  bear 
in  mind  throughout  the  process  that  ^e  radix  is  not  10,  as  usual,  but 
some  other  number.  Or  the  same  thing  may  be  done  by  first  expressing 
the  given  number  in  the  denary  scale^  and  then  proceeding  as  in  the  last 
example. 

• 

£x.  1.  Transform  12232  from  a  scale  whose  radix  is  6  to  a  scale 
Whose  radix  is  4. 

(Observe,  Ist,  that  in  proceeding  below  to  find  how  oflen  4  is  con- 
tained  in  12,  12  does  not  mean  twelve,  but  1x6+2,  or  8.    So  also  SS  is 
jifleeny  32  is  tmenty,  and  so  on.) 


4 

12232 

4 

2035,  0 

•••  Ist  rem'.  ao^^O, 

4 

305,  S 

2d   rem'.  i7,s3y 

4 

44,  l 

3d  rem',  a^^l. 

4 

11,  0 

4th  rem'.  ff,«-0, 

4 

1,  3 

5th  rem'.  a^^Sy 

0,  1 

6th  rem',  a^a], 

/.  the  number  required  is  130130. 

This  number  expressed  in  the  denary  scale  is 

lx4*+3x4*+0x4'+lx4«+3x4+0,  or  1820, 
which  proves  the  result  correct  according  to  the  preceding  example. 

Ex.  2.    Transform  3256  from  a  scale  whose  radix  is  7  to  a  scale  whose 
radix  is  twelve. 

Bearing  in  mind  that  the  digits  in  3256  increase  from  right  to  left  in 
a  tevenfold  proportion,  the  division  by  twelve  will  be  perform^  thus, 


twelve 

3256 

twelve 
twelve 

166,  4  .-. 
11,  1 

Ist  rem'.  fla=4, 
2d  rem'.  «1=1, 

0,  8 

3d  rem'.  ag=8; 

.\  the  number  required  is  814. 
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369.  The  most  useful  scale  df  notation,  after  the  common  denary 
(,  18  the  one  which  has  iwelve  for  its  radix,  calied  Duodecimal.  Here 
it  is  necessary  to  have  two  new  symbols»  in  addition  to  0,  I,  2^  3,  4i,  5,  6, 
7»  8,  9i  ^or  tne  purpose  of  expressing  ten  and  eleven;  since  10,  and  11,  io 
the  daodefiary  scale»  signify  twelve  and  thirteen  respectively.  These  new 
Symbols  may  be  any  thing  distinct  from  the  other  digits,  and  are  usually 
two  letters,  i  for  ten«  and  €  for  eleven.     ' 

The  common  pence-table  will  be  found  of  considerable  Service  in  the 
ose  of  the  duodecimal  notation. 

Ex.  1.     Multiply  25  ft.  7  in.  by  7ft  lOin. 

The  lengths  are  here  expressed  in  thedenaty  scale.    In  the  duodenary 
the  question  is,  what  is  the  product  of  21*7  hyJJf't} 

21-7 

7't 

193/ 
12el 


148*4/ 
•*.  the  product  is  148ft.  4\/''  in  the  duodenary  notation, 
or  8+4xl2+lxl2»ft.  4'.  lO''  in  the  denary; 
that  is,  200ft.  4M0'' 

Ex.  2.     A  floor  in  the  form  of  a  rectangular  parallelogram  contains 
1582  Square  feet,  9^9'^  and  is  81fl.9'  long;  required  the  breadth.  . 

The  whole  area-r-the  lengths: the  breadth;  and  in  the  duodenary 
Scale  the  given  quantities  are  /78*99  and  69*9  respectively. 

69'9j/78*99(^l6'9ft.  in  the  duodenary  scale, 

669 

S9e9 
34d6 


5139 
5139 


•%  in  the  common  scale  the  breadth  of  the  floor  is  18fl.  9  hu 
,    .  \Exercists  Zn,^ 

370.  To  ßnd  Ihe  greaiest  and  hast  numbers  with  a  given  nutnber  of 
digiU  in  aHy  proposed  scale. 

Let  r  be  the  radix  of  the  scale,  and  n  the  number  of  digits;  then 
it  is  evident  that  the  number  will  be  greaiest,  when  every  digit  is  as 
great  as  it  can  be,  thatis,  r-1;  in  which  case  the  nqmber  will  be 

r-l+(r-l)r+(r-l)r»+ +(r-l)r^*, 

or  (r-l)(l+r+r*+ fr^*)* 


246  SCALES  OP  NOTATION. 

Again^  the  number  will  be  least^  when  the  extreme  digit  to  the  left 
is  1,  and  every  other  is  0;  in  which  case  it  will  be  equal  to  ^\ 

Ex.  Thu8  in  the  common^  or  dentry,  fcale»  the  greateit  ttumber 
baving  4  digits  is  10*-1^  or  9999 ;  and  the  least  is  10*,  or  1000. 

871«  Tofind  the  number  of  digiis  in  the  product  or  qnoüent  tf  iwo 
given  numbers, 

I.  Let  P  and  Q  represent  the  numbers,  having  p  and  f 'digits 
respectively ;  and  r  the  radix  of  the  scale;  then 

lH=flro+tfir+ +<i^,r^*, 

Q^b^+hr+ +Vi^*; 

•*.  PQ=a  series  of  terms  in  which  the  highest  power  of  r  is  found 
in  fl^i6^,r^**^,  the  greatest  value  of  which  is  (r— ly-f***"*,  and  the  least 
»***"*.  Therefore  the  highest  power  of  r  in  PQ  is  less  than  r*.  f***^,  or  r***, 
and  the  lowest  power  is  r^*^-*,  Hence  the  number  of  digits  in  PQ  cannot 
be  greater  than  p-i-q,  nor  less  than  p+9— 1. 

II.  To  find  the  number  in  P-i-Q,  when  P  is  exacdj  divisible  by 
Q;  let  P-f-Q-/^,  then  P^QR,  and  .*.  QR  contains  p  digits.  Suppose 
R  to  contain  x  digits ;  then,  by  former  case,  p  cannot  be  greater  than 
q+x,  nor  less  than  q+x-l;  .*.  jr,  the  number  required,  cannot  he  less 
than  p^q,  nor  greater  than  p-q+l. 

Cor.  Hence  the  number  of  digits  in  P'  is  either  2p  or  2p -l;  in 
P*  either  Sp,  or  3p -1,  or  Sp-2;  and  so  on. 

Also,  if  JP  have  x  digits,  then  JPxJ^^  ott  P,  has  either  2«,  or 
2*-l,  that  is,  p-»2ar,  or  2x-l,  and  .•.  x+^p,  or  i(p+l),  whichever  is 
integral. 

Again,  if  IJP  have  x  digits,  then  P  has  8a?,  or  Sjp-I,  or  Sap-2,  that  is, 
p^Sxy  or  Sx-1,  or  3«— 2,  and  .•.  x^^p,  or  i(p+l),  or  J(p+2). 

372.  In  every  System  of  notation,  qf  which  the  radix  is  r,  the  sum 
of  the  digits  qf  any  number  divided  by  r— 1  will  leave  the  samt  remainder 
as  the  whole  number  divided  by  r— 1. 

Let  fl<,+flir+fl,f'+a,r'+ +ö,r*  be  the  number  (A^, 

then  ^=iij+ii,+ö,+...+fl,+fl|{r-l)+a,(r*-l)-f +ö«(r"-l); 

•*•  7Zi=         r-i ^+^.  +  ««('•+1)+ +«-'7Zr- 

But is  a  whole  number,  whatever  positive  whole  number  n  may 

be ;  (Art  99,  Ex.  6)  ; 

.-.  A«p+fi±fL+i::l^-,  p  being  a  whole  number. 
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ar*thä  inimber  divided  bj  r^l  leavet  the  atme  remainder  as  tfae  sum 
of  tfae  digits  divided  bj  r-1. 

Com    Henc«!  if  the  sum  of  the  digits  of  any  number  be  divisible 
hy  r— ly  the  Dumber  itself  ia  divisible  by  r-^l* 

Similarly«  it  may  be  shewn  that,  if  the  difference  between  the  aum  of 
the  digits  in  the  odd  places  and  the  sum  of  the  digita  in  the  even  plaoes  be 

^▼isible  by  r-i-1,  the  number  is  divisible  by  r+1. 

Prob,     To  ßnd  whai  numbers  are  divMble  by  8  and  9  withmU 
9tmainder8. 

Let  a,  6y  c,  d^  be.  be  the  digits,  or'  figures  in  the  units^  ten8\ 
hund(ed8\  thousands',  &c.  place  of  any  number,  then  the  number  ia 

a  + 106 + 1000+ lOOOcf  +  &c« 
this  divided  by  S  is 

a  b  c  d 

~+86+--fSSo  +  -+S88rf+-  +&C. 
S  S  $  S 

a  +  6  +  c+rf+&c.       .  ,     . 

or +  86  +  sse + SSM + «c 

which  18  a  whole  number  when  *-  is  a  whole  number; 

that  is,  any  number  is  a  multiple  of  3  if  the  sum  of  its  digits  be  a 
multiple  of  3.     Thus  111,  252,  7851,  &c.  are  multiples  of  3. 

In  the  same  manner,  any  number  is  a  multiple  of  9  if  the  sum 
of  ita  digita  be  a  multiple  of  9- 

_    .  a  + 106 +  100C  + 1000(2 +  &C. 
Jcor  

9 

a     _      6  c  ,     d     ^ 

■  -+64--+11C+  -+lllrf+-  +  &c, 
9  9  d  9 

a  +  6  +  c  +  d+&c.     .  ,     ^ 

•» +  6+llc  +  llld  +  &c. 

which  is  a  whole  number  when __1  is  a  whole  number, 

9 
Thua  684,  GSSSj  8cc.  are  multiplea  of  9« 
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Cor.  1.  Hence,  if  any  tiumber,  and  the  suin  bf  ito  digtü  be 
respectively  divided  by  9,  the  remainders  are  equal* 

Cor.  2.  Front  this  property  of  9  may  be  deduced  a  ruie  which 
will  sometimes  detect  an  error  in  the  multiplication  of  two  numbers» 
xalled  ccuting  out  the  Ninea. 

Let  the  multiplicand  be  9a  +  «,  tbat  is,  let  it  consist  of  a  ninesi 
with  a  remainder  w\  and  let  9&  +  S^  be  the  multiplier;  then 

%lah  -^  9bm  -k-  Qay <{> wy  is  the  product; 

and  if  the  sum  of  the  digits  in  the  multiplicand  be  divided  by  9; 
the  remainder  is  w\  if  the.  sum  of  the  digits  in*  the  multiplier  be 
divided  by  9,  the  remainder  is  y;  and  if  the  sum  of  the  digits  io 
the  product  be  divided  by  9,  the  remainder  is  the  same  as  when  the 
sum  of  the  digits  in  ay  is  divided  by  9»  if  there  be  no  mistake  in  the 
Operation*. 

373.  Thus  far  we  have  treated  ofwkole  numbers  only ;  hutjiraciums 
also  may  be  expressed  in  different  scales  of  notation.    Thus 

2      1 
•  radix    6,  ^^^+^'^^'*'2»> 


radix    4^  i.   2x4+3+7 +  -ri, 

4     4» 

2      1 
radix    r,  2xr+S+-+-5. 


• 


And  generally,  if  there  be  n  diffits  after  the  point  which  separates  thfe 
integral  from  the  fractional  part  of  a  number,  the  yrnc/tona/ part  will  be 
expressed  by 

fl_i     ö_j     /i_j  fl_ii 

"^  +  ~p"^  "p"^ +"^  » 

or  a»ir^*+ö_,r-'+a^r*+ ■ha^T*. 

It  is  to  be  understood  that  as  any  vulgär  fraction  in  the  common  scale 
may  be  converted  into  a  decimal  fraction,  the  same  may  be  done  in  any 
other  Scale,  and  in  the  same  w&j,  bearing  in  mind  only  the  difference  of 
radix. 

•  *  It  wQl  be  easily  seen  that  thit  method  falls  to  detect  an  erroir  in  any  of  the  foUowing 
cases : — (1)  when  one  or  more  cyphers  have  been  omitted  in  the  product ;  (2)  when  anj  i 
ita  digits  are  mUpiaeed  ;  and  (3)  when  the  error  is  equal  to  9  or  any  multiple  of  9.    Eo. 
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-   S74.    TöiramrfiMnüfracikmfrümm^ 

Let  Nhe  the  given  fraction,  r  the  radiz  bf  the  new  scale,  and  a.,,  a^^ 
o^,  &C.  the  unknown  digiis ;  then 

i^««.,r"'+a_,r^+iF«,r^+  &c. 

.*.  rAr-ff_,+a_,r~*+fl^r^+&c.y  the  integral  part  of  which  is  a.i  the 
fint  digit  required,  leaving  the  Jraciional  pari 

multiply  this  bj  r,  and  the  result  is  a^-fap.sf^+&a,  the  integral  part 
of  which  18  OL«,  the  2nd  digit  required ;  and  so  on,  continuafly  mutti- 
pljing  by  r,  and  separating  the  integral  part  for  a  new  digit  after  eaeh 
Operation. 

If  the  propot^  fraction  be  not  a  proper  fVacticm,  the  integral  part 
mnst  be  dc«lt  with  separately  according  to  the  former  rules  for  wnole 
n  ambers. 

£x,  1*    Transform  -  from  the  denary  to  the  temary  scale. 

4     12 
•   3xgö--.s=iJ,  Sx^^l,    .•.  the  No.  required  18  0*11. 

Ex.  S.    Tnunfonn  48*7  or  48/,;  from  the  denary  to  tbe  aenary  icale. 


6 
6 
6 


43 

7, 

1 

1, 

1 

0, 

s 

.*.  43=^1 11  in  the  senary  scale. 

.'.  the  fractional  part  is  '41111>  &&, 
and  the  No.  required  is  111*4111 


Ex.    Transform  23^  from  the  senary  to  the  septenary  scale. 
Here  23^=2x6+3+^=15^  in  the  denary  scale; 


7 
7 


15 


hi^l-^h  i^7=~=5i,  &c 


0    2  •'.  the  No.  required  is  21*1  $15^ 


Or  thus,  without  introducing  the  denary  scale  at  all,  but  bearing  in 
mind  throughout  that  the  radix  is  6, 

23^=23-13, 


7 
7 


23  -13 

in  -1 

1-43 


0,    «  , 


5'IS 


.*.  No.  required  ia  21*1^15. 
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'  £z.  4.    Tranafinnii  456*16  from  tbe  duodenary  to  Ib«  tanrnry  aoile. 


s 

456 

0*16 

s 

15/,  0 

5 

s 

5e,  1 

0*46 

8 

le,  8 

8 

8 

7,  2 

1*16 

S 

2,  1 

0,  2 

A  Na  required  is  212210*0101 
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375.  The  product  cfanji  tno  oonsecuiive  number$  U  divUibk  by  1x2. 

Of  the  two  nambers  one  mutt  evidently  be  even,  tlut  is,  divisible  by 
8,  therefore  their  product  is  divisible  by  2. 

376.  The  product  of  ang  three  coHsecnlive  nuuAen  ii  divUible  hy 
1x2x3,  or  6. 

Every  namber  raust  be  either  of  the  form  5m»  or  3«i«^l,  or  3ota2, 
since  it  must  be  either  divüible  by  8  without  renudiider,^  or  have  a 
reroainder  1  or  2 ;  therefore  the  product  of  any  three  consecutive  numbers 
may  be  represented  by  one  of  the  forma 

8ifi(8jfi+lXSm+2), 

(Sm-l)3«(Sm+l), 

(Sm-2)(Sm-l)Sm. 

Now,  since  by  laat  Art  both  (3iii4l)(Siii-f2)  and  (Sm -2)(Sjii-1) 
are  divisible  by  1  x2,  and  Sm  is  a  multiple  of  3,  therefore  the  first  and 
third  form»  are  divisible  by  1x2x3.  Also,  if  m  be  an  eren  namber,  that 
is,  divisible  by  2,  it  is  clear  that  Sm,  and  therefore  the  seoond  form  ia 
divisible  by  1x2x3;  and,  if  m  be  an  odd  number,  8m  is  odd,  and  3m -fl 
even ;  consequently  the  second  form  is  divisible  by  1x2x3. 

Hence,  in  all  cases,  the  product  of  three  consecutive  numbers  is 
divisible  by  1x2x3. 

377*  The  continued  product  of  any  r  consecutive  numbers  U  divisible 
by  1.2.3.  ..r. 

^[This  has  been  already  shewn  indirectly  in  Art  3l6;  but  the  follow« 
ing  is  a  more  independenl  proof.] 
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Lct  n  be  Ihc  least  of  the  numbers,  and  let  ■       ^  ■  -   --^ 

ba  repreaented  by  .P^  for  all  values  of  n  and  n 

"        1  . 2 (r-l)  r         •   "^^  \  r       / 

(n~l)n(n-fl)...(m-r~2)  ^  p 

X      •      MI*«?***«*««*« 

Now  atfvifie  that  the  product  of  any  r-1  consecutive  int^ers  is 
.divisible  by  1.2.3...(r~l),  that  is,  suppose  »Pr-i  ^  tui  integer^  then 

,P,a^iP,+  an  Integer,  for  all  values  of  n  and  r, 

▼rite  n-1  for  ii,  ii-|Pr=',-iPr+  »**  Integer, 

• «-2  ',  ,^P,«,^P,+  an  Integer, 

&c  B    &C. 

S iPr=aPr+  an  Integer, 

2 tPr=iPr+  a«  Int^;er«r  '      ' '%  an  Integer, 

»1+  an  Integer  «Intcyer, 
\\  adding  and  cancelling, 

»P^sthe  8um  of  Integera-an  Integer ; 

which  proves  that,  if  «Pr-i  be  an  Integer,  then  also  is  ,P^.  Bat  we  know 
that  .P,  is  an  integer,  (by  the  last  Art),  therefinre  also  is  .P«;  and  if  ^P^ 
tkere/bre  also  ,P,;  and  so  on  generally  for  ,P,;  that  is  fi(ii+lX«+2)«  v» 
(n+r-l)  is  d^visiUe  by  1.2.3—r. 

Ex.  1.    If  11  be  any  whole  number,  then  will  n(ii*-l)(ii'— 4)  be  diri- 
sible  by  12a 

•i(fi«-l)(fi«-  4)-ii(ii-l )(« +1)(»  -2)(fi  +2) 

-(«-.2X»-iM«+0(«+2)» 

which  is  the  product  of  5  consecutive  numbers,  and  is  therefore  divisible 
by  i.2^.4i.5,  or  120. 

Ex.  2.     If  n  be  any  even  number,  ii'-»-20ii  is  divisible  by  48. 
Let  IIa 2m,  since  it  is  an  even  number, 
then  ii'+20fi*8tn*'i-40ifr, 
«8m(m*+5), 
B8m(m*-l}+48m, 
8(»i-l)m(m-»-l)+48m. 

Now  (m-l)M(iii-Kl),  being  the  product  of  three  consecutive  nmabers^ 
is  divisible  by  1.2.3  or  6;  therefore  ii'+20ii  is  divisible  by  48. 
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378.  Every  number  which  is  a  perfeci  Square  ii  qf  me  of  ikejarms 
5m  or  5mM. 

*  *    *  *  •       .       » 

For  every  number  is  of  one  of  the  forma  StUj  Sm-f-l,  5ffi-f2»  5m -hi^ 
5fn+^;  all  of  which  are  included  in  the  forma  Sm,  5m^l,  5ni^2,  aince 
5m+S=5(m+l)-2  =  5m-2,  «nd  5m-f4=5(m+l)-l=5«'-l. 

But  (ßmysz5(ßm^^5n^y  which  ia  of  the  form  5m; 

(5mAl)'ss25m'^]0fft+]-5(5m'ik2fit)-fl,  which  ia  of  the  form  5m-^l; 

(5mik2)'-25f7i'-k20fn+4«5(5»i'>k4i?i+l)-l,  which  ia  of  the  form 
5W-1; 

•*.  «very  aquare  ia  of  one  of  the  forma  5m^  5fii+l,  5m-l. 
379-    Every  "prime  number"  greater  than  2  U  of  one  of  the  formt 

For  everj  number  ia  of  one  of  tlie  forma  im,  im -fl,  4fR'l-2,  4iM-f*d; 
but  neither  4fity  nor  4m +2,  can  repreaent  prime  numbera,  aince  each  is 
di viaible  by  2 ;  therefore  all  prime  numbera  greater  than  2  are  repreaented 
bj  4m+l  and  4m+3.  But  4m+3-4(fit+l)-l-4fii'-l;  therefore  the  two 
forma  for  prime  numbera  are  4m ikK 

Cor.  Since  m  may  be  odd  or  even,  that  ia,  of  the  form  2n+ly  or  2ii, 
all  prime  numbera  are  repreaented  by  8ii*k],  or  %n^$, 

380.  Every  prime  number  grealer  than  3  is  qfone  of  the  forme  6m  ^i. 

For  every  number  ia  of  one  of  the  forma  6my  6m+l,  6m-f  2^  6m +3, 
6m+4y  6m +5,  of  which  the  Ist;  Sd,  4th,  and  5th  obvioualy  cannot  re- 
preaent prime  numbera;  and  therefore,  all  prime  numbera  greater.  than 
3  are  repreaented  bv  6m4-l  and  6m+5.  But  6m+5a6(m+l)-l«6m'-l. 
Therefore,  6tn^l  will  indude  all  prime  numbera  greater  than  3. 

Cor«  Since  m  may  be  odd  or  even,  that  ia^  of  the  form  Sit-fl, 
pr  2it,  all  prime  numbera  greater  than  3,  will  be  included  in  12iiik]^or 
12nik5. 

^Exerdees  Zp,2 

381.  No  Algebraical  formula  can  represent  prime  numbers  onfy, 

Let  p-^qx-^-rj^+Scc  be  a  general  algebraical  formula;  and  let  it 
be  a  prime  number  when  x=m;  therefore  (P)  the  prime  number  in  that 
caae  ia 

j5+9m+rm*+&c. 

Now  let  «=m+fiP;  then 

p+g(m+nP)+r(m+fiP)*+&c 

ia  the  number;  and  ia  equal  to 

p'^qm +rm^+  &C.+MP, 

(M  signifjring  "some  multiple  of/')«P+PM,  which  ia  diviaible  by  P, 
^d  therennre  not  a  prime;  conaequently  the  formula  doea  not  repreaent 
prime  numbera  only. 
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SflS.     The  number  of  primes  U  indefituiefy  grtai. 

For,  if  not,  let  there  be  a  fixed  number  of  them,  and  let  p  be  the 
greatest:  then 

I.2.S.5.7.II p        18  divirible  by  each  of  them, 

and    1.2.3.5.7.11 . . . .  *•  .p       -f  1 not  one  of  them. 

If  this  latter  number,  then,  be  divisible  by  a  prime  number,  it  must  be 
one  greater  than  p;  if  not,  it  is  itaelf  a  prime,  (since  everv  number  is 
either  a  prime,  or  capable  of  being  resolved  into  factors  which  are  prime) 
and  is  greater  than  p.  Therefore,  in  either  caae,  there  is  a  prime  greater 
than  p;  that  is,  we  may  not  assume  any  prime  to  be  the  greatest;  or,  the 
number  of  primes  is  indefimtely  great. 

383.  To  delermne  whelher  a  propoted  number  be  a  prime  or  not. 

It  is  obvious  that  this  may  be  done  by  dividing  the  proposed  number 
by  every  number  less  thän  itself,  beginning  with  2,  until  we  have  either 
proved  it  to  be  divisible  by  some  one  of  them  without  remainder,  or  that 
it  IS  a  prime^  from  not  being  divisible  by  any  one  of  them.  But  there  is  na 
necessity  to  proceed  so  far,  as  may  thus  be  shewn.  If  the  proposed  num« 
ber  (p)  be  not  a  prime,  Uien  p^ab,  the  product  of  two  other  numbers. 

If  then  a>'a/p,  b<Jp;  and  if  a^Jp^  b'>Jp,  Hence  in  both  cases  p  is 
divisible  by  a  number  less  than  l!he  square  root  of  itself.  Or  it  may  be 
that  the  proposed  number  is  an  exact  square,  in  which  case  it  is  di« 
visible  by  its  square  root  If,  therefore,  a  proposed  number  be  not 
divisible  by  some  number  not  greater  than  the  square  root  of  itself,  it  must 
be  a  prime. 

384.  To  ßnd  the  number  of  divisors  of  a  given  number. 

Let  a,  b,  c,  &c.  represent  the  prime  factors  of  which  the  given  num« 
ber  is  composed;  aiid  let  a  be  repeated  p  times;  b,  q  times;  c,  r  times; 
ftc.;  so  that  the  number -o'^'cf,  &c.;  then  it  is  evident  that  it  is  divisible 
by  each  of  the  quantities 

1,  II,  a',  o*, fl',  p+1  in  number. 

1,  6,  *•,  b\ Ä»,  ^+1     ... 

&C  &C.  &C. 

and  also  by  the  product  of  any  two  or  more  of  them,  that  is,  by  every 
term  of  the  contmued  product  of 

(l+fl+Ä'+...+a')(l+*+^*+**'+*0(I+^+c*+...+O-&c-; 

for    (l+a+a'+...+a')(l+Ä+&*+..  .+60=1+0+0*+ +«' 

+6+a6+ +a'Ä 

+6*+a6'+ +a'Ä 

+ 

+6»+flÄ«+ +a'i», 

which  are  nU.the  different  divisors  (indiiding  l)  otifb^. 


... 


... 
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Similarly^  if  this  result  be  multiplied  by  (l+c-f c'-i-.».4<f),  die  pro- 
doct  will  consist  of  all  the  different  divisors  of  a'b^tf;  and  ao  od^  if  tnere 
be  more  factors  of  the  given  number. 

Now  the  number  of  these  divisors  is  obviously  p+1  in  o';  in  ifb'' 
the  number  i8  p+l  taken  as  many  times  as  there  ur'e  terms  in  the  second 

serles,  that  18,  (p+l)(fl[+l);  in  o'^Vit  is  (p+l)(ij+l)  taken  r+T  times,  or 
(p+l)(^+l)(r+l);  andgenerally 

the  namber  of  divisors  in  a'6V.&c-=(p+l)(g+l)(r+l).&c 

iodudlng  1  and  the  number  itsel£ 

Ex.     Find  the  number  of  divisors  of  2160» 

Here  2l60-2xl080=2*x540e2»x270=2*xlS5^2*x8x45-2*xS*xl5 
*«  2*  X  3*  X  5.    Therefore  the  number  of  divisors 

»(4+l)(S+lXl+l)  or  40. 

Cor.  1.  The  number  of  divisors  will  always  be  even  unless  each  of 
the  quantities  p,  g,  r,  &c.  be  even,  that  is,  unless  the  proposed  number  be 
a  perfect  Square. 

Cor.  2.  It  is  also  obvious  from  what  has  been  said  above  that  the 
smn  of  all  the  difierent  divisors  of  «'6*<f.&c.  is  the  sum  of  all  the  terms 
in  the  continued  product  of  (l+a+fl'+..,+Ä')(l4'd+6*+...+6*Xl+^+^ 

flrfi.i   fcfn_i  c^^i 
a— 1      6-1      c— 1 

385.  Ifmbe  any  prime  number^  and  N  a  number  noi  divisiUe  iy  m, 
ihen  N"**^!  it  dirnsible  by  m.    (Fsrm at^b  Tbborbm). 

For,  it  is  easlly  seen  by  the  Binomial  Theorem,  that  in  the  expansion 
of  (a+6-fc+&c.)"*  m  is  a  factor  of  every  term  exoept  o",  IT^  eT,  &c.;  and 
that  the  coefficients  are  always  whole  numbers. 

But  m,  being  a  prime  number,  will  not  be  divisible  by  any  factor  in 
the  denominator  of  a  coefficient,  and  will  therefore  remain  as  a  factor  of 
each  term,  when  the  coefficients  are  reduced.  Therefore  we  may  assume, 
(m  being  a  prime  number), 

(a+6+c+&c.)"-a"+6-+cr+&c+JiiP. 

Let,  tben,  ii»6sc«&c.b1,  and  the  number  of  them  be  Nj  and  we 
have 

.-.  N'^-N^^mP^ 
or  N(N'^'--l)^mP. 
But,  by  supposition,  N  is  not  divisible  by  nt, 

.*•  N^^'-'l  is  a  multiple  of  in^  or  it  divisible  by  «t« 
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386.     To  prove  thai,Jbr  any  potiiive  integral  value  of  n, 

n"-»(ji-.l)"+2f!Lzll(««.2)*-&c=1.2.S. . .«. 
By  the  Binomial  Theorem, 

(€--l)».*--Mt^«'+^^^  ,*••-»•-&& (1). 

Abo  by  the  Exponential  Theorem^ 

^a^^Aat^^^Bjg^^.  • .  by  the  Binomial  Theor. . .  • .  («). 
Now,  the  coefficient  of  jr*  in  i^     is  •— — - , 

j^         (H-1)- 


*  *  *  <  ö       ^ 


and  equating  coefficients  of  «"  in  (1)  and  (d), 

l*Z***lt         1*Z***II  1  •  Z  1*S***II 

and .-.  «■-5(«-i)-+?fczl2(«-g)-^&c.Bl.2.Ä...ii. 
CoB.    Let  p  be  a  prime  number,  and  p—\^%,  dien 

X  1  •  z 

X  •  z 
^j_^p-l  ^(p-0(p-g),&c.  to  ^  terms, 

.*•  1.2.3... p-l+l'pQ,  or  is  divisible  by  p; 

"which  is  JVUson's  Theorem  for  determining  whether  any  proposed  number 
be  a  prime  or  not« 
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VANISHING  FRACTIONS. 

387.  To  find  the  value  of  a  JracHan  when  ths  numeralor 
and  denaminatar  are  evanescent 

Since  the  value. of  a  fraction  depends,  not  upon  the  absolute, 
but  the  relative^  magnitude  of  the  numerator  and  denominator,  if 
in  their  evanescent  State  they  have  a  finite  ratio^  the  value  of  the 
fraction  will  be  finite.  To  determiue  this  value,  Substitute  for  the 
variable  quantity  its  magnitude,  when  the  numeratof  and  denomi- 
nator vanish,  increased  bj  anpther  variable  quantity ;  then,  after 
reduction,  suppose  this  latter  to  decrease  without  Umit,  and  the 
value  of  the  proposed  fraction  will  be  known. 

Ex.  1.     Kequired  the  value  of  •  when  wm^a. 

Let  w^a^h^  and  the  fraction  becomes 


la(*»i<v  (^•••4 


a«+  Zah  +  A*-  a'     2aA + A' 

1 — i: — -2a  +  A. 

0  +  /i  —  cp  n 

and  when  A  -» 0,  or  « s  a,  its  value  is  2a. 

Ex.  2.     Required  the  value  of ^  ,  when  a?«!. 

Let  «»1+A,  and  the  fraction  beeomes 
l-(«+l)(l+A)-+n(l +  *)■+' 


l-(w+l)(l  +  nA  +  n. A*+n.^ — . A'+&c.) 

2  •  z         S 


n{l  +  («4-l)A+(fi+l)-A«+(n  +  l)-..^^— rA»+&c} 

2  2      3 

■*"""" ir~ • 

n+l      (n+l)n(n-l)  -    ^        _  ...  u  • 

«n. + ' A-f&c  the  remaining  terms  bemg 

multiples  of  A;  :  "  .*. 

-    '         "  "^    •     fl  + 1  •  '  •  '  .^ 

and  when-A'«0,  or  J7«4,  the  fraction  becomes  n.-^ — . 
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388.  It  18  dear  that  every  fraction,  whose  terms  are  made  evanescent 


of  being  reduced  to  the  form  ^ ^;  and,  upon  dividing  the  nomerator 

and  denominator  by  their  greatest  common  &ctor,  the  fraction  will  no 
longer  have  both  its  terms  evanescent,  when  X'^a. 

Henoe  by  whatever  process  this  common  Factor  can  be  discovered, 
and  divided  out,  the  value  of  the  fraction  will  be  found. 

A  umple  algebraical  reduction  is  frequently  sufficient  for  this  pur- 
poae>  as  wul  be*  shewn  in  the  following  Etamples. 

Ex«  1.    Bequired  the  value  of — .       ^, — ,  when  j?=l. 

1-«  1-«  ' 

«=l  +  «  +  JP, 

«3,    when  «»1. 
Ex.  2.    Reqnired  the  value  of X . ,  when  «äh. 

^/«■-fl•  JxJ^.Jx-a     ' 

Jx^a 
«^7==1,  when  j?=fl. 

Ex«  S.    Bequired  the  value  of  ^ j ,  when  ä«0. 

„        (x+ÄV-j^    (x+hf-aT 
Here  ^ / =^7 — In « 


.(,+Ä)^'.lii±^ , 


1— ^ 


17 
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1 


I        K^"^    l-l-Z-t-Jg*-l-g'4-...2'*"' 


5-1   l+1+l+...tom  terms     .^ 

'*■     .r— r— r 1 1 ,112=1, 

l+l+l*+...to  n  terms 


91      "-1 

—  •«"  ,  when  Ä=0. 


[]£««rme#  Zg.] 


INFINITE  SERIBS. 

389.  Def.  An  infinite  geries  is  a  series  of  terms  proceeding  acoord* 
ing  to  some  law,  and  continued  withöut  limit. ;  Thus  the  series  treated  of 
in  Art.  S90,  Cor.  2,  is  an  ^^  infinite  series". 

Deif.  The  tum  of  an  infinite  series  is  the  Umit  to  which  we  approach 
more  nearly  by  adding  more  terms,  (as  in  Art.  SpO,  Cor.  S,)  but  cannot 
be  exceeded  by  adding  any  number  of  terms  whatever. 

Def«  A  convergent  series  is  one  which  has  a  sum  or  litnit^  as  here 
defined«     A  divergent  series  is  one  which  has  no  such  sum  or  limit, 

Hence  every  infinite  series  in  Geometrical  progression,  in  which  the 
common  ratio  is  lesa  than  1,  is  convergent. 

390.  To  determine  generali^  in  tohat  cases  a  series  is  convergent 
or  divergent, 

I.     Let  ai+a,+ii,+a4+ be  the  series,  in  which  all  the  terms  are 

positive.     Then  the  sum  is  equal  to 

f.      ^«      ^a      ^4  1 

fl,{l+— +  -=  +  -*+ }, 

or  fl|U+ — 1-— . — h  — . — . — I- \. 

^     Ol     a,  <7,     a,  a^  a^  ' 

And,  if  each  of  the  quantities  ~,  -? ,  -^,  &c.  be  less  than  some  quantity 

fli     a^     a^ 

p,  the  whole  series  is  less  than 

ai{l+j}+p'+p*+ }. 
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'        •  •  1 

Bot  if  p  be  less  than  1,  the  sutn  or  limii  of  this  latter  series  is  a,*z — » 

therefore  the  proposed  series  also  has  a  sum  or  limit  less  than  this  quan« 
tity.  Hence  an  infinite  series  qf  positive  terms  is  always  convergeni,  tf  the 
ratio  qf  each  term  to  the  preceaing  term  is  less  than  some  assignaUe 
fuaniittf  which  is  itself  less  than  1. 

II.     Next,  let  ai—a, +0,-04+ be  the  series,  in  which  the  terms 

are  altemately  positive  and  negative,  and  go  on  decreasing  without  limit. 

Then,  since  the  series  may  be  written  in  the  two  following  ways. 


flg  —  flg + fl, — «4 + «4— ae+ 


«1  —  11,—  flj  — ^4—  flp— 


and  since  0,-^4,  a^—a^,  Sic,  a^^-a^,  a^—a^y  &Cy  are  severally  positive» 
it  is  evident  that  the  sum  or  limit  of  the  series  is  greater  than  a^-a^ 
and  less  than  aj,  that  is,  the  series  has  a  sum  or  limit;  consequently  it 
is  convergent: — or,  everif  series,  in  which  the  terms  continuaUy  decrease 
and  are  aüernately  positive  and  negative,  is  convergent. 

Cor.     If  each  of  the  quantities  -,  T>  "»  ^^  ^  ^^^  ^'^  P*  ^® 
series  a+6x+c«"+dlr*...  is  convergent  whenever  x  is  less  than  -.    And 

if  p  be  less  than  each  of  the  quantities  - ,  -r ,  - ,   &c.   then  the   seriea 

1 

fl+64r+c«'+...  is  divergent  for  every  value  of  x  greater  than  -. 

Ex.  1.     To  determine  whether  I+7+  —— +  -^-^-5  +  ,  ^  ^  a"*"*"  ^  * 
£onvergent  series. 

Aj      '     fl,     2 '     ff,    S       a^     4 

each  of  which  ratios,  after  the  second,  is  less  than  -r,  which  is  itself 
less  than  1.     Therefore  the  series  is  convergent, 

Ex.  2.     To  determine  whether  1+1  + 1  +  J+ ^  *  convergent 

or  divergent  series. 

a,     2'    flg     3      a,     4 

and,  as  these  ratios  continually  increase,  and  approach  towards  1,  no 
quantity  can  be  named  which  is  greater  than  each  of  them,  and  which  is 
itself  less  than  1.    Hence  the  proposed  series  is  divergent* 

17 — 2 
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391  •  Another  method  of  determining  the  convergency  or  divergency 
öf  aenes  is  to  find  the  limit  of  the  sum  of  the  series  afl^r  the  fint  n  terms; 
which  also  determines  the  limits  of  the  error  arising  from  taking  any 
number  of  terms  instead  of  the  if  hole  series.     Thus^ 

Ex.  1.    In  the  series   l+7+T7;  +  r^^+ *«  s^ni  of  the  series 

after  n  terms 

"lü     [«-H      [w-k2 

1    ,         1  1  > 

1       1 

<  i— 


n 

^_1 1_  1 1_ 

^[n-i'n-l"     '  '^1.2.S...(ji-l)'n-l' 

But  this  quantity  decreases  as  n  increases;  and,  by  increasine  n  without 
limit,  it  may  be  made  less  than  any  assignable  quantity.  Therefore  the 
series  is  convergent.  And  if  n  terms  be  taken  n>r  Uie  whole  series,  the 
error  is  less  than 

1 1_ 

1.2.S...(ii-iyn-l' 

£x.  2.    In  the  series  1-^  +  ---t+ ^^  ^^^  ^^  ^^  series  after 

8      3     4 

It  terms 

^     '    U+1     «+2     vi+S    n+4/  J' 

^     '    U+1     Vf+2     »+3/     Vji+4     n-k-Sj        J 

and,  since  the  quantities  within  the  small  brackets  are  all  positive, 
this  sum 


> 


H^{„4i-„4-J• 


and  <(-i)".-l-, 
^     ''   «+1' 

both  which  quantities  are  diminished  without  limit  as  n  is  increased. 
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Hence  the  serles  is  convergent;  and  if  n  terms  be  taken  for  tbe 
whole  serieSy  the  error  is  less  than  the  fi+l*"*  term. 

Ex.  5.    In  the  series   1+3  + «-^7+ the  sum  of  the  series  after 

X    9    4 


11  terms 


1  1  1 

m + + + 

«+1     «+2     «+S 

111  1 

•■ — ;  +  — ;;+ — i+ +Tr 

n-fl     H+2     n+3  2n 

1_        1  1  1 

2ff+l     2n+Z     2n+S  4» 


+ 


>T-+r-+&c.  to  «  terms  +—  +  — +&c.  to  2n  terms  + 

zM     ZU  4ii    4fi 

>UUU 

>an7  assignable  quantity. 
Hence  the  series  is  divergent, 

392.     In  the  series  a|X+atX'+a,xV in  inf.   such  a  value  may  be 

given  to  x,  that  the  value  of  the  whole  series  shaü  be  less  than  any  pro» 
posed  quantity  p. 

Let  iEr  be  the  greatest  of  the  coeflBcients  tfi,  a^  a^  »  thäi  the 

i^hole  series  is  less  than 


itjp+^«*+^x'+ in  mf. 

<^.- ,  if  «<1: 

1— j?' 


hence  that  which  is  required  is  done»  if  x  be  such  a  value  that 

hx 


that  is,  kx-cp—px, 

P 
or  j?<— ^ . 

p-hk 
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I 

Cor.     Hends   also   in  the   series   a^-^aiX+ä^*-^ in  Inf.  such   a 

yalue  may  always  be  given  to  x^  that  the  first  term  is  greater  than  the 
8um  of  lul  the  other  terms.     This  value  of  x  will  be  any  quantity  less 

than     ^* 


^0+^' 


RECURRING   SERIES. 


393.  If  each  succeeding  term  of  a  decreasing  Infinite  Series 
bear  an  invariable  relation  to  a  certain  namber  of  the  preceding 
terms,  the  series  is  called  a  Recurring  Series,  and  its  sum  may  be 
found. 

Let  a  +  &«  +  Cc'p'+&c.  be  the  proposed  series;  call  its  terms 
Ä^  B^  C,  2>,  &c.  and  let 

C^fwB^gm^A^     D^fißC^gofB^  &c. 
where/+jr  is  called  the  9caU  qf  relation;  then,  by  the  Sdpposition, 

B^B, 

C^faB+gw^A, 
D^fxC+ga^B, 
E'^fxD+gx'C. 
&c.  »&c. 
and,  if  the  whole  sum  A  +  B+  C+  D  +  &c.  in  inf.  s  Sj  we  l)aTe 

S^A-^B'\^fiß.{S-Ä)^g3i?.S, 
or     S  -fxS-gi^S  r^A-^B  --foiA ; 

A^B-foiA 


.'.  S 


l-fx-gaf* 


In  the  same  manner,  if  the  seale  of  relation  hef+g-i-  &c.  to  n 
terms,  the  sum  of  the  series  is 


^+J34- C.tonterms*^}  J-«- J?...ton-l  terms} -^«r*!  J+...ton-2terms} -&c. 

l-/r-^dp'-A.v'...to  (fi+1)  terms 
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*  '    Ex.  1« '    T6  find  the  süm  of  the  infinite  .series  1  «f  SafA"  9^+  &c; 
when  äf  is  less  than  ^. 

1 
Here  /»3,  and  the  sum  « . 

Ex.  2.     To  find  the  sum    of  the  infinite   series    1+2«  +  ^ 
-I-W+&C.  whm  w  is  less  tliUn  1. 

__^  "       ■  "^        '        .  .  - 

Here  /«S,  ^«-l,  and 

l  +  2a;-Är  1 


the  sum 


l-2d74-a?*      (l~a?)" 


If  J7a  or  >],  the  series  is  infinite;  yet  we  know  that  it  arises 
from  the  division  of  1  by  (!-«)%  and  the  sum  of  n  terms  may  be 
determined. 

The  series  after  the  first  n  terms  becomes 

(n  +  l)a?"+(n  +  2)jr«+>+(n  +  S)a?"+*+&c. 

in  Whicb  the  'scale  of  relation,  as  before,  is  2  -1 ;  and  thefefore'  the 
series  arises  from  the  fraction 

■ 

(n  +  l);»>(n  +  8)4r"+>-2(n  +  l)ar»+* 


or 


l-(n  +  l)cr"+tM7"+' 


.*.   1 +2j7  +  Sa^^  &c.  to  n  terms  «  ^        v  - 

CoB.     If  the  sign  of  x  be  changed,  l-2a;  +  3«v'~&c.  to  n  terms 

"  (1  +  ^)*  ' 

where  the  upper  or  Iower  -sign  is  to  be  used^  aceording  as  n  is  an 
even  or  odd  number. 

Ex.  3.     To  find  the  «um  of  n  terms  of  the  series 

1  +  Sa;  +  5a;*+ 7^+ &c. 

Suppose  y+ j^  to  be,the  scale  of  relation; 

then  Sf+g'aßf  and  ^+3g^7l  hence /-■2,  and  j^«-l; 
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and,  by   trial,  it  appears  that  the  scale  of  rehtion  is  properly 
determined ; 

hence  5- -r  — 7 zz^ 

After  n  terms»  the  series  becomes 

(2n+l)4r"+  (2n +8)«»+*+  (2n+5)«»+«+  &c. 
which  arises  from  the  fraction 

l-2»+a;*  ' 

(2n+l)«"-(2n-l)«"+* 

or    -  z 

hence  l-fd^+^d^'+T^^+bc.  to  n  terms, 

1  -ha?  -  (2n  H-l^H-  (2n  -l)^^*-«-* 

Ex.  4.     To  find  the  sum  of  1+2«h-&v^+5ai'+8«^+&c.  tu  tnf. 
¥^hen  the  series  converges. 

In  this  case  the  scale  of  relation  is  1+ 1,  and  consequently  the 
sum  is 

1  +  2.V-«        1+» 


If  w  becomes  negative» 

1-a^ 

l-2a?  +  S«"-5^+&c.  tn  tn/I  « r. 

1  +  ay-»* 

Ex.  5.     To  find  the  sum  of  n  terms  of  the  series 

(n  -  l)d7  +  (n  -  2)^+  (n  -  8)4?*+  &c. 

The  Scale  of  relation  is  2*1;  therefore  the  sum  tn  inf.  is 
(n-l>  +  (n-2)a^-2(fi-l)ay*  (n-l)«-fMf' 

After  n  terms,  the  series  becomes  —«*+*- 2dr'*+*-&c.  the  sum  of 

which  is  found  in  the  same  manner  to  be ^r ; 

(1-»)» 
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/.  (fi  -1)«  +  (fi  -  i)a^+(n  -  S)»*4-  &c.  to  n  terms 

CoE.     Hence  ^ +  ^^ ^—  +  &c,  to  n  terms 

n         '      n 

"  fi(l-dr)«  • 

Ex.  6.     To  find  the  sum  of  n  terms  of  the  series 

1*+  2'«  +SV+  4V+  &c. 
Let  the  scale  of  relation  hef-^g+h;  then 

l6/+9gr+4A=25, 

From  these  equations  we  obtain  /— S,  ^=-3,  A«l,  which 
valuesy  when  substituted,  produce  the  successive  terms  of  the  pro- 
posed  series;  therefore 

iS— r — ; —  •; T.»  the  sum  of  the  senes  m 

»n/I  when  a  is  less  than  1. 

After  the  first  n  terms  the  series  becomes 

(n+l)V+  (n  +  2)V+*+  (n+ S)V+*+  &c. 

of  which  the  sum  is 

(n-H)V-(2n«+2n-l)ay^-*^^-fnV-;;^ 

and  consequently  the  sum  of  n  terms  of  the  series  is 

l  +  jp-(nH-l)V+(2n»-i>2n-lV-«-*-nV-*-^ 

On  this  subject  the  reader  may  consult  De  Moivre's  Miac. 
Anahft.  p«  72 ;  and  Euler's  Anaiya.  Inßniu  C.  xiii. 
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LOGARITHMS. 

394.  De  F.     If  there  be  a  series  of  magnitudes 

a*,    oS    a%    a^9.^.a\    o"^  a"%  «"^•..«"a', 

th.e  indicesy       0,      1,     2,     3,...^;      -1,    -2,    -S,...-y, 

are  called  the  measures  of  the  ratios  of  those  magnitudes  to  1,  or 
the  Logarithma  of  the.  magnitudes,  for  the  reason  assigned  in  Art. 
230.  Thus  Wy  the  Logarithm  of  any  number  n,  is  such  a  quantity, 
tbat  a'^n. 

Here  a  may  be  assumed  at  pleasure,  and  is  cailed  the  bcise;  and 
for  every  different  value  so  assumed  a  different  System  of  logarithms 
will  be  formed.  In  the  common  Tabular  logarithms  a  is  10,~and 
consequently  0,  1,  2,  3,...d7,  are  the  logarithms  of  1,  10,  100,  1000, 
...lO'  in  that  System. 

395.  CoB.  1.  Since  the  tabular  logarithm  of  10  is  1,  the 
logarithm  of  a  number  between  1  and  10  is  less  than  1 ;  and,  in  the 
same  manner,  the  logarithm  of  a  number  between  10  and  100  is 
between  1  and  2;  of  a  number  between  100  and  1000  is  betweei\ 
2  and  3;  &c. 

These  logarithms  are  also  real  quantities,  to  which  approxima- 
tion,  sufficiently  accurate  for  all  practical  purposes,  may  be  made. 

Thus,  if  ^  be  the  logarithm  of  5,  then  10'b5;  let  |-  be  sub- 
stituted  for  a,  and  lOi  is  found  to  be  less  than  5,  therefore  |-  is 
less  than  the  logarithm  of  5;  but  lOt  is  greater  than  5,  or  ^  is 
greater  than  the  logarithm  of  5;  thus  it  appears  that  there  is  a 
value  of  w  between  |-  and  ^,  such  that  10'«>5;  the  value  set  down 
in  the  Tables*  is  0-69897,  and  10^^"^^^^-  5,  nearly. 

396.  Cor.  2.  Since  a**l,  b^=^l,  &c.  in  any  system  the  logarithm 
of  1  is  0.    Also  since  a^=a,  the  logariüim  of  the  base  is  always  1. 

The  method  of -finding  the  logarithms  of  the  natural  numbers, 
or  forming  a  Table*,  is  explained  in  Treatises  on  Trigonometry. 

Def.  If  n  be  any  number,  log".!!  signifies  the  logarithm  of  »  to  base 
a ;  and  log  n  the  logarithm  of  it  to  any  base. 

*  -TaUei  of  Logarithms  haTe  been  publiahed  in  «  ittj  cheap  and  oonvenient  form 
f>7  Tsjlor  and  Walton^  London«  .under.  the  snperinundence  of  the  Societj  for  t\ie  DifiU« 
•ion  of  Useful  Knowledge.     £fi.  .         . 
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'  397*  ^^  ^^  snme  syatem  the  sum  of  tfie  logairühma  of  two 
numbers  ü  the  logarithm  of  their  product;  and  the  difference  of 
the  logarithms  ia  the  logarithm  of  their  quotient. 

Let  ^alog^n,  and  y«Iog^n;    then  a*»nj  and  a^^n;    hence 
a^^^m^nn^  ando^'^— —  ;  or  x-^-y  is  logonn',  and^-j^  is  log^-j; 

Jbat  18,  log.nn  « log^n  4-  log^ ;   and  log„  ->  =  log^n  -  \ogji. 

91 


Ex.  1.     LogSx7-«log3  +  log7. 

Ex.  2.     Logpgr - logpq  +  log  r  « log  p  +  log 9  +  log  r. 

Ex.  5.     Log|^«log5-log7. 

Ex.  4.    Log,oO-6=log,o^=logio6-log„10-077815-l. 

Ex.  5.     Log,oO-006«logi^6-log,olO»«0-77815-3. 

The  last  two  results  are  usually  written  r77815,  3-77815.  . 

S98.  If  the  logarithm  of  a  number  be  multiplied  by  n,  the 
product  is  the  logarithm  of  that  number  raised  to  the  n^^  power. 

Let  N  be  the  number  whose  logarithm  is  a^  or  a'*=N;  then 
a'^ssJV*;   that  is,  nof  is  the  log.  of  N*,  or  log^A^*«  n.log^JV. 

Exs.     Log(lS)'=«5xloglS.     Log&'xsÄTxlogfc. 

Cor.    Log(a"*&V...)=ira  loga-l-nlog6+/}logc+... 

Ex.    Log  j^a*— «•«log  (*/a + x.^a  -  «) = 4  log  0"+« + ^log  a  -  «. 

399«  If  the  logarithm  of  a  number  be  divided  by  n,  the  quo^ 
tient  is  the  logarithm  of  the  rfi  root  of  that  number. 

• 

-       L  >»  1  ' 

Let   a'-«J\r,   then   a"-JV*,    or   -  is  the  log.  of  JST,   that  is, 

n 

'-  1 

log.JV"=-.log^. 

» 

Exs.     Log  5*  o  ^xlog  5.     Log  \/  -  «■  J  log  0  —  ^  log  6. 

400.  The  Utility  of  a  Table  of  logarithms  in  arithmetical 
calculations  will  from  hence  be  manifest;  the  multiplication  and 
di Vision  of  numbers  being  performed  by  the  addition  and  subtraction 
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of  these  artificial  representatives;  and  the  mvolution  or  evolution 
of  numbers  by  multiplying  or  dividing  thdr  logarithms  hj  the 
indices  of  the  powers  or  roots  required. 

Also  the  value  of  «,  which  satisfies  an  equation  of  the  form  af^b,  may 

be  found^  since  xAoga-logb^  and  •*.  x=^—  . 

But  much  practice  will  be  needed  before  the  Student  will  be  able  to 
xnake  a  satisfactory  use  of  the  Tables,  and  he  will  be  required  to  take  the 
subject  in  band  with  great  eamestness  and  determination.  Every  requi« 
site  direction  will  be  found  in  any  of  the  most  approved  treatises  on 
Trigonometry.    A  few  easy  ezamples  are  subjoined. 

Ex.  1.    Required  the  yalue  of  <yS047. 

Here  log,.75w-ilog.oS047-?^^|^ 

»0-49769-log,oS'1456; 
•*•  $'1456  is  the  root  required. 

Ex.  2.     Let  the  value  of  s/^^K^ys  be  required. 
The  log«  bf  the  proposed  quantity  to  base  10  is 

i{logio7+i  logio2  + JlogioS}   (Arts.  397,  S99.) 
And  by  the  Tables  log,o  7 -0*845098 

^logio2 -0-150515 
^log,o3 -3  0*1 590404 

5^1*1546534 

0*2309306  B  logio  1*701 88  &g. 
•*•  the  value  required  is  1 701 88  &c. 

Ex.  3.  Find  a  fourth  proportional  to  the  6*^  power  of  9^  the  4*'' 
power  of  7}  and  the  5^  power  of  5. 

Let  X  be  the  required  number;  then 

7*x5» 


1«    » 


9* :  7* ::  5* :  x,  and  «= 

•*•  log«s4log7+5lqg5-61og9, 

-3*38040+3-49485-5'72544,  to  base  10, 
«l'14981«log,ol4*12  nearly; 
/•  ««14*12  nearly. 

'      r*-l 
Ex.  4.    Given  ^»a. — -;  required  the  value  of  n. 
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Here  fli*-Bi(r-l)+a; 


.••  lqgfl+logf'-logi(r-l)+a, 

ii.logr-log*(r-l)+fl-  Yoga, 

log(i.r-l+fl)-logfl  ^ 
lögr  ' 

from  which  we  may  obtain  the  number  of  terms  in  any  Geometrie  Pto* 
gresnon,  when  the  fint  (erm,  common  ratio^  and  sum,  are  given« 

Ex.  5.    Given  2'-1976;  find  the  value  of  «. 
Here  «.log2»logl976> 

Wi976^8:295re 

'•       log 2     osoios  '^^  "^^^y 

Ex.  6.    Oiven  a^sc;  find«^. 

Let  A'^jf»  then  «.logialogy,  and^^T^^* 

Also  «"-c,  .•.  jf.loga»lqgc,  «»d^=^^» 

log(logc)-log(logfl) 
••  '-^   ^log6 

[[fxercMf«  Zr.] 

INTEREST  AND  ANNUITIES. 

Def.  Iniereai  is  the  consideration  paid  for  the  use  of  money 
which  belongs  to  another.  The  rate  of  interest  is  the  considera- 
tion paid  for  the  use  of  a  certain  sum  for  a  certain  time,  as  of  £l 
for  one  year« 

When  the  interest  of  the  Principal  alone,  or  sum  lent,  is  taken, 
it  is  called  Simple  Interest;  but  if  the  interest,  as  soon  as  it  be- 
comes  due,  be  added  to  the  principal,  and  interest  be  charged  upon 
the  whole,  it  is  called  Compound  Interest. 

The  Amount  is  the  whole  sum  due  at  the  end  of  any  time,  In- 
terest and  Principal  together. 

Discount  is  the  abatement  made  for  the  payment  of  money 
before  it  becomes  due. 

•  In  thii  Ex.  bj  o^  it  xsmni  a  ndsed  to  the  power  expressed  by  tf^  tnd  not  o* 
nüsed  to  the  «<^  power* 
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SIMPLE  INTEBEST. 

a 

401.  To  find  the  Amount  of  a  given  sum^  in  any  Ume^  at 
simple  interest. 

Let  P  be  the  principal,  in  pounds, 

n  the  No.  of  years  for  which  the  interest  is  to  be  calculated^« 
r  the  interest  of  £l  for  one  year  j-. 
M  the  amount. 

Then,  since  the  interest  of  a  given  sum,  at  a  given  rate,  must 
be  proportional  to  the  time,  1  (year)  :  n  (years)  ::  r  :  nr^  the  interest 
of  £l  for  n  years;  and  the  interest  of  P£  must  be  P  times  as  great, 
or  Pnr;  therefore  the  amount  M^P-^Pnr. 

402.  From  this  simple  equation,  any  three  of  the  qiiantities 
P,  n,  Vf  M  being  given,  the  fourth  may  be  found;  thus 

_       M  M^P  M-P 

n 


l+nr    .  Pr  Pn 

Ex,  What  sum  must  be  paid  down  to  receive  600£,  at  the 
end  of  nine  months,  allowing  5  per  cent.  abatement?  Or,  which 
is  the  same  thing,  what  principal  P  will  in  nine  months  amount  to 
600£y  allowing  interest  at  the  rate  of  5  per  cent.  per  annum  P 

■  0"75,     r  «  —  B  0'05 ;    hence 

100  • 

M  600  ^  «       ^        . 

£578313  =  £578.  6*.  Sd. 


l  +  nr      1  +  0*75xO-05 

COMPOUND  INTEREST. 

403.     To  find  the  amount  of  a  given  sum  in  any  time  at 
Compound  interest. 

Let  i?Bl£  together  with  its  interest  for  a  year;  then  at  the 
end  of  the  first  year,  R  becomes  the  principal,  or  sum  due; 

*  When  days,  weeks,  or  months,  not  making  an  exact  number  of  jean,  enter  the 
calculation,  n  is  fractional.     Ed. 

f  It  must  always  be  bome  in  mind  that  r  is  not  the  rate  per  cent.  but  onljr  the  hundredth 
part  of  it.    Thus  for  4  por  cent.  r  »  0*04£,  for  5  per  cent  r  s  0'05£;  fuid  90  on.    £,d. 
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The  amouDt  at  the  end  of  the  2d  year  »  amouat  -of  R£  in  1  ^ear, 

=  RxR  «■  J?  • 

The  amount  at  the  end  of  the  8d  year  «  amount  of  JB*  in  1  year, 

-5*x5«iP; 

and  so  ou;  so  that  R*  is  the  amount  of  l£  in  n  years.     And  if  P£ 
he  the  principal,  the  amount  must  be  P  times  as  great,  or 


•    .  % .  .  t 


Cor.  1.     From  this  eiqüation  "wtf  have 

„    M  \ogM-\ogP  ,  ■        fM\i- 

^-Ä"     "■        logig        '     -d^-(p)"- 

CoB.  2,     The  intere8teJf-P-PÄ'-P-P{-B''-l}. 

Ex.  1.     What,iaust  be  paid  down  to  receive  6oo£  at  the  end 
of  3  years,  allowing  5  per  cent,  per  annum  Compound  interest  P 

In  this  case  i?  — r05,  ö«S,  JtfeöOO; 

Ä"      (105)*  ^ 

Ex.  2.    Find  the  amount  of  5£  in  2^  years  at  3  per  cent,  ^oinpouncl 
interest. 

Here  P=5,     JB-IOS,    «=|, 

* 

.-.  /?'=(103)i=(l+003)i, 

-l+|x0-03+|.^x(0-03)*+. . . . . . 


-1+0-075+0-0017+ 

=1+00767  nearly; 
/.  PÄ"=5xl'0767=5-3835^5X.  7*.  8J.,  the  amount  required. 

404.  When  Compound  interest  is  named,  it  is  usua]]y  meant  that 
interest  is  payable  only  at  the  end  of  each  year;  but  there  may  be  cases 
in  which  the  interest  is  due  half-yearly,  quarterly,  &c. ;  and  then  the 
amount  found  in  the  last  Articie  will  be  altered.  Thus,  if  r  be  the  interest 
of  l£  paid  at  the  end  of  the  year,  it  has  been  shewn  that  the  amount  of  P£ 
at  the  end  of  «  years «P(l+r)\ 
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|f* 
But  if  r  be  the  interest  of  l£  paid  at  the  end  of  each  half-jear,  then 


2 


l+^.theamountofl£forhalfayear. 


(-0- 


lyear, 

l^years, 

Syears; 


Yl+0  » »years; 

/.  amount  of  P£^p(l-^^  . 
Similarly,  if  7  be  the  interest  of  l£  paid  at  the  end  of  each  quarter, 

amount  ofP£  in  n  years»  Pfl+^j  • 

And,  generally,  if  interest  be  considered  due  q  times  a  year,  at  iequal 
intenrals,  each  payment  for  l£  being  -  > 

amount  of  P£  in  n  years  «^^1+-)  • 

Ex.    Find  the  amount  of  100£  in  1  year  at  5  per  cent,  per  annum^ 
when  the  faiterest  is  due,  and  converted  into  prindpal,  at  the  end  of  each 

hal/'Vear. 

Here  P=100,   r=005,   »-1, 

•*.  Amount  required»100x(l+0-025)'Bi05*0625£, 

^105£.  U.  Sd. 

405.    Required  the  amount  of^  a  given  sum  at  Compound  inierest^  the 
interest  being  eupposed  dueevery  instant. 

The  interest  being  paid  q  times  per  annum,  by  last  Art.,  the  amount 

n(n-l) 
-P{l+nr+-l_Är»+...}. 

Let  q  be  indefinitely  great,  that  is,  the  intervals  between  the  pajrments 
indefinitely  small,  then,  neglecting  -  and  its  powers. 
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«Pc"',  e  being  2-7182818.     (Art.  825.) 

406.  ^  To  detertnine  the  advantage,  when  Compound  intereH  is  reckoned, 
ofhaving  interest  paid  half-yearfy,  quarierfy,  Sfc.  instead  qf  tfcarfy. 

It  appears  from  Art.  404  that  the  advantage  per  l£  for  a  year^  when 
interest  is  paid  half-yearly,  and  the  half-yearly  payment  is  half  the  yearly 
one. 


=  0-^i)-(^+'")=*+''+I-(*-^'")' 


1* 

4 

In  the  case  of  quarterly  payments  of  interest,  the  adrantage 

SS—  nearly,  *.'  r  is  a  small  fraction. 
And  generally,  when  the  interest  is  paid  q  times  a  year,  the  advantage 

-l+r*Sk:^.^+&e..(,+,,, 

ss^: — .r*  nearly. 

27  ^ 

Hence  it  appears,  that,  for  a  single  year,  the  advantage  of  having 
interest  paid  frequently  is  very  smalL  Bat  it  increases  as  the  number  of 
years  increases,  and  is  expressed  in  n  years,  for  every  l£,  (when  interest 

is  paid  q  times  a  year  at  equal  intervals,  -  being  the  payment  per  l£,)  by 


(l-0"'-(l+r)-. 


407.    It  must  be  observed  always,  when  interest  is  paid  q  times  per 
annum,  each  payment  being  -  for  every  l£,  that  the  true  annual  rate  of 

interest  is  not  r,  but  ( l-^-J  -l^  since  this  ezpresses  the  value  of  the  inte- 
rest for  l£  for  a  year. 

18 
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Prob.  In  what  time  will  any  sum  of  money  double  itself,  at  any 
given  rate  of  interest  simple  or  Compound  ? 

I.  In  the  case  of  simple  interest  .W—P+Pwr, 

.-.  here  2P=P+P«r, 

or  n='  y  the  number  of  years  required. 

II.  In  the  case  of  Compound  interest  paid  yearly  3l=P(l+r)% 

.-.  here  2P=P(l-i-r)", 
or  (l+r)"=2; 

.-.  «= — - — ,  the  number  of  years  required. 
log  1+r 

The  foUowing  Table^  caiculated  from  these  two  results,  and  shewing 
the  several  times  in  which  any  sum  will  double  itself  at  the  rates  of 
interest  there  given,  is  taken  from  Baily's  Doctrine  of  Interest  and 
AnnuitieSy  and  will  furnish  good  practice  to  the  learner,  who  will  verify  it 
by  means  of  the  Logarithmic  Tables. 


Rate 

of 

Interest. 

No.  of  Teara  at 

Simple  Interest. 

Compound  Interest. 

2 
3 
4 

4 

5 

6 

7 
8 

9 
10 

50- 
40- 
33-33333333 

28-57142857 
25- 

22-22222222 
20- 

1666666667 

14-28571429 

12-5 

11-11111111 

10- 

35-00278878 
28  07103453 
23-44977225 
20-14879168 

17-67298769 

15-74730184 

14-20669908 

11-89566105 

10-24476835 

9-00646834 

8  04323173 

7-27254090 

In  general  practice^  Compound  interest  is  onlv  reckoned  for  an 
integral  number  of  years,  so  that  if  there  be  any  fractional  part  of  a  year 
remaining,  for  this  simple  interest  is  taken. 
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408.  Discount  is  defined  to  be  'Hhe  abatement  made  for  the 
payment  of  money  before  it  becomea  due'\  and  althou^h  in  ordinary 
businesa  the  quantity  of  such  abatement  is  generally  accoraing  to  private 
contract,  there  is  besides  a  true  mathematical  discount  which  aiFords 
exact  justice  both  to  the  payer  and  to  the  receiver. 

It  is  clear  that  if  A  receives  from  B  a  sum  of  money  n  years  before 
it  is  due,  n  being  whole  or  fractional,  A  is  benefited  by  the  interest  of 
that  money  for  the  time;  and  therefore,  in  justice^  B  ought  to  receive 
an  abatement  such,  that  the  sum  thus  diminished,  paid  to  Ay  would,  if  put 
out  to  interest  until  the  proper  time  of  payment  arrives,  amount  to  the  sum 
due.     This  sum  is  called  the  Present  Value  of  the  debt 

Hence  if  D  be  the  discount,  and  F  the  present  value,  of  a  debt  of 
£P  due  at  the  expiration  of  n  years,  F^P^D,  and  F  would  amount  at 
the  end  of  «  years  to  P,  i.e,    F(l+iir)=P,  reckoning  simple  interest 

Hence  V=.  -^  ,   and  D^P-^F^  ^^. 

Cor.  1.  If  II  be  sufficiently  great  that  Compound  interest  may  be 
reckoned,  then 

F(l+r)-=P,      i.e.  ^=77^; 


and    B^P-F^P- 


P 


Cor.  2.     If  /  be  the  interest  on  £P  for  the  given  time,  we  shall  have 

P+/=P(l+wr),   or    P(l+r)", 

according  as  simple  or  Compound  interest  is  reckoned; 

P 
.'.  in  both  cases  F^P 


.'.  D^P^P 


P+I' 
P        PI 


p+i  p+n 


1    1    1 

From  this  result  we  see  that  the  discount  on  any  sum  is  always  less 
than  the  interest 

Cor.  S.     Since  D-P-F^  if  these  be  put  out  to  interest  for  the  time 
in  question,  we  shall  have 

amount  of  D«amount  of  P- amount  of  F 

=> amount  of  P—P 
»interest  on  P. 

18—2 
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EQUATION  OF  PAYMENTS. 

409.  When  various  sums  of  money  due  at  different  times  are  to 
be  paid,  it  may  be  required  to  know  the  time  at  which  they  may  all  be 
paid  together,  without  injury  to  either  debtor  or  creditor.  To  determine 
this  time,  which  is  called  the  Equated  Time,  it  is  clear  that  we  must 
suppose  the  interest  of  the  sums  paid  afler  they  are  due  to  be  together 
equal  to  the  discount  of  the  sums  paid  before  they  are  due,  the  debtor 
being  entitled  to  discount  for  that  which  is  paid  before,  and  the  creditor 
to  interest  for  that  which  is  paid  after,  it  becomes  due. 

410.  To  find  the  equated  time  ofpayment  of  two  sums  due  at  different 
times ^  reckoning  simple  interest, 

Let  P,  p,  be  two  sums  due  at  the  end  of  times  T,  /,  respectively ; 
r  the  rate  of  interest^  and  x  the  equated  time;  then  supposing  T>/, 
the  interest  of  p  for  the  time  x—t  must  be  equal  to  the  discount  of  P 
for  the  time  T— x,  or 

p(^-0^'l^(y,j)^>  (Arts.  401,  408.) 

whence  we  may  obtain  the  quadratic  equation 

^,  pr(T+i)  +  P-^p  ^^prTt+'PTi-pt^^ 
pr  '  pr  * 

from  which  a  may  be  found  by  the  usual  method. 

411.  Since  the  above  method  does  not  furnish  any  simple  Rule,  and 
18  more  complicated  as  the  number  of  payments  is  increased,  another 
method  is  generally  used^  although  incorrect,  which  is  founded  on  the 
supposition  that  the  interest  of  the  sums  paid  after  they  are  due  should  be 
equal  to  the  interest  (not  the  discount)  of  those  which  are  paid  before  they 
are  due. — Thus,  if  P  and  p  be  the  sums  due  at  the  end  of  times  T  and  /, 
and  X  the  equated  time  required, 

p(«-/)r=P(7'-x)r; 

_PT+pt 

Or,  more  generally,  let  P^P^,  P,,  &c.  be  the  sums  due  after  the 
equated  time,  at  the  end  of  times  2*,,  T,,  jT,,  &c.  and  p,,  p„  p„  &c  the 
sums  due  before,  at  the  end  of  times  /i,  /„  /,,  &c.  then  we  have 

Pi{x-  ti)  r  +pa(ar  -/,)''+ PsC-^-  Q  r  +  &c. 

=P,(ri-ar)r+P,(r,-^)r+P,(r,-j:)r+&c. 
and  .-.  j-,^_i^i-^-Pa^a+P3y3+&c.-hp,/,+pA+pA4»&c. 

P,  +  Pa+P3  +  &C.+p,+p,+p,+&C.  ' 

which  fumishes  a  simple  rule  easy  of  application. 

By.this  rule  a  small  advantage  is  given  to  the  payer,  because  he 
reckons  on  his  side  the  interest,  instead  of  the  discount,  of  those  sums 
which  he  pays  before  they  are  due,  whilst  the  opposite  side  of  the  account 
is  confined  to  strict  accuracy ;  and  it  has  been  shewn  in  Art  408,  Cor.  2. 
that  the  interest  of  any  sum  is  greater  than  the  discount 
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412.  Another  method  of  finding  the  Equated  time  is  io  find  the 
Preserä  Value  of  each  payment,  and  make  the  sum  of  them  equal  to 
the  Präsent  Value  of  the  sum  of  the  several  payments  supposed  due 
at  the  Eauated  time.  Thus,  if  P,  p,  be  due  at  the  end  of  times  T,  /, 
respectively,  r  tlie  rate  of  interest,  and  o?  be  the  equated  time, 

P 

Present  value  of  P=      j,  ,  (Art  408.) 

_    P 


...  ofp=^^, 
ofP+p=f±/', 


and 


P+p 


1+7V     l+/r~l+4:r' 
from  which  simple  equation  with  respect  to  x  we  get 

^-  P+p+r(^Pt\pT)    ' 

Cor.    If  the  quantities  multiplied  by  r  be  neglected,  since  r  is  gene« 
rally  a  very  small  fraction,  we  have 

«=—=5 — —^  which  is  the  common  rule. 
P+/?    ' 


ANNUITIES. 

413.  To  ßnd  the  Amount  of  an  annuity  or  pension  left 
unpaid  any  number  of  yearSy  allowing  simple  interest  upon  each 
sum  or  pension  from  the  time  it  hecomes  due, 

Let  A  be  the  annuity;  then  at  the  end  of  the  first  year  A 
becomes  due,  and  at  the  end  of  the  second  year  the  interest  of 
the  first  annuity  is  rA  (Art.  401);  at  the  end  of  this  year  the 
principal  becomes  2^,  therefore  the  interest  due  at  the  end  of  the 
third  year  is  ^rA\  in  the  same  manner,  the  interest  due  at  the 
end  of  the  fourth  year  is  SrA\  &c.  Hence  the  whole  interest  at 
the  end  of  n  years  is 

n-1 


rA-^-^rA-^SrA +  n-l.r-4  =  ?i. rA  (Art.  282); 

and  the  sum  of  the  annuities  is  nA^  therefore  the  whole  amount 

M^nA-k-n. rA. 

2 
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414.  Required  the  Present  Value  of  an  annuity  tohich  ia 
to  continue  a  certain  number  of  yearSj  cdlowing  simple  interest 
for  the  money. 

Let  P  be  the  present  value;  then  if  P,  and  the  annuity,  at 
the  same  rate  of  interest,  amount  to  the  same  sum,  thej  are 
upon  the  whole  of  equal  value.  The  amount  of  P  in  n  years  is 
P+Pnr  (Art.  401);  and  the  amount  of  the  annuity  in  the  same 

time  is  nA'\'n, rA;   hence 

2 

_     _             .         n— 1      . 
P-^Pfir^nA-i-n. rA; 

2 

nA+n* rA 


•  f 


1+nr 


From  this  equation,  any  three  of  the  four  quantities  P,  A^  n,  r 
being  given,  the  other  may  be  found. 

nA 

415.  Cor.     Let  n  be  infinite,  then  P** —  an  infinite  quan- 

tity;  therefore  for  a  finite  annuity  to  continue  for  ever,  an  infinite 
sum  ought,  according  to  this  calculation,  to  be  paid;  a  conclusion 
which  shews  the  necessity  of  estimating  the  Present  Value  of  an 
annuity  upon  difierent  principles. 

416.  To  ßnd  the  Amount  of  an  annuity  in  any  number 
of  years,  at  Compound  interest, 

Let  A  be  the  annuity,  or  sum  due  at  the  cnd  of  the  first  year; 
then  1  :  R  ::  A  :  RA,  its  amount  at  the  end  of  the  second  year; 
therefore  A  +  RA  is  the  sum  due  at  the  end  of  the  second  year; 
in  the  same  manner, 

l  :  R  ::  (l  +  Ä)x^  :  (R  +  Rr)xAj 

the  amount  of  the  two  payments  at  the  end  of  the  third  year; 
and  (1  +R  +  R^)kA  is  the  whole  sum  due  at  the  end  of  the  third 
year;  in  the  same  manner, 

(l  +  Ä  +  iP...  +  Ä'-^)x^ 
is  the  sum  due  at  the  end  of  n  years,  that  is,  the  amount  required 

R-l 
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417.     CoB.   1.     From  this  equation,  any  three  of  the  quan- 
tities  being  given,  the  fourth  may  be  found. 


r 


Cor.  2.     If  interest  be  paid  9  times  per  annum,  and  -  be  each  pay- 

ment  per  l£,  the  aniount  of  the  annuity  in  n  years,  reckonmg  Compound 
interesty  will  be 


^x 


Cor.  8.     If  the  annuity  (Ä)  be  payable  m  times  per  annum,  each 

of  the  payments  being  — ,  and  p  be  the  annual  rate  of  interest,  the 

amount  in  n  years  will  be 

A  (i+p)'-l . 


«•  '      ' 


n+pr-i 

and  if  the  interest  also  be  payable  q  times  a  year,  each  payment  of 
interest  for  every  l£  being  - ,  this  amount  becomes 


A 


rX-^ 


418.  To  find  the  Present   Value  of  an  annuity  to  be  paid 
for  n  yearSf  allounng  Compound  interest. 

Let  P  be  the  Present  Value,  A  the  annuity;   then  since  PR*  is 
..  ....  o,  .  .  „  ...  ..  -   .  ..  ._  .  .  . 

the  same  time,  by   the  question, 

^T>.     Ä"-l    ^  „     l-JB"    ^  .  l-(l  +  r)- 

Ä-1      •  Ä-1        '  r 

419.  Cor.  1.     Any  three  of  the  quantities  P,  J,  Ä,  n  being 
given,  the  fourth  may  be  found. 
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420,     CoB.  2«     If  the  number  of  years  be   infinite,  Bl^  is 

infinite,  and  Ä""  vanislies;  therefore  P«— — ,  or  — . 

Ä-1  r 

Ex,  If  the  annual  rent  of  a  freehold  estate  be  l£,  what  is 
its  value,  allowing  5  per  cent.  per  ann.  Compound  interest? 

In  this  case,  ^«1,  JB— laO*05;   therefore  the  Present  Value 

1  ' 

P«  —^ — oJEso,  or  20  years'  purchase. 

Cor.  3.  The  Present  Value  of  an  Annuity  of  AS,  payable  m  times 
per  annum  for  n  years,  each  of  the  payments  being  — ,  and  p  the  annual 
rate  of  mterest,  will  be 

A  l-(i+pr . 

"  (i+p)=-i 

and  if  the  interest  also  be  payable  q  times  a  year,  each  payment  of  in- 
terest  for  every  l£  being  -,  the  Present  Value  will  be 


>' 


-(-i) 


i-'if-' 


m 

1 
9' 


CoB.  4.     If  the  annuity  is  to  continue  for  ever,  this  Present  Value 

becomes 

A  1 


m 


(-0'-'  ■ 


421.     The  Present  Value  of  an  annuity,  to  commence  at  the 
expiration  of  p  years,  and   to  continue  q  years,  is  the  difierence 

between  its  present  value  for  p-k-q  years,  and  its  present  value 
for  p  years, 

CoB.    If  the  annuity  commences  after  p  years,  and  continues  for 

A  R^ 
cver,  the  Present  Value  will  be  p    ,  , 
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Ex.  What  is  the  Present  Value  of  an  annuity  of  IjE,  for  14 
years,  to  commence  at  the  expiration  of  7  years,  allowing  5  per 
Cent,  per  ann.  Compound  interest? 

The  Present  Value  for  21  yearss  ^^ b12'82£; 

^  (l-05)"x005 

(l'OSV— 1 

and  the  Present  Value  for  7  yearsa--^ ■i5'79JE: 

^  (1-05)^x005 

hence  the  value  of  the  annuity  for  fourteen  years  after  the  expira- 
tion of  7  is  7'0S£,  or  7  years*  purchase,  nearly. 

The  preceding  Article  contains  the  whole  Theory  of  the 

RENEWAL  OF  LEASEa 

422.  To  detertnine  ikejine  whick  ougkl  to  he  pcidfor  renetving  any 
numher  of  ytars  lapsed  in  a  lease. 

Let  p+q  be  the  number  of  years  for  which  the  lease  was  originally 
granted;  p  the  number  lapsed;  and  A  the  dear  annual  value  of  the 
estate^  aller  deducdng  reserved  rent  (if  any),  taxes,  and  all  other  fixed 
annual  charges. 

Then  it  is  dear  that  the  lessee  has  to  purchase  an  annuity  of  A£ 
to  commence  at  the  expiration  of  q  years,  and  to  continue  p  years^  the 

Present  Value  of  which  is  the  Present  Value  for  p+q  years— Present 
Value  for  q  years, 

Cor.    The  number  of  years'  purchase  is 

Ex.  In  a  lease  of  21  years  7  years  lapsed  are  to  be  renewed,  the 
reserved  rent  is  10£^  and  the  estate  is  really  worth  150£  a  year,  what 
fine  ought  to  be  paid  for  the  renewal^  reckoning  interest  at  5  per  cent  ? 

In  this  case  the  lessee  has  to  pay  for  an  annuity  of  I40£  to  com- 
mence at  the  end  of  14  years  and  to  continue  7  years;  therefore  the  fine 
required  is 

log„rÖ5l-"=-o-29666=r70SS4-log„0-50505, 
log„r05]-"=-0'44499=T'55501-log„0-35895. 
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A  therequired  fine«2800x{0-50505-0*35895}, 

»2800x01461, 
=409£,  very  nearly. 
\Exercises  Z*.] 

SCHOLIUM. 

423.  The  method  of  determining  the  present  value  of  an  annuity 
at  isimple  interest,  given  in  Art  414^  has  been  decried  by  several 
eminent  Arithmeticiaps,  and  in  its  stead  a  Solution  of  the  question 
has  been  proposed  upon  the  following  principle;  "If  the  present 
Talue  of  each  payment  be  determined  separately,  the  sum  of  these 
values  must  be  the  value  of  the  whole  annuity." 

Let  w  be  the  value  or  price  paid  down  for  the  annuity,  a  the 

yearly  payment,  n  the  number  of  years  for  which  it  is  to  be  paid, 

r  the  interest  of  l£  for  one  year.     The  present  value  of  the  first 

a 
payment  is (Art.  402);  the  present  value  of  the  second  pay- 

1  +1* 

ment,  or  of  a£  to  be  paid  at  the  end  of  two  years,  is ;  and 

SO  on:  therefore  «»= ■  + ...+ 


1  +  r     l  +  2r  1  +  nr 

These  difierent  conclusions  arise  from  a  circumstance  which  the 
opponents  seem  not  to  have  attended  to.  According  to  the  former 
Solution,  no  part  of  the  interest  of  the  price  paid  down  is  employed 
in  paying  the  annuity,  tili  the  principal  is  exhausted. 

Let  the  annuity  be  always  paid  out  of  the  principal  x  as  long 
as  it  lasts,  and  afterwards  out  of  the  interest  which  has  accrued; 
then  a^  a  —  a,  ^  — 2a,  w-^Sa^  &c.  are  the  sums  in  band,  during 
the  first,  second,  third,  fourth,  &c.  years,  the  interest  arising  from 
which  rj?,  rw-^ra^  rX'-Qra,  rx-^Sra,  &c.  that  is  the  whole  in- 
terest, is  nra?- {l  +  2  +  S...(n-l)}xra,  or,  nraf-^n. ra,  which, 

together  with  the  principal  07,  is  equal  to  the  sum  of  all  the  an- 
nuities;   therefore 

n-1 
na+n. ra 

(l+nr)x-n. ra^na,  and  a  =■  (Art.  414). 

2  1  +  TIT 
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• 

According  to  the  other  caiculation,  part  of  the  interest,  as  it 
arises,  is  employed  in  paying  the  annuity,  but  not  the  whole.  Thus, 
the  first  payment  is  made  by  a  part  of  the  principal,  and  the  interest 
of  that  part,  which  together  amount  to  the  annuity;  and  the  other 
payments  are  made  in  the  same  manner;  this  is,  in  effect,  allow- 
ing  interest  upon  that  part  of  the  whole  interest  which  is  ineor- 
porated  with  the  principal.  According  to  either  calculation,  the 
seller  has  the  ad  van  tage,  since  the  whole  or  a  part  of  the  interest 
will  remain  at  bis  disposal  tili  the  last  annuity  is  paid  off.  . 

If  the  whole  interest,  as  it  arises,  be  incorporated  with  the 
principal,  and  employed  in  paying  the  annuity,  Compound  interest 
is,  in  effect,  allowed  upon  the  whole.  Let  m  be  the  prioe  poid 
for  the  annuity,  n  the  number  of  years  for  which  it  is  granted, 
and  jRei£  together  with  its  interest  for  one  year.  Then  w  in 
one  year  amounts  to  iZo?,  out  of  which  the  annuity  being  paid, 
Bx  —  a  is  the  sum  in  band  at  the  end  of  the  first  year;  R^x  —  Ra 
is  the  amount  of  this  sum  at  the  end  of  the  second  year,  therefore 
R^x^Ra-^a  is  the  sum  in  band  at  the  end  of  the  second  year; 
in  the  same  manner,  i2*a?--R'*~'a-jB'*~'a...-a  is  the  sum  left,  after 
paying  the  last  annuity,  which  ought  to  be  notbing;  hence 

Ä*a  —  a 
R  —  l 

^=  ^'-.^      .«     (See  Art.  418). 
Ä"x(Ä-l)       ^  ^ 
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CHANCES  OR  PROBABILITIES. 

424.  Chance,  or  Probahilily^  has  two  meanings;  the  one  a  populär 
meaning,  without  any  very  distinct  signification ;  the  other  a  roathematical 
meaning,  pointing  out  a  real  value  existing  in  the  circumstances. 

Def.  Most  questions  of  probabilities  will  fall  under  one  of  two 
classes,  called  direcl  and  inverse  probabilities. 

A  question  of  probability  is  termed  direct,  when,  certain  causes  being 
given  as  existent,  from  which  a  certain  event  may  proceed,  the  proba- 
bility of  that  event  happening  is  required. 

A  question  of  probability  is  termed  inverse^  when,  an  event  being 
given  as  existent,  and  proceeding  from  one  of  several  causes,  the  proba- 
bility of  one  proposed  cause  being  the  true  one  is  required. 

Some  more  complex  questions  may  partake  of  the  nature  of  both  kinda 
of  probability. 
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L    DIREOT  PROBABILITIES. 

425.  If  an  event  may  take  place  in  n  differerU  ways,  and 
each  of  these  be  equally  likely  to  kappen^  the  probabüity  that  it 

will  take  place  in  a  spedfied  way  is  properly  represented  by  -  ^ 

n 

certainty  being  represented  by  1.      Or,  which  is  the  same  thing, 

if  the  value  of.  certainty  be  1»  the  value  of  the  expectation  thai 

the  event  will  happen  in  a  spedfied  way  is  -  • 

n 

For  the  sunt  of  all  the  probabilities  is  certainty,  or  1,  because 
the  event  must  take  place  in  some  one  of  the  ways;    and  the 

probabilities  are  equal :    therefore  each  of  them  is  -  . 

426.  CoB.  If  the  value  of  certainty  be  a,  the  value  of  the 
expectation  is  ~  •  But  in  the  foUowing  Articles  we  suppose  the 
value  of  certainty  to  be  1. 

427.  If  an  event  may  happen  in  a  ways^  and  fail  in  b  ways^ 

any  of  these  being  equally  probable,   the  chance  of  its  happening 

a  b 

is ,  and  the  chance  of  its  failing  is r- . 

a+b  a+b 

The  chance  of  its  happening  must»  from  the  nature  of  the 
supposition,  be  to  the  chance  of  its  failing,  as  a  :  6 ;  therefore  the 
chance  of  its  happening  :  chance  of  its  happening  together  with 
the  chance  of  its  failing  ::  a  :  a-^b.  And  the  event  must  either 
happen  or  fail ;  consequently  the  chance  of  its  happening  together 
with  the  chance  of  its  failing  is  certainty.  Hence  the  chance  of 
its  happening  :  certainty  (l)  ::  a  :  a-l-6;  or  the  chance  of  its  hap- 

Also,  since  the  chance  of  its  happening  together  with  the  chance 

a        - 
of  its  failing  is  certainty,  which  is  represented  by  1,  1 jt,  that 

is,  r  is  the  chance  of  its  failing. 

a  +  b 
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428.  Ex.  1.    The  probability  of  throwing  an  ace  with  a  single 

1  5 

die,  in  one  trial,  is  ~ ;  the  probability  of  not  throwing  an  ace  is  - ; 

the  probability  of  throwing  either  an  ace  or  a  deuce  is  ~ ;  &c. 

429.  Ex.  2.      If  n  balls,  a,  6,  c,  d,  &c.  be   tfarown  pro- 
miscuously  into  a  bag,  and  a  person  draw  out  one  of  them,  the 

probability  that  it  will  be  a  is  -  ;  the  probability  that  it  will  be 

2 

either  a  or  6  is  -  . 

n 

430.  Ex.  3.     The  same  supposition  being  made«  if  two  balls 
be    drawn   out,    the  probability   that   these   will    be  a  and  b   is 

2 

w(n-l)' 

For  there  are  n . combinations  of  n  things  taken  two  and 

two  together  (Art.  300);  and  each  of  these  is  equally  likely  to  be 

taken ;    therefore   the  probability  that  a  and  b  will  be  taken  is 

1  2 

or 


n^l'         n(n-l) 
n. 

2 


431.  Ex.  4.  If  6  white  and  5  black  balls  be  thrown  pro« 
miscuously  into  a  bag,  and  a  person  draw  out  one  of  them,  the 

probability  that  this  will  be  a  while  ball  is  — ;  and  the  probability 

5 
that  it  will  be  a  black  ball  is  —  . 

n 

From  the  Bills  of  Mortality  in  diiferent  places  Tables*  have 
been  constructed  which  shew  how  many  persons,  upon  an  average« 
out  of  a  certain  number  born,  are  left  at  the  end  of  each  year»  to 
the  extremity  of  Ufe.  From  such  Tables  the  probability  of  the 
continuance  of  a  life,  of  any  proposed  age,  is  known. 

432.  Ex.  1.  To  find  the  probability  that  an  individual  of  a 
given  age  will  live  one  year. 

•  Some  of  these  Tables  will  be  found  at  the  end  of  the  Section,  pp.  299—301.    £d. 
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Let  Ahe  the  numbery  in  the  Tables,  of  the  given  age,  B  the 
number  left  at  the  end  of  tbe  year ;  theo  •-  is  the  probability  that 

A-B 

the  individual  will  live  one  year ;  and  — — -   the  probability  that 

A 

he  will  die  in   that  time  (Art.  427).     In  Dr.  Halley's  Tables,  out 

of  586  of  the  age  of  22,   579  arri ve  at  the  age  of  23 ;  hence  the 

579 
probability  that  an  individual  aged  22  will  live  one  year  is  — -  or 

-i-i— »»  or  — —  or  —  nearly ;    and  — -  •   or  —  nearly,  is  the 
7  1  83  -^  586  84  -^ 

1+ 1+ 

579  ,^     5 

82  +  - 

7 
probability  that  he  will  die  in  that  time. 

433.  Ex.  2.      To  find  the  probability  that  an  individual  of  ä 
given  age  will  live  any  number  of  yeara. 

Let  A  be  the  number  in  the  Tables  of  the  given  age ;  B,  C, 
J)y^..Xy  the  number  left  at  the  end  of  l^  2,  3,...a7,  years;   then 

B  C 

—  is  the  probability  that  the  individual  will  live  l  year;  --  the 

■A  Jl 

probability  that  he  will  live  2  years ;  and  --  the  probability  that 

A 

A-B    A—C     A—X 
he  will  live  x  years.     Also  — - — ,  — — -,  — —  ,  are  the  proba- 

A  A  jA 

bilities  that  he  will  die  in  1,  2,  ^  years,  respectively. 
These  conclusions  follow  immediately  from  Art.  427* 

434.  If  two  eventa  be  independent  of  each  othety   and  the 
probability  that  one  will  happen  be  —  ,  and  the  probability  that 

the  other  will  happen  be  - ,  the  probability  that  they  will  both 

happen  is  — ;    m  and  n  being  the  numbers  of  waya  in  which 
mn 

the  evente  can  severally  happen  or  fail. 
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For  each  of  the  m  ways»  in  which  the  first  can  happen  or  fail« 
may  be  combined  with  each  of  the  n  ways  in  which  the  other  can 
happen  or  fail,  and  thus  form  mn  corobinations ;  and  there  is  only 
one  in  which  both  can  happen ;   therefore  the  probäbility  that  this 

will  be  the  case  is (Art.  425). 

mn 

435.  Cor.  l.     The  probäbility  that  both  do  not  happen  is 

1 ,  or  .     For  the  probäbility  that  they  both  happen« 

mn  mn 

together  with   the  probäbility  that    they  do  not  both  happen,   is 

certainty ;    therefore,    if    from   1   the   probäbility    that    they   both 

happen  be  subtracted,  the  remainder  is  the  probäbility  that  they  do 

not  both  happen. 

436.  Cor.  2.      The  probäbility  that    they    will  both  fail  is 

(m-l)(n-l)       p^^   ^^^    probäbility    that    the    first    will    fail    is 
mn 

,    and    the  probäbility    that    the    second   will   fail    is  ; 

n  n 

therefore  the  probäbility  that   they  will   both  fail  is  x , 

m       n 

(m-l)(n-l) 

or  ■—  • 

mn 

437.  Cor.  3.      The  probäbility  that  one  will  happen  and  the 

Tft  "^  ^  ~~  2 

other  fail  is .      For  the  first  may  happen  and  the  second  fail 

mn 

in  Jt-I  ways;   the  second  may  happen  and  the  first  fail  in  m— 1  ways. 

Hence  the  number  of  favourable  cases  is  nt+n— 2^  whilst  the  nuniber  of 

favourable  and  unfavourable  cases  together  is  mn.     Therefore  the  pro- 

,    , .,.-             .    j  .    m+n— 2 
babiuty  required  is . 

438.  Cor.  4.     If  there  be  any  nuniber  of  iodependent  events, 

and   the  probabilities  of  their  happening  be  — ,  -  ,  - ,  &c.  respec- 

fn     7%    r 

tively,  the  probäbility  that  they  will  all  happen  is -r— .     For 

the  probäbility  that  the  first  two  will  happen  is  — ,  and  the  pro- 
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bability  that  the  first  two  and  third  will  happen  is  ;  and  the 

tnnr 

same  proof  may  be  extended  to  any  number  of  events. 

When  manara&c.  the  probability  is  — ,  t>  being  the  number 
of  events. 

439.    Ex.  1.    Required  the  probability  of  throwing  an  ace  and 
then  a  deuce  with  one  die. 

The  chance  of  throwing  an  ace  is  -,  and  the  chance  of  throwing 
a  deuce  in  the  second  trial  is  -;  therefore  the  chance  of  both  hap- 


pemng  18  — . 

440.  Ex.  2.    If  6  white  and  5  black  balls  be  thrown  promis- 

cuously  into  a  bag,  what  is  the  probability  that  a  person  will  draw 

out  first  a  white  and  then  a  black  ball  ? 

/* 

The  probability  of  drawing  a  white  ball  first  is  —  (Art.  4SI), 

and  this  being  done,  the  probability  of  drawing  a  black  ball  is 

5  1 

— ,  or  -,  because  there  are  5  white  and  5  black  balls  left;  there* 

10         2 

fore  the  probability  required  is  — x-  or  —  . 

Or  we  may  reason  thus;  unless  the  person  draw  a  white  ball 
first,  the  whole  is  at  an  end ;   therefore  the  probability  that  he  will 

have  a  chance  of  drawing  a  black  ball  is  — ,  and  when  he  has  this 

chance,  the  probability  of  its  succeeding  is  -— ,  or  -;  therefore,  the 

6    I        3 
probability  that  both  these  events  will  take  place  is  — x-  or  — . 

441.  Ex.  5.  The  same  supposition  being  made  as  in  the  last 
example,  what  is  the  chance  of  drawing  a  white  ball  and  then  two 
black  balls? 
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The  probability  of  drawing  a  white  ball  and  then  a  black  oue  is 
—  (Art.  440);   when  these  two  are  removed,  there  are  5  white  and 

4  black  balls  left ;  and  the  probability  of  drawing  a  black  ball»  out 

4  3    4         4 

of  these,  is  -;  therefore  the  probability  required  is  — x-  or  — . 

442.  Ex.  4.     Required  the  probability  of  throwing  an  ace, 
with  a  Single  die,  once  at  least,  in  two  trials. 

5 
The  chance  of  failing  the  first  time  is  -,  and  the  chance  of 

0 

failing  the  next  is  -;   therefore  the  chance  of  failing  twice  together 

25  25  1 1 

is  — ;  and  the  chance  of  not  failing  both  times  is  1  — ^  >  or  -- . 
So  So         So 

443.  Ex.  5.     In  how  many  trials  may  a  person  undertake,  for 
an  even  wager,  to  throw  an  ace  with  a  single  die? 

Let  w  be  the  number  of  trials;   then,  as  in  the  last  Art.,  the 

chance  of  failing  w  times  together  is   [•z]  9  and  this,  by  the  ques- 

tion,  is  equal  to  the  chance  of  happening,  or 


(r-i' 


hence  ^xlog  -  =  log  - ; 

or  xPx(log5-log6)  =  logl-log2, 

logl— log2  log2  .  ^ 

log  5  —  log  6     log  6  —  log  5  ' 

.•.  w  =  S'8,  nearly; 

that  18,  a  person  would  safely  undertake  to  throw  the  ace  in  four  trials,  but 
not  less,  and  then  have  some  probability  to  spare  in  his  favour. 

444.     Ex.  6.      To  find  the  probability  that  two  individuala  P 
and  Q,  whose  ages  are  knoum,  will  live  a  year, 

19 
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Let  the  probability  that  P  will  live  a  year,  determined  by  Art. 
432,  be  —;  and  the  probability  that  Q  will  live  a  year  be  -;   thea 

the  probability  that  they  will  both  be  alive  at  the  end  of  that  time 

.111 
IS  —X-  or  — . 

tn  n        mn 

445.  Ex.  7.      To  ßnd  the  probability  that  one  of  them^  at 
leasty  will  he  alive  at  the  end  of  any  number  of  years. 

•M  I 

The  probability  that  P  will  die  in  a  year  is  ,  and  the 

n— 1 
probability  that  Q  will  die  is  ;  therefore  the  probability  that 

they  will  both  die  is ;  and  the  probability  that  they 

mn 

will  not  both  die  is 

(m-l)(n-l)  t?i  +  n-l 

1  -  ^ ,  or  • 

tnn  mn 

In  the  same  manner,  if  -  be  the  probability  that  P  will  live 

t  years,  and  -  the  probability  that  Q  will  live  the  same  time  (Art. 

433),  the  probability  that  one  of  them,  at  least,  mW,  be  alive  at  the 
end  of  the  time  is 

(p-l)(^-l)      _p^q-l 

1 ,    or  • 

pq  pq 

446.  If  the  probability  of  an  evenfe  happening  in  one  trial 

a 
be  represented  by r-  (Art.  427),    to  find  the  probability  of  ita 

happening  once,  twice^  three  times,  Sfc.  exactly^  in  n  trials, 

The  probability  of  its  happening  in  any  one  particular  trial 

being ~,   the  probability  of  its  failing  in   all  the  other  n-1 

trials  is ——^  ( Arts.  427,  438) ;  therefore  the  probability  of  its 
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happeniDg  ia  one  particular  trial,  and  failing  in  the  rest,  is ^ ; 

and  since  there  are  n  trials,  the  probability  that  it  will  happen  in 
some  one  of  these»    and  fall  in  the  rest,  is  n  times  as  great,  er 

(a  +  by  • 

The  probability  of  its  happening  in  any  two  particular  trials, 

a'6*""*  n-1 

and  failinir  in  all  the  rest,  is  -— ,  and  there  are  n. ways 

^  (a  +  6)-  2  ^ 

in  which  it  may  happen  twice  in  n  trials  and  fail  in  all  the  rest 

(Art.  300) ;   therefore  the  probability  that  it  will  happen  twice  in  n 

trials  is — ; — . 

(a  +  6)" 

In  the  same  manner,  the  probability  of  its  happening  exactly 

2  3 

three  times  is  ;  and  the  probability  of  its  hap- 

(a  -f  o)" 
pening  exactly  t  times  is 

n.^.ü:i? !^:^±lav- 


(a  +  by 

447.     Cor.  1.     The  probability  of  the  event^s  failing  exactly 
t  times  in  n  trials  may  be  shewn,  in  the  same  way,  to  be 


n. 


n-1  n-2           n-t+l    .  ... 
. a    'ö* 


(a  +  by 

448.     Cor.  2.     The  probability  of  the  event's  happening  at 
hast  t  times  in  n  trials  is 

n-1    .  ,„ 

a^-{-nar~^b'{'n. a    W+ to  (n-*+l)  terms 

2 

For,  if  it  happen  every  time,  or  fail  only  once,  twice....... 

(n-  ^)  times,  it  happens  t  times;  therefore  the  whole  probability  of 

19—2 
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its  happening,  at  least  t  times,  is  the  sum  of  the  probabilities  of  its 

Tiappening    every    time,    of    failing   only   once,    twice, n-^ 

times ;  and  the  sum  of  these  probabilities  is 

a'  +  na'-^fc  +  w. a'"*6'+ to  (n-/  +  l)  terms 

2 

. _  • 

(a  +  6/ 

449.  Ex.  1.    What  is  the  probability  of  throwing  an  ace  twice 
at  least,  in  three  trials,  with  a  single  die? 

In    this    case    n  =  3,  t=^2,  a«!,  &s5;     and    the    probability 

.     ,    .     1+3x5       16       2 
tequired   is  - — - — -  =  — ;;  «  — . 
^  6^6x6     216     27 

450.  Ex.  2.     What  is  the  probability  tbat  out  of  five  indi- 
\idual8,  of  a  given  age,  three  at  least  will  die  in  a  given  time? 

1 
Let  —  be  the  probability  that  any  one  of  them  will  die  in  the 
m 

given  time  (Art-  433);   then  we  have  given  the  probability  of  an 

eVent''s  happening  in  one  instance,  to  find  the  probability  of  its  hap- 

pening  three  times,  at  least,  in  five  instances. 

In  this  case  a»l,  (em-l,  n^^öy  i^S;    therefore  the  proba- 
bility required  is 

l+5(m-l)+10(m-iy 


m* 


II.     INYERSE  PEOBABILITIES. 

451.  Axiom.  When  an  event  can  proceed  from  one  of  a  System  of 
causes,  the  probabilities  of  these  causes  having  produced  the  event  are 
proportional  to  the  numbers  of  ways  in  which  they  can  severally  produce 
the  event. 

452.  Cor.  Hence  the  probabilities  of  the  several  causes  having 
produced  the  event  are  proportional  to  the  chances  of  the  event  happening 
on  the  assuroption  of  their  being  severally  existent. 

If  pi,  pn  Pi,  &c.  be  the  probabilities  of  several  causes  from  which 
an  event  may  proceed;  a„  a,,  a^,  See,  the  chances  of  that  event  happening 
on  supposition  of  these  causes  severally  existing;  we  have 

«,     a,    «, 


'•'  -°W\'    (Art.  195 •.) 
a,     2(a)      ^  "      ' 
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But  as  9ome  one  of  the  System  of  causes  is  known  to  be  the  true 
one,  2(p)  is.  certainty,  or  l, 

So  also  p^^,    P,=^^,  &c-  . 

Ez.  An  um  contains  3  balls  which  may  be  white  or  black.  A 
ball  is  drawn  out  and  replaced  three  times^  and  in  each  case  a  white 
ball  is  drawn.  What  are  tne  probabilities  of  the  um  containing  (1)  Three 
white  balls,  (2)  Two  white  and  one  black,  (3)  One  white  and  two  black, 
(4)  Three  black? 

(1)  Supposing  the  1"^  State  of  the  um,  the  chance  of  the  event  hap- 
pening  which  did  happen  is  ^^q>(^  or  --,  that  is,  certainty. 

2  2  2  is 

(2)  Supposing  the  2^  State,  the  chance  ^s  -x-x-,  or  —  . 

(3)  Supposing  the  3"*  State,  the  chance  is  ö^ö>^s  >  ^^  s~  • 

3  3   3  27 

-    (4)     Supposing  the  4**"  State,  the  chance  w  -x-x-  or  0. 

o    o    o 

.*.  the  chance /or  the  !•*  State  of  the  um  is  — -?- — —- —  *  or  ~ . 

*7  2/  So 

The  chance ybr  the  2"*  ^^öj'^qj*  ^"^  «ß* 

3"*  IS  ;rZ-^~,,    or    -;;. 

27     27  S6 


^    "27-"27'^'^- 

The  following  Proposition  involves  the  nature  of  both  direct  and  tn- 
verse  probabilities ; — 

453.  If&i,  a„  a^,  4*c.  be  the  chances  of  an  observed  event  on  supposiiion 
qfeach  of  the  System  of  causes  being  the  true  one;  a/,  a,',  a,',  4*0.  the  proba^ 
bilities  qf  another  proposed  event  on  the  same  separate  suppositions ;  the 


chance  of  this  event  happening^-^r-^ . 


For,  as  has  been  seen,  £r„  a„  a^^  &c.  are  proportional  to  the  chances 
given  by  the  observed  event  of  the  separate  causes  existing.  Ilence  the 
number  of  ways  of  the  first  cause  existing  and  the  second  event  happening 
from  it  is  proportional  to  a^ai;  and  the  number  of  ways  of  that  event 
happening  from  some  one  of  the  causes  is  proportional  to  X(aaO«  But 
since  some  one  of  the  causes  exists,  S(a)  is  in  the  same  proportion  to 
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the  number  of  ways  in  which  one  of  the  causes  may  exist,  and  the  event 
either  happen  or  fail  from  it.    Hence  the  chance  of  the  event  happening 

"  2(a) 

£x.  1.  An  um  contains  two  balls^  but  whether  white  or  bkck,  uncer- 
taxn — ^we  draw  one  ball,  and  find  it  is  white.  The  ball  is  then  replaced; 
what  is  the  chance  of  next  drawing  a  black  one? 

Befofe  the  drawing  takes  place  the  two  states  or  causes  may  be,  (1) 
Two  white,  and  (9)  One  white  and  one  black. 

2 
Now  the  chance  of  the  cbserved  event  under  (l)  is  -,  or  1, 

(2)i8|. 


Again,  the  chance  of  the  propated  event  under  (1)  is  0, 

1 
2 


(2)i8i. 


,     /^       1      1 

lxO+-x- 

2   2     I 

••.  the  Chance  required  =  =^. 

Ex.  2.  Takinf^  the  case  supposed  in  Ex.  Art  452,  what  is  the  chance 
of  a  white  ball  commg  out  at  a  fourth  such  drawing? 

Here  before  the  drawing  takes  place  the  states  or  causes  may  be, 
(1)  Three  white,  (2)  Two  white  and  one  black,  (3)  One  white  and  two 
black. 

Now  the  chance  of  the  observed  event  under  (1)  is  1, 

(«>'4' 

w>4- 

Again,  the  chance  of  the  proposed  event  under  (1)  is  1, 
^ (^)"3» 

(3)isi; 

,    ,      8    2      11 

1x1+— X-  +  — -X- 

•'.  the  Chance  reauireds*""'""^""""'^^"""""— -a»-^- 

^■*'27'*'27 
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SCHOLIUM. 

Much  more  might  be  said  on  a  subject  so  extensive  as  the  doc- 
trine  of  Chances;  the  Learner  will  however  find  the  principal  grounds 
of  calculation  in  Articles  425«  427»  434,  446,  448»  452,  and  453;  and 
if  he  wish  for  farther  information,  he  may  consult  De  Moivre*s  work 
on  this  subject*.  It  may  not  be  improper  to  caution  him  against 
applying  principles  which,  on  the  first  view,  may  appear  self-evident; 
as  there  is  no  subject  in  which  he  will  be  so  likely  to  mistake  as  in 
the  calculation  of  probabRities.  A  single  instance  will  shew  the 
danger  of  forming  a  hasty  judgment,  even  in  the  most  simple  case. 

The  probability  of  throwing  an  ace  with  one  die  is  -,  and  since 

there  is  an  equal  probability  of  throwing  an  ace  in  the  second  trial, 
it  might  be  supposed  that  the  probability  of  throwing  an  ace  in  two 

trials  is  -. 
6 

This  is  not  a  just  conclusion  (Art.  442);  for»  it  would  foUow, 
by  the  same  mode  of  reasoning,  that  in  six  trials  a  person  could  not 
fail  to  throw  an  ace.  The  error»  which  is  not  easily  seen,  arises 
from  a  tacit  supposition  that  there  must  necessarily  be  a  second 
trial,  which  is  not  the  case  if  an  ace  be  thrown  in  the  first. 

LIFE  ANNÜITIES. 

464.  To  find  the  Preaent  Value  of  an  annuity  of  £1^  to  be 
continued  during  the  life  of  an  individual  of  a  given  a^e^  allowing 
Compound  interest  for  the  money. 

Let  It  be  the  amount  of  £l  in  one  year;  A  the  number  of 
persons  in  the  Tables  of  the  given  age;   By  C,  2>,  &c.  the  number 

left  at  the  end  of  1,  2,  3,  &c.  years;    then  —  is  the  value   of  the 

C     D 

life  for  one  year,  "^  >   "^  >  &c.  its  value  for  2,  3,  8lc.  years  respec- 

tively ;  and  the  series  must  be  continued  to  the  end  of  the  Tables. 
Now  the  Present  Value  of  £l,  to  be  paid  at  the  end  of  one  year,  is 

-=  (Art.  408);    but  it  is  only   to  be  paid  on   condition   that  the 

*  The  more  modern  writers  on  this  subject  are  Laplace,  Oalloway,  and  De  Morgan.  Ed. 
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annuitant  is  alive  at  the  end  of  the  year,  of  which  event  the  proba- 
bility  is  -- ;  therefore  the  Prcsent  Value  of  the  conditional  annuity 

18  -—-  (Art  426);  ia  the  same  manner^  the  Fresent  Value  of  the 
All 

c 

second  year's  annuity  is  --— ;  the  Fresent  Value  of  the  third  year's 
annuity    is    — — ,    &c. ;     therefore    the  jwrhole    value   required    is 

■^^V "B  ■*■  »^''''Trs"*"^^-  *°  ^^^  ^"^  ^^  ^^  Tables.) 
JL    \Ji     R      R  J 

455.  De  Moivre  supposes,  that  out  of  eighty-six  persons  born, 
one  dies  every  year,  tili  they  are  all  extinct. 

This  supposition  is  sufficiently  exact,  if  our  calculations  be 
made  for  any  age  neither  very  young  nor  very  old,  as  will  appear 
from  an  inspection  of  the  Tables ;   and,  on  this  supposition,  the 

sum  of  the  series  -T^f-^j  +^«  +  'Dä+^^*)  "™^y  ^  found. 

Let  n  be  the  number  of  years  which  any  individual  wants 
of  86 ;  then  will  n  be  the  number  of  persons  living,  of  that  age,  out 
of  which  one  dies  every  year ;   and 

n-l     n-2     n-S 

y     j    &C. 


n    *      n  n 


will  be  the  probabilities  of  his  living  1,  2,  3,  &c.  years;  hence,  the 

Fresent  Value  of  an  annuity  of  £\^  to  be  paid  during  his  life,  is 

n-l      n-2     n—S     „  .        , 

— ~-  +  — —  +  — -—  +  &c.  continued  to  n  terms. 
nR       nR*      uR' 

The  sum  of  the  series 
{n-\).v     (n-2)af*     (n-3)a? 


3 

-f&c.   to  n    terms   is   found   to  be 


(See  Art.  295,  Ex.  S); 


n  n  n 

(n  -  l)cr  —  w.v^  +  aT""*"* 

let    w ^—  ,  and  the  sum  of  the  series 
R 

w-1     n-2     n-3      „  (n-i)Ä-n+Ä-t— ^)      , 

Fresent  Value  of  the  annuity. 
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456.     Cor.  1.     This  expression  for  tbe  sum  is  thc  same  with 


nR-n       R^R'^-^^  1         R   l-Ä"" 

or  — X 


«• 


n{,R-\y      n(Ä-l)»  '         ü-l      n    (Ä-l) 

Let  P  be  the  Present  Value  of  an  annuity  of  £\,  to  continue 

1  —  Ä"* 

certain  for  n  years,  then  -P«-^ (Art.  418);  and  the  expression 

jK  — 1 

becomes-JL-. 
Ä-1 

457.  Cor.   2.     The  Present  Value  of  the  annuity  to  continue 

RP 
for  ever,  from  the  death  of  the  proposed  individual,  is  -  -  - — - . 

^    ^  n(Ä-l) 

For  the  whole  Present  Value  of  the  annuity,  to  continue  for 

ever,  is  — —  (Art.  420) ;  and  if  from  this  its  value  for  the  life  of 
Ä  — 1 

BP 

the  individual  be   taken,   the   remainder  —r^ is  the  Present 

'  n(Ä-l) 

Value  of  the  annuity,  to  continue  for  ever,  from  the  time  of  bis 

death. 

458.  To  find  the  Present  Value  of  an  annuity  of  £l,  to  be 
paid  OS  long  as  two  apecified  individuals  are  both  living. 

Find,  by  Art.  444,  the  probability  that  they  will  both  be  alive 
at  the  expiration  of  1,  2,  3,  &c.  years,  to  the  end  of  the  Tables ; 
call  these  probabilities  a,  b,  c,  &c.  and  R  the  amount  of  £l,  in  one 

year;   then  "^+"^  +  "^  +  &c.  is  the  Present  Value  of  the  annuity 

required.     (See  Art.  464.) 

459.  To  find  the  Present  Value  of  an  annuity  of  £l^  to  be 
paid  as  lang  as  either  of  two  specified  individuals  is  living. 

Find,  by  Art.  445,  the  probability  that  they  will  not  both  be 
extinct  in  1,2,  3,  &c.  years,  to  the  end  of  the  Tables,  and  call  these 
probabilities  J^  B^  C,  &c.;  then  the  Present  Value  of  the  annuity  is 

;g  +  ;gi  +  -^3+ &c.     (See  Art.  454.) 
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460;  CoE.  If  the  annuity  be  M£t  the  Present  Value  is  M 
times  as  great  as  in  the  former  case,  or 

461.  These  are  the  mathematical  principles  on  which  the 
values  of  annuites  for  lives  are  calculated,  and  the  reasoning  may 
easily  be  applied  to  every  proposed  case.  But,  in  practice,  these 
calculations,  as  they  require  the  combination  of  every  year  of  each 
life  with  the  corresponding  years  of  every  other  life  concerned  in 
the  question,  will  be  found  extremely  laborious,  and  other  methods 
must  be  adopted  when  expedition  is  required.  Writers  on  this 
subject  are  De  Moivre,  Maseres,  Simpson,  Price,  Morgan,  and 
Waring, 

Other  writers  on  the  subject  are  Milne,  Baily,  and  De  Morgan,  of 
which  the  last  mentioned  is  now  most  accessible. 

462.  Toßnd  the  Presetii  Value  qfthe  next  presentaiion  to  a  Living. 

Let  i£  be  the  average  annual  net  income  of  the  living ;  c£  the  cost 
of  a.curate,  that  is,  the  money  value  of  the  work  to  be  done;  and  a£  the 
unavoidable  expences  of  the  admission  of  a  new  incumbent  Then  the 
Present  Yalue  of  the  next  presentation  will  obviously  be  the  present  value 
of  an  annuity  of  {i-c)£,  to  commence  at  the  death  of  the  present  incum- 
bent,  and  to  continue  during  a  life  then  24  years  of  age,  deducting  the 
present  value  of  a£  payable  on  admission. 

Let  n  be  the  number  of  years  which  the  Tables  give  to  the  present 
incunibent,  p  the  number  for  a  person  24  years  of  age;  then  the  rresent 
Yalue  required  will  be  that  of  an  annuity  of  {i-c)£  to  commence  at  the 
expiration  of  n  years,  and  to  continue  p  years,  deducting  the  Present 
Value  of  c£  to  be  paid  after  n  years  *, 


B-A^"-^}-"^- 


Cor.  The  Present  Value  of  an  Ädvotvsofiy  or  perpetual  nomination 
to  a  living,  will  be  that  of  an  Annuity  of  (t—c)£  commencing  after  n 
years,  and  continuing  for  ever,  deducting  the  present  value  of  a£,  to  be 
paid  at  the  end  of  n  years,  and  also  of  the  same  sum  to  be  paid  at  intervals 
of  p  years  for  ever  aflterwards. 


I— c 


^^^^  .  Ä--flÄ^-aR^^-aÄ-^''- in  inf. 


.  R~*—aR~^, 


*  Of  coune  this  u  on  the  supposition,  that  the  laws,  which  pennit  such  traffic  in  spiritual 
eures,  remain  in  force,  and  that  the  values  of  i,  c,  and  a  remain  unaltered,  for  n  +p  years 
at  least. 
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TABLE  1. 

For  determining  the  Probabilities  of  the  Duration  of  Life,  from  Obser- 
vations  on  the  Bills  of  Mortality  of  BrsslaWj  made  in  the  years 
1687.. .1691,  by  Dr.  Halley. 


Age. 
1 

Penons 
Ufing. 

Decr. 
of  Life. 

Age. 

Periions 
liring. 

Decr. 
of  Life. 

Age. 
61 

Perlons 
liTing. 

Decr. 
ofLife. 

1000 

145 

31 

523 

8 

232 

10 

2 

855 

57 

32 

515 

8 

62 

222 

10 

3 

798 

38 

33 

507 

8 

63 

212 

10 

4 

760 

28 

34 

^99 

9 

64 

202 

10 

5 

7S2 

22 

35 

490 

9 

65 

192 

10 

6 

710 

18 

36 

481 

9 

66 

182 

10 

7 

692 

12 

37 

472 

9 

61 

172 

10 

8 

680 

10 

38 

463 

9 

68 

162 

10 

9 

670 

9 

39 

454 

9 

69 

152 

10 

10 

661 

8 

40 

445 

9 

70 

142 

11 

11 

653 

7 

41 

436 

9 

71 

131 

11 

12 

646 

6 

42 

427 

10 

72 

120 

11 

13 

640 

6 

43 

417 

10 

73 

109 

11 

14 

6S4 

6 

44 

407 

10 

74 

98 

10 

15 

628 

6 

45 

397 

10 

75 

88 

10 

16 

622 

6 

46 

387 

10 

76 

78 

10 

17 

616 

6 

47 

377 

10 

77 

68 

10 

18 

610 

6 

48 

367 

10 

78 

58 

9 

19 

604 

6 

49 

357 

11 

79 

49 

8 

20 

598 

6 

50 

346 

11 

80 

41 

7 

21 

592 

6 

51 

335 

11 

81 

34 

6 

22 

586 

7 

52 

324 

11 

82 

28 

5 

28 

579 

6 

53 

313 

11 

83 

23 

4 

24 

57s 

6 

.   54 

302 

10 

84 

19 

4 

25 

567 

7 

55 

292 

10 

85 

15 

4 

26 

560 

*7 

56 

282 

10 

86 

11 

3 

27 

553 

7 

1  57 

272 

10 

87 

8 

3 

28 

546 

7 

58 

262 

10 

88 

5 

2 

29 

539 

8 

59 

252 

10 

89 

3 

2 

SO 

531 

8 

60 

242 

10 

90 

1 

1 

300 
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TABLE  IL 

For  determining  the  Probabilities  of  Life  at  Northahpton,  es  deduced  by 
Dr.  Price  from  the  mortality  ofthat  town  in  the  years  1741...  1780. 


Age. 
0 

Persons 
living. 

Decr. 
of  Life. 

Age. 

Penona 
living. 

Decr. 
OfLife. 

Ag». 

Persona 
living. 

Deor. 
of  Life. 

1149 

300 

31 

428 

7 

62 

187 

8 

1 

84g 

127 

32 

421 

7 

63 

179 

8 

2 

722 

50 

33 

414 

7 

64 

171 

8 

3 

672 

26 

34 

407 

7 

65 

163 

8 

4 

646 

21 

35 

400 

7 

66 

155 

8 

5 

625 

16 

36 

393 

7 

67 

147 

8 

6 

609 

13 

37 

386 

7 

68 

139 

8 

7 

596 

10 

38 

379 

7 

69 

131 

8 

8 

586 

9 

S9 

372 

7 

70 

123 

8 

9 

577 

7 

40 

365 

8 

71 

115 

8 

10 

570 

6 

41 

357 

8 

72 

107 

8 

11 

564 

6 

42 

349 

8 

78 

99 

8 

12 

558 

5 

43 

341 

8 

74 

91 

8 

13 

553 

5 

44 

333 

8 

75 

83 

8 

14 

548 

5 

45 

325 

8 

76 

75 

8 

15 

543 

5 

46 

317 

8 

77 

67 

7 

16 

538 

5 

47 

309 

8 

78 

60 

7 

17 

533 

5 

48 

301 

8 

79 

53 

7 

18 

528 

6 

49 

293 

9 

80 

46 

7 

19 

522 

7 

50 

284 

9 

81 

39 

7 

20 

515 

8 

51 

275 

8 

82 

32 

6 

21 

507 

8 

52 

267 

8 

88 

26 

5 

22 

499 

8 

53 

259 

8 

84 

21 

4 

23 

491 

8 

54 

251 

8 

85 

17 

4 

24 

483 

8 

55 

243 

8 

86 

13 

3 

25 

475 

8 

56 

235 

8 

87. 

10 

2 

26 

467 

8 

51 

227 

8 

88 

8 

2 

27 

459 

8 

58 

219 

8 

89 

6 

2 

28 

451 

8 

59 

211 

8 

90 

4 

2 

29 

443 

8 

60 

203 

8 

91 

2 

1 

SO 

435 

7 

61 

195 

8 

92 

1 

1 

The  preceding  Tables  require  but  little  explanation.  The  former  com- 
mences  by  stating  that  out  of  1000  persons  who  were  bom  at  the  same  time 
and  attain  the  age  of  1  year,  145  die  before  they  attain  the  age  of  2  years. 
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Consequently  at  2  years  of  age  there  are  lefl  855  out  of  1000.  Of  these  57 
die  between  2  and  3  years  of  age ;  and  so  on.  Thus,  of  1000  persons  who 
attain  the  age  of  one  year^  the  Table  indicates  that  3^  live  to  be  50  years 
of  age ;   &c. 

The  latter  Table  commences  a  year  earlier  by  taking  1149  persons 
bom  together,  that  is^  at  the  age  0 ;  and  then  proceeds  in  the  same  manner 
as  the  former.  Thus,  we  have  given  by  this  Table,  that  afVer  50  years, 
out  of  1 1 49  persons  bom  together,  284  are  then  alive«  and  that  of  these 
9  die  before  attaining  the  age  of  51 ;  and  so  on. 

It  has  been  objected  to  both  the  preceding  Tables,  although  the  latter 
is  very  generally  used  by  the  Assurance  oflSces,  that  they  make  no  distinc- 
tion  between  male  and  female  life,  and  yet  that  a  very  material  disdnction 
can  be  proved  to  eiist. 

TABLE  III. 

Shewing  the  Expectation  of  Life,  as  deduced  by  Professor  De  Morgan 
from  the  Statistical  Retums  of  the  whole  of  Beloium  made  by 
M.  Quetelet  and  8mits. 


A 

Towns. 

Both. 

Country. 

M 

Age. 

Age. 

Males. 

Females. 

Both. 

Malet. 

Females. 

0 

29*2 

33-3 

32 '2 

32-0 

32-9 

0 

5 

45-0 

47-1 

45-7 

46-1 

44*8 

5 

10 

42-9 

45  0 

43-9 

44*4 

42*9 

10 

15 

39'0 

41-3 

40-5 

41-2 

40*0 

15 

20 

35-4 

380 

37*3 

38-1 

370 

20 

25 

33-1 

35  0 

347 

35-7 

34*2 

25 

30 

30-4 

32-1 

32-0 

33  0 

31-5 

30 

35 

27*5 

29'2 

28-9 

-297 

287 

35 

-    40 

24-4 

26-5 

25-8 

26-0 

25-9 

40 

45 

21-5 

23-3 

22-7 

22-5 

23*2 

45 

50 

18-3 

201 

19*5 

191 

200 

50 

55 

15-5 

17-1 

l64 

16^2 

16-9 

55 

60 

12-8 

14-0 

13*4 

13-3 

137 

60 

65 

10-4 

11-2 

10-8 

106 

10-9 

65 

70 

8-2 

8-6 

8-4 

8-2 

8*5 

70 

75 

6-3 

6-6 

6-4 

63 

6-5 

75 

80 

4-8 

5-1 

5-0 

50 

5-1 

80 

85 

3-7 

4-0 

3'S 

3-8 

3-8 

85 

90 

2-9 

30 

31 

3-1 

3-2 

90 

95 

1-8 

2-0 

2-1 

2-2 

19 

95 

100 

0-0 

0-5 

1-3 

0-5 

0*5 

100 

302  DISCUSSION  AND  INTERPRETATION 

The  extent  of  the  error  which  arises  from  not  distinguisbing  between 
the  sexes  may  be  seen  in  Table  III.  constructed  by  Professor  De  Morgan 
from  the  Statistical  returns  of  the  whole  of  Belgium  for  three  successive 
years,  as  given  by  M.  Quetelet  and  Smits,  in  the  Recherches  iur  la 
Reproduciton,  Sfc.  Brüssels,  1832.  This  Table  is  calculated  to  shew  the 
*'  expectation  of  life/'  that  is,  the  average  number  of  years  remaining  to 
any  individual,  at  intervals  of  five  years,  from  the  age  of  0  to  100.  It 
distinguishes  not  only  between  male  and  feraale,  but  between  town  life 
and  rural  life ;  and  the  middle  column  gives  the  general  average  for  the 
whole  kingdom,  male  and  female^  town  and  country. 


DISCUSSION   AND   INTERPRETATION  OF 
ANOMALOUS  RESULTS. 

463.  Negative  Results,  It  often  happens«  that  the  result  of  our 
Operations  for  the  Solution  of  a  proposed  question  or  problem  appears  in 
a  negative  form,  although  strictly  speaking^  there  can  be  no  such  thing 
existent  as  an  essentially  negative  quantity.  But  it  will  always  be  found, 
when  such  a  result  occurs,  that  there  is  something  in  the  nature  of  the 
question  which  will  either  dispose  of,  or  supply  a  meaning  to,  the  negative 
result.  Thus,  to  take  a  simple  example ;  suppose  a  man  wishes  to  ascer- 
tain  the  amount  of  his  property — he  puts  down  what  he  has,  together  with 
what  is  due  to  him,  as  positive,  and  all  his  debts  with  a  negative  sign.  If 
then  he  finds  that  by  taking  the  sum  of  both  positive  and  negative  quanti- 
tie;,  the  result  is  negative,  its  meaning  will  be  sufficiently  obvious,  viz.  that 
his  property  is  so  much  less  than  nothing,  that  is,  he  is  so  much  in  debt. 
See  Scholium^  p.  44;  and  Art.  214. 

Also,  See  Art.  282.  Ex.  4.  In  this  and  like  cases  it  is  true  that  two 
Solutions  may  be  found  for  the  equation,  that  is,  two  values  of  n ;  but  when 
either  ofthose  values  is  Jractional  or  negative^  it  is  clearly  inadmissible  as 
a  Solution  qfthe  question  proposed, 

It  may  be  observed  also  here  generally,  that  when  in  solving  a  prohlem, 
expressed  algebraically,  we  find  it  necessary,  as  in  the  above  Example,  to 
extract  the  Square  root  of  a  quantity,  the  double  sign  tt:,  (that  is,  +  or  — ), 
need  not  to  be  prefixed  to  the  root,  at  least  for  the  object  before  us,  if  we 
have  sufficient  data  beforehand  for  determining  rvhich  sign  the  problem 
requires.  Is  it  to  be  wondered  at,  that  we  produce  an  anomalous  and 
unmtelligible  result,  if  we  wilfully  make  a  quantity  negative  which  we 
know  to  be  positive,  or  vice  versa  ? 

Oflentimes,  however,  the  negative  Solution,  whether  it  results  from 
carelessncss  or  necessity,  will  satisfy  another  problem  cognate  with  the 
proposed  one;  which  may  be  determined  by  substituting  the  negative 
quantity  for  the  positive  in  that  Step  of  the  process  which  most  clearly 
expresses  the  conclitions  of  the  question;  and  then  interpreting  the  result- 
ing  equation  with  the  assistance  of  the  given  problem.  This  has  been 
done  in  the  cases  above  referred  to. 
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464.  Interminahle  Quotients.  Strictly  speaking  a  Quotient  can  only 
exist  when  af\er  the  division  by  which  it  is  determined  there  is  no 
Rtmainder;  but  the  term  is  applied  to  those  cases  also  where  a  reraainder 
is  left  which  cannot  be  got  rid  of.  Thus  we  say  generally^  that  the 
quotient  of  l-=-l-x  is  l+x+a;"+«*+ ;  whereas  the    trae  quotient  is 

l+df+*'+x"+ +*'"*+  - — .     Thus,  fühatever  he  ihe  value  of  x^ 

1  —  4? 

=l+x+4:'+x"+ +  x''-*+. , 

ssl+- — ,  or  l+ar+- — ,  or  1 +*+«*+; — :  and  so  on. 
X-x  1-x  \—x 

N.B.  By  taking  the  Remainder  into  account  no  unintelligible  result 
can  arise  from  substituting  any  particular  value  for  x. 

Cor.  1.  If  X  <1,  then  the  Remainder  may  be  neglected,  if  a  sufGcient 
number  of  terms  of  the  series  are  taken.    (Art.  29O,  Cor.  2.) 

If  ar=l,  then  -=1+1+1+1+Ätc  i».  inf.^an  infinitely  great  number. 

Cor.  2.     If  jp  be  negative,  we  have  - — =1— df+*'-j?*+&c.  in  inf,;  in 

which  if  we  put  1  for  jr,  we  get  -=1-1+1— l+&c=0,  or  1,  according  as  an 

even  or  an  odd  number  of  terms  is  taken ;   both  of  which  results  are 
obviously  impossible. 

Now,  taking  the  Remainder  into  account,  we  have 

=l-jr+x«-«»+ (-«)'+ ^       ' 


1+x                                    "^     '        1+x 
and  -=1—1+1—1+. *-«-,  as  it  ought. 

Again,  as  it  was  shewn  in  Art  323, 

(l-or)'  (1--*) 

without  which  fractionai  Remainder  no  arithroetical  equality  subsists  be- 

tween  the  series  and  — — rj.     And  it  may  be  observed  generally,  that  no 

ec^uality  subsists,  for  purposes  of  calculation,  betwixt  any  infinite  series 
without  the  ''  Remainder" i  and  the  primitive  quantity  from  which  it  was 
derived,  unless  the  series  is  convergenty  so  that  we  can  make  the  Remainder 
after  r  terms,  by  increasing  r,  as  small  as  we  please. 

465.     To  explain  generally  Ihe  results  which  assume  the  forms  axO, 
0        ,        ,      a        0 

i'    *'    ^'     Ö'     0- 
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(1).  Since  axb  signifies  a  taken  b  times,  it  is  clear  that,  if  0  is  to 
follow  the  same  rille  as  other  multipliers^  axO  signifies  a  taken  0  timeSy 
and  is  therefore  equal  to  0« 

(2).  Since  -  expresses  the  number  of  times  a  is  contained  in  6,  - 
will  signify  the  number  of  times  a  is  contained  in  0,  that  is,  0  times^  or 

2=0. 

a 

(3).  By  the  general  Rule  of  Indices,  eTy^ä'^d'^,  and  a^-r-a'-dT^. 
Now  in  the  first  of  these  let  fn=0,  then  a^,a*=a\  if  the  same  rule  holds 
when  one  of  the  indices  is  0;  therefore  a^  as  far  as  regards  the  rule 
for  multiplication  of  powers,  is  equivalent  to  l,  or  a^— 1. 

Also,  since  -^sa*"-*,  l=a*,  if  the  rule  for  division  of  powers  holda 

when  the  powers  are  equal;  therefore  it  also  accords  with  the  general 
rule  for  division  that  a^^i. 

Hence  a?,  b*,  c®,  &c.  are  separately  equal  to  1,  if  0  be  admitted  as  an 
index  subject  to  the  same  rule  as  other  indices. 

(4).  Since  it  has  been  already  explained,  that  any  quantity  raised 
to  a  power  represented  by  0  may  be  safely  expressed  by  1,  it  foUows  that 
(a-6y=l,  whatever  a  and  b  may  be.     If  then  a=6,  we  have  0®=1. 

(5).     When  an  algebraical  quantity  is  made  to  assume  the  form  ~,  it 

is  Said  to  be  infinitely  great,  and  its  value  is  expressed  by  the  Sym- 
bol 00.  All  that  is  meant  is,  that  if  the  denominator  be  made  less 
than  any  assignable  or  appreciable  quantity  the  fraction  becomes  greater 
than  any  assignable  quantity.    This  is  easiiy  shewn  by  taking  any  fraction, 

as— ,  which=10a:  for  if  the  denominator  be  successively  diminished 

one-tenth,  we  obtain  the  series  of  quantities  100a,  lOOOa,  10000a,  &c, 
proving  that  as  the  denominator  of  the  fraction  is  diminished,  the  value  of 
the  fraction  is  increased,  and  without  limit 

(6).      Suppose  that  an  expression  involving  x  assumes  the  form  - 

when  some  particular  value  (a)  is  substituted  for  x^  then  it  is  clear  that  the 

expression  is  capable  of  being  reduced  to  the  form  ^^  __     ,,  wnere  p 

and  q  have  no  factor  ar-a  in  them ;  and  by  dividing  numerator  and  deno-< 
minator  by  their  highest  common  factor,  the  value  of  the  fraction  may  be 
found  when  x=a.     (See  Art  38?.) 

Thus  it  appears  that  a  quantity  which  assumes  the  form  -  may  have  a 

determinate  value.     And,  conversely,  since  p  is  equal  to  p. ,  whaU 

ever  be  the  values  of  or  and  a;  i£x=^a,  1?=^,  that  is,  any  quantity  may  be 
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made  to  assume  the  form  - .    But  this  is^  in  fact^  multiplying  and  dividing 

by  0,  on  the  supposition  that  the  rules  which  apply  to  finite  quantities 
apply  alBO  to  0  as  a  multiplier. 

It  may  be  said,  generally,  that  to  speak  of  absolute  nothing  as  the 
subject  of  mathematical  calculation  is  absurd;  and  that  it  can  only  become 
80  when  it  is  taken  to  represent  some  finite  quantity  in  that  State  when  by 
indefinite  diminution  it  has  become  less  than  any  appreciable  quantity. 
The  mathematical  symbol  0  has,  then,  always  reference  to  some  other 
quantity  from  which  it  is  derived ;  and  it  is  this  primitive  quantity  which 
must  be  the  subject  of  our  investigations  when  by  becoming  0  it  produces 
an  anomalous  result  that  requires  to  be  explained. 

That  mistakes  will  constantly  arise  from  considering  0  as  an  absolute  - 
quantity  is  easilv  seen :  Thus,  it  has  been  shewn  that  a^^l^b^,  therefore 
we  might  say^  if  0  is  a  quantity,  that  a^b;  or,  since  2°:=  4^,  that  2=4, 
both  of  which  conclusions  are  manifestly  wrong. 

Again,  if  x-l—O,  then 
«(x-l)=jrxO=0,    also  «=1,    and  .*.  x'=l,    or  a:*-l=0; 
.'.  J:(df-1)=0,   and  (jf+l)(x-l)«:0, 

.*.  jf =4:4-1, 
or  1=0,  which  is  absurd. 

This  amounts  to  saying  that,  because  axO-0,  and  6x0=0,  therefore  a=6, 
which  is  obviously  incorrect. 

r1  — Ti 

466.  Given  ax-l-b=cz+d,  and  .*•  x« ,   lo  explain  the  result 

a— c  -^ 

(1)  when  a=c;  and  (2)  when  a=c,  and  b=d. 

(1)  When  fl=c,  x=  — -«oo .     In  this   case  the  proposed  equation 

becomes  ax-^-h-ax+d,  which  can  only  hold  true  on  the  supposition  of  x 
being  such,  that  ax  is  not  afiected  to  any  appreciable  amount  whichsoever 
of  the  two  different  quantities  b  or  dhe  added  to  it,  thät  is,  x  must  be 
immeasurably  great,  agreeing  with  the  result  already  found. 

(2)  When  fl«c,  and  6=rf,   *« =-,     In  this  case  the  orifinnal 

equation  becomes  ax-^b^ax+b,  an  identity  which  is  clearly  satisfied  by 
any  value  whatever  of  x;  and  this  is  the  meaning  of  -  in  this  case. 

467.  Given   ax+by=cl  .,    .        b'c-bc'  ac'-a'c 

and  .'x+b'y-c'/'  "  '*^  ^=^5^5^'    ^'m:^' 
explain  the  resulls  when  a'=ma,  b'^mb,  c'=mc.    ' 

Here  —  =jit=x  =— *  or  a'b^ ab',  a<f=a'cy  b'c=b</z  .•.  x=-,  and  v=-. 
a  b     c  '  '  '  0  "^    0 

From  the  original  equations  wc  havc   ffdf+6y=cn«— =  — jp+— v=ax+Ä>y, 

20 
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an  identity  whicb  is  satisfied  bf  any  values  whatevef  of  x  and  jf;  agreer 
ing  with  the  results  before  obtained. 

468.     Given  ax'+bx+c=0,    and    .-.   x-^^. —  9~ — ^»    «»P*"»  rtw 

resuit  when  a«0. 

Wbcn  0=0.  one  value  of  »  becomes  7; .  tbe  other  "^ —  or  co .    Prom 

0  0 

1 
the  original  equation,  putting  -  for  x,  we  bave 

.a+3y+cy*«0, 
and  if  a = 0,  6y + cy'=  0,  or  y(b  +  cy)  «-0, 

•'•  ^"^O,        or  &+cy=0, 

--0,         or  Ä+^-Q, 

x-oo;  or  a:=— T>    which    is    the  value 

of  -  in  this  case,  as  may  be  oa^ily  $b^wn.     Thus 


-6+^6*-4ac__  4ac  _  2c 


=-^whena=0. 


2«  2a{-b'Jb*-^c)     -6-J^^^iäc        ^ 

469.  ^  and  j?  are  travelling  along  the  same  road^  aod  ia  tbe  aam» 
direction,  at  a  uniform  pace  of  a  miles  and  b  miles  per  hour  respectively. 
Given  that  at  a  known  time  B  is  d  miles  before  Ay  find  Ukq  time  when 
they  are  together;  and  explain  the  resuit  (1)  when  a=b,  and  (2)  when 
a<6. 

Let  X  be  the  number  of  hours  from  the  known  time  to  the  time  when 
they  are  together.  Then  in  that  time  A  travels  tue  miles,  and  B  travels 
bx  milesy  and  by  the  suppoaitioii 

ax—d»bxy 
d 
a— 6 

(1)  Let  a=6,  then  jr  =  -.  =  qo  ;  that  is,  A  can  never  overtake  B^  which 

is  also  evident  from  the  circumstances ;  because,  if  A  and  B  are  once  d 
miles  apart  and  travel  in  the  same  direction  at  Ihe  Marne,  pace^  they  must 
always  be  d  miles  apart,  and  can  never  come  together. 

(2)  Let  a<b,  then  x  is  negative,  which  signifies  that  the  time  of 
their  being  together  is  past,  For  as  A  travels  more  slowly  than  B,  it'  is 
evident  they  cannot  at  any  future  time  come  together,  becaose  the  farther 
they  go  the  farther  they  are  apart.  But  as  by  looking  forward  in  time  thft 
distance  between  them  keeps  increasing,  so  by  looking  backward  (sup- 
posing  the  joumey  continuous  in  that  direotion)  that  distance  continually 

diminishes,  and  7 —  hours  ago  it  was  0,  that  is,  A  and  B  were  then 

together. 


JCAXIKA  AND  MINIMA.  307 


MAXTMA    AND  MINIMA. 

470«  There  is  a  class  of  problems  which  require  for  their  Solution 
to  determine  the  greatest  or  sroallest  yalues  which  an  algebraical  expres- 
sion  will  adroit  of  by  the  Variation  of  some  quantity  or  quantities  contained 
in  it.    These  problems  are  called  Maxima  and  Minima  Problems.    Thus, 

Pbob.  1.  Required  to  divide  a  given  number  2a  into  two  such  parts 
that  the  product  of  the  two  parts  may  be  the  greatest  possible. 

Let  a+4r  be  one  part, 

•'•  a-^x  IS  the  other. 

The  product  is  a^-a^. 

Let  ff  be  the  greatest  value  required^ 

then  ^=a*— «*, 
and  ar="fc^a*-^. 

NoWj  that  X  may  have  a  real  value,  y  cannot  be  greater  than  o*,  but 
may  be  equal  to  a%  which  is  therefore  its  greatest  value.  Hence»  in  that 
case,  x^O,  and  the  two  parts  of  2a  required  are  equal  to  each  other. 

Prob.  2.     Required  the  minimum  of  ^,^.,     ,  when  a>  J. 

flV+6«=(a«-6*)yx, 


• 


•.  «« 


4a*     -^         4a^ 


Now,  that  X  may  have  a  real  value,  (a'-&*)V  ™^^  ^^  ^  ^^^  ^'^'^ 
4a*6%  but  it  may  be  equal  to  it,  or^«^-^,  which  is  therefore  its 
minimum^  or  least  value. 

Hence  also  m  this  case.  a?«-  ^  ,  .  .   ,««=-> 

471*  If  the  quantity  under  the  radical  sign' remains  positive  whaU 
ever  value  be  given  to^,  then  the  proposed  quantity  will  admit  of  neither 
a  masinnim  nor  a  nAmmm^ 

20. 
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Ex.  Required  to  determine  whether  -^r- — -r-  admits  of  either  a 
maximum  or  a  minimum. 

m 

I^t  -£r,7. — 7\-=^»  t^en 
6(24r+l)      •^* 

4ar*-4(3y-l>»=6y4S, 

and  a:-^^*|^/9/+4. 

Now^  whatever  value  may  be  given  to  y^  the  quantity  under  the  root 
will  always  be  positive ;  therefore  the  proposed  expression  does  not  admit 
of  any  maximum  or  minimum. 

472.  If  the  quantity  under  the  root  be  of  the  form  my^+ny+p^  then 
by  solving  the  equation  mt/\  y<y+;>=0,  we  can  find  the  greatest  or  least 

value  of  ^  which  will  permit  Jm^*-hntf:^p  to  be  real,  and  therefore  the 
required  maximum  or  minimum. 

Ex.  l.  Let  a  and  b  be  two  numbers  of  which  a>6;  required  the 
greatest  value  of ^ ^ .     Ans.  Maximum  =  ^  -,  - ;  and  x«  —^  • 

Ex.  2.     Required  the  smallest  value  of  ^ ^ . 

X 

Ans.   Minimum ^{Ja-\-Jby;  sndxssjab, 

472*.  Sometimes  the  introduction  of  another  symbol  may  be  dispensed 
with:  thus^  to  find  the  minimum  value  o£j^-{'px+q,  we  see  that  it  may  be 

written  as  (jf+f )  +?~t''  ^^^  therefore  it  has  its  least  value  when  (jf  +  §) 
is  the  smallest  possible.     But  this  is  when  ( J?+f )  »0,  t.  f.  when  «=-^ » 

and  then  the  given  expression  becomes  ^-t*'  which  is  consequently  the 

minimum  sought     Problems  of  this  kind^  however,  usually  require  for 
their  Solution  the  aid  of  the  Differential  Calculus. 


APPLICATION  OF  ALGEBRA  TO  GEOMETRY. 

473.  The  signs  made  use  of  in  algebraical  calculations  being 
general,  the  conclusions  obtained  by  their  assistance  may,  with 
great  ease  and  convenience,  be  transferred  from  abstract  magnitudes 
to  every  class  of  particular  quantities ;  thus,  the  relations  of  lines, 
surfaces,  or  solids,  may  generally  be  deduced  from  the  principles  of 
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Algebra,  and  many  properties  of  these  quantities  discovered,  which 
could  not  have  been  derived  from  principles  purely  geometrical. 

474.  SimpU  algebraiccU  quantities  may  be  represented  by 
linea. 

Any  line,  AB,  may  be  taken  at  pleasure  to  represent  one 
quantity  a ;  but  if  we  have  a  second  quantity,  by  to  represent,  we 
must  take  a  line  which  has  to  the  former  line  the  same  ratio  that 
b  has  to  o. 

Instead  of  saying  AB  represents  a,  we  may  say  AB»ma,  sup- 
posing  AB  to  contain  as  many  linear  units  as  a  contains  numeral 
ones. 

475.  When  a  aeriea  of  cUgebraical  quantities  ia  to  be  repre^ 
aented  on  one  line^  and  each  of  them  meaaured  from  the  aame 
pointf  the  poaitive  quantitiea  being  repreaented  by  Linea  taken  in 
one  direction^  the  negative  quantitiea  must  be  repreaented  by  lines 
taken  in  the  oppoaite  direction. 

Let  a  be  the  greatest  of  these  quantities,  then  a~<v  may,  by 
the  Variation  of  o^,  become  equal  to  each  of  them  in  succession. 
Let  AB  be  the  given  line,  and  A  the  point  from  which  the  quan- 
tities are  to  be  measured;  take  AB  equal  to  a;  and  since  a  —  of 
must  be  measured  from  Ay 

J)' AD         B 

BD  must  be  taken  in  the  contrary  direction  equal  to  or,  then 
AD'^a-xi  and  that  a  — ^  may  successively  coincide  with  each 
quantity  in  the  series,  beginning  with  the  greatest  positive  quan- 
tity, w  must  increase;  therefore  BD,  which  is  equal  to  or,  must 
increase ;  and  when  w  is  greater  than  a,  BD  is  greater  than  AB^ 
and  AD\  which  represent  the  negative  quantity  a-of,  lies  in  the 
opposite  direction  from  A, 

Cor.  1.  If  the  algebraical  value  of  a  line  be  found  to  be 
negative,  the  line  must  be  measured  in  a  direction  opposite  to 
that  which,  in  the  investigation,  we  supposed  to  be  positive. 

Cor.  2.  If  quantities  be  measured  upon  a  line  from  its  inter- 
section  with  another,  the  positive  quantities  being  taken  in  one 
direction,  the  negative  quantities  must  be  taken  in  the  other. 
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476«  If  a  fourtfa  proportional  to  lines  represendng  p,  9,  r,  be 
taken,  it  will  represent  — ;  and  if  p«l,  it  will  represent  gr;  if 
also  q  and  r  be  equal,  it  will  represent  q^. 

477«  If  A  mean  proportional  between  lines  representing  a  and 
6  be  taken,  it  will  represent  \/ahj  which,  when  a^\^  becomes  \/fr. 

Hence  it  appears  that  any  possible  algebraical  quantities  may 
be  represented  by  lines;  and  conversely,  lines  may  be  expressed 
algebraicaliy ;  and  if  the  relätions  of  the  algebraical  quantities 
be  known,  the  relätions  of  the  lines  are  known. 

478.  The  area  tncluded  tvithin  a  rectangular  paralUlogram  may  be 
meatured  hy  the  product  qf  the  tmo  numbers  tvhich  measure  ttvo  adfacent 
sides» 

Let  the  sides  AB,  AC  o£  the  rectangular  parallelogram  i^D  be  mea- 
sured  by  the  lineal  quantities  a,  b,  respectively ;  then  ax5  will  ezpress 
the  number  of  superficial  units  in  the  area,  that  is,  the  number  of  Squares 
it  contains^  each  of  which  is  described  upon  a  lineal  unit,  For  instance, 
if  the  lineal  unit  be  a  foot,  of  which  AB  contain«  o,  and  AC  oontains 
by  the  parallelogram  AD  contains  axb  Square  feet. 


0 


For>  Ist,  i£  AB,  AC  be  divided  into  lineal  units»  and  straight  lines  be 
drawn  through  the  points  of  division  parallel  to  the  sides»  the  whole  figure 
IS  made  up  of  Squares,  which  are  equal  to  each  other,  and  to  the  Square 
upon  the  lineal  unit;  and  the  number  of  them  is  evidently  a  taken  b 
times»  or  axb. 

2ndly.  If  ^^  and  AO  do  not  contain  the  lineal  unit  an  exact  num- 
ber of  times»  that  is,  if  a  and  b  be  fractional»  let  a^a-i-  — ,  and  i-/3*i--. 

Ht  II 

Then  take  another  lineal  unit  which  is  — th  part  of  the  former;  and 

mn 

by  what  has  been  shewn  the  Square  described  upon  the  larger  unit  oon- 
tains tnnxmn  of  that  described  upon  the  smaller.  Again,  the  sides 
ABy  AC  respec^vely  contain  tnna+n,  muß-k-m  lineal  units  of  the  smaller 
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kind,  and  Uierefore,  by  the  first  case«  the  whole  figure  ooniains  (mna+n)x 
(mnß-^tn)  Square  units  of  the  smaller  kind;  that  is,  the  area 

=mV|a+  -My^+-}  of  the  smaller  units, 

=  f  a+  —]iß+  -)  of  the  larger  units, 

^äb,  äM  befbre. 

3diy.  If  the  sides  AB,  AC  be  incommenturable  with  the  lineal  unit, 
a  Unit  may  be  found  which  is  cororaensurable  with  certain  lines  that  ap- 
proach  as  near  as  tve  please  to  ABy  and  ÄCy  and  therefore  the  product  of 
such  lines  will  represent  the  area  of  a  reetangle  differing  fVom  the  rectangle 
AD  by  a  auantity  less  than  any  that  can  be  assigned,  that  is^  we  may,  in 
this  case  also,  without  error  express  AD  by  ABxAC.    (See  Art.  260.) 

479.  Cor.  1.  Since,  by  Euclid^  Book  i.  Prop.  35,  the  area  of  an 
oblique-angled  parallelogram  is  equai  to  that  of  the  rectangular  parallelo- 
gram  upon  the  same  base  and  between  the  same  parallels,  tnerefore 

area  of  aiiy  parallelogram ^basexaltitude. 

# 

480.  Cor.  2.  Also,  since  by  Euclid^  Book  i.  Prop.  41,  the  area  of 
a  triangle  is  half  that  of  the  parallelogram  upon  the  same  base  and  between 
the  same  parallels,  therefore 

area  of  any  triangle =-xbasexaltitude. 

SS 

481.  Cor.  3.  Since  anv  rectilineal  figure  may  be  divided  into 
triangles,  its  area  may  be  found  by  taking  the  sum  of  all  the  triangles. 

482.  The  solid  content  or  volume  included  within  a  rectangular  paraU 
lelopiped  may  be  measured  by  the  product  qf  the  three  numhers  which  measure 
its  length,  breadth^  and  height. 

Let  the  base  of  the  parallelopiped  be  divided  into  its  component 
Squares,  as  in  the  precedin^  Proposition,  and  through  each  of  the  parallels 
suppose  planes  drawn  at  right  angles  to  the  base ;  and  let  the  same  thing  • 
be  aone  with  one  of  the  faces  adjacent  to  the  base.  Then  it  is  evident 
that  the  whole  figure  is  divided  into  a  certain  number  of  equal  cubes,  each 
cube  having  for  its  face  one  of  the  Squares  described  upon  the  lineal  unit ; 
(that  is,  if  the  lineal  unit  be  a  foot,  each  of  these  cubes  will  have  its 
length,  breadth,  and  height  equal  to  a  foot,  and  is  called  a  cubic  foot). 
Now  the  number  of  these  cubes  is  manifestly  equal  to  the  number  of 
Squares  in  the  base  taken  as  many  times  as  there  are  lineal  units  in  the 
height;  therefore 

content  or  volume* base x height, 

«lengthxbreadthxheight.     (Art.  478.) 

Cor.     Any  three  of  these  quantities  being  given,  the  fourth  may  be 
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found.    Thus,  if  C  be  the  content^  /  the  length^  b  the  breadth^  and  h  the 
height^  we  have 

^^W   ^^W    ^^H' 

Th6  following  Examples  will  suffidently  lllustrate  the  preceding 
Theory,  for  our  present  purpose: — 

Ex.  1.  If  a  slraight  line  he  divided  inio  any  two  parts^  the  Squares 
of  the  whole  line,  and  of  one  qf  the  parts,  are  equal  to  twice  the  rectangU 
contained  by  the  whole  and  that  part,  together  nith  the  Square  of  the  other 
part.    (EvcLiD,  Book  ii.  Prop.  7«) 

Let  a  and  b  represent  the  two  parts  into  which  the  given  line  is 
divided;  then  a+6  is  the  whole  line, 

and  (a+6)'+a'=the  Squares  of  the  whole  line^  and  of  one  of  the  parts; 

«2a*+2aÄ+Ä% 

stwice  the  rectangle  &c.  together  with  the  Square  ot 
the  other  part.    q.e.d. 

Ex.  2.     Tofind  the  radius  ofa  circle  inscribed  in  a  given  iriangle. 

See  Euclid's  diagram,  Book  iv.  Prop.  4;  let  r  be  the  radius  of  the 
inscribed  circle,  and  a,  b,  c  the  sides  of  tne  triangle  respectively  opposite 
to  the  angles  A^  B^  C.    Then  (Art.  480) 

-r.a  +  -r.5+-r.  c= whole  area  of  the  triangle, 

or  -  r(fl+6+c)=  -axthe  perpend'  (p)  upon  a  from  the  opposite  angle  ; 

and  .*.  r= — = .p. 

To  find  p,  let  the  Segments  into  which  a  is  divided  bj  it  be  x  and 
a—x;  then  (Euclid,  Book  i.  Prop.  4?) 

c»=6"-fl"+2ajr; 

and  p^^c^J^l^::^'^  (2.cy^(aVc'^&«) 

_(ß+64-c)(a+c-6Xa+6-cX6+c-ß) 

40* 
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.•-  p=— ^(a+6+c)(a+c-6)(a+6-c)(6+c-a), 


and  r--    #Xg+g-^X^+^-g)(^-»-g-g) 
*^^  a+6+c 


iV 


Ex.  3.  Toßnd  ihe  area  of  the  Square  ifucribed  in  a  given  cirde;  and 
aUo  rfthe  Square  circumscribed  ahout  a  given  circle* 

(1).  Let  r  be  the  radius  of  the  circle;  then  (see  Euclid,  Book  it. 
Prop.  6) 

or  2r*=in8cribefl  Square. 

(8).    Again,   t^-^-t^-hf^-^f^  or  4r'«eircum8cribed  sqaare, 

stwice  the  inscribed  Square. 

Ex.  4.  To  find  the  area  qf  ihe  equUaieral  and  equiangular  hexagon 
inscribed  in  a  gtven  circle, 

Let  r  be  the  radius  of  the  given  drde«  then  (Evcltd,  Book  nr. 
Prop.  15)  also  r^the  side  of  the  inscribed  hexagon;  and  the  area  of 
the  nexagonsthe  sum  of  the  areas  of  the  six  equiu  equilateral  triangles 
of  which  it  is  composed, 

Ex.  5.  The  depth  of  malet  in  a  clstern  (whosejorm  is  a  reclangular 
parallelopiped)  is  hjeely  and  the  hase  contains  a  Square  feet.  Find  (1)  the 
numher  of  cublc  feet  of  water;  and  (2)  the  depth  of  the  samt  quantii^  if 
water  in  another  cistern  whose  hase  contains  b  Square  inches. 

(1).     The  quantity  of  water— basexdepthsoA  cubic  feet*. 

/«\     mv    j     Ai.  /•     ^d    •  *  quantity  of  water  (in  cubic  feet) 

(2).    The  depth  for  2»*  cistem  =s  -* 5:^^ — -p ^^ — 5; — ^ i , 

^  '  '^  base  (m  Square  feet) 

,      b       144aA  ^  ^ 
=flÄ-T--— •  - — £ — feet 

144  O 

Jt  is  not  necessary  here  to  mulUply  Examples,  because  the  subiect  is 
now  of  suffident  importance  to  form  a  separate  treatise,  to  which,  m  the 
regulär  course  of  reading,  the  student's  attention  will  be  hereafter 
directed. 
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EQTTATIONa 


In  the  infinite  variety  of  Eauations  wUch  ingenious  persona  may  put 
together,  it  is  not  to  be  supposea  that  any  genend  Rules  can  be  laid  down 
for  every  Operation  necessary  to  their  Solution.  Indeed  the  best  method 
of  Solution  is  frequently  that  whidi  lies  ander  the  least  Obligation  to 
general  Rules;  as  may  be  seen  at  once  by  comparing  Exs.  1^  2,  and  3 
below  with  Art.  194^  Numberless  are  the  artinces  by  which  algebraic 
calcoladon  mav  be  «bridged«  and  their  auccessful  a^plication  can  be  learnt 
by  practice  only.  There  are,  however,  peculiar  artinces  of  more  frequent 
occurrence  than  others,  which  shall  be  exhibited  in  the  following  Examples. 

Ex.i.  *?=lI.M::«??«,-ßri-^V.find*. 

4x     17     1     2jr  6    *  «  1 

9      9     9     3  «9  ^  9 

(4    6     1\  6     18 

„     ^     4«-17     10a?-lS     Sx-30     5jp-4    ^    , 

4(JP^4)->1     5(gg-S)-l-g     4(to-7)-g    6(x»l)4-l 
'     J.-.4      "*"      ÄJP-S      "      2X-7  «-1      ' 

4 :j+5+r 5=4-- r+5+ ;  , 

4r-4  2x-3  2x-7  «-1 

_2 L-=-i ?_ 

2x-3     *-4''«-l      2x-7' 

-5  ^        -5 

2jp'-llx+12"24r*-94r+7  * 
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2«»-9jf +7«34f'-l  1  Jr+12, 
2jr-5, 

2      (Sjc-lXi+S)  2    «+8  2      ' 


2         «+3  «+3       2       2 ' 

transpofl^.  andl       ftlz?*-^^__rti 
divid'.bysr  Fil  '    ^' 

«•-9«-8i-«'-6i.«-28i> 

24.«=25; 

25    ,^ 

Ex,  4.    ~(V*'+S9*+S74-^/«•+20r+51)=^iip ;  find  «. 

V**+S9*+374-^yji||-^*-+20*+51. 
Squaring  and  observing  that  ^+ 39^+374»  (dr+22Xx+17), 

«•+39«+374-19(*+22)4.?^.^i||=:j!^+2ar+51, 

'4     «+17 

*+gg 4_  20 

«+17  "861 '^'"19' 

Artl95,  ?f±^-f, 

24f=4xS9, 
.".  «»2x39-<78. 


Ex.  5.    ?±£±5^^»6«;fi„dx. 
ö+x-jy2a«+«' 

By  Art.  195, 


2ajt+«»  "«fljf+jp»''"    VP^y' 
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20*+«* 


/y-Hy  45' 


Ex.«.    ^=f±?^^=?.i;  find *. 

1+^^ -6, 

So«-«* 


a— « 


a'-Sax+x* 


(&-!)•. 


a-4- 


«        yi+(6-l)'* 


a 


^/l+(*-0•  * 


]6s-S 
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(47«--s/5)^8i7ä, 

Ex.  8.    yä+x+ll/a-x=h;  find  «. 

and  l/o+»+i/a~x  by  the  auppodtion  is  equal  to  i; 
.'.  cubing  both  aide*  of  the  proposed  equation. 


'     *^i,8     S6J' 

•••  'V"-(i-is)'- 


2 
Ex.  9.    «-1=2+-=;  find  «. 


.-.  dividing  by  Jjs-^h  ^«-l=-p, 

.-.  ,yjc+l«0,  or  ^/«=-l,  «nd   .%  ar-l.    (Art  208.) 

Alio  x~Jx-Z, 

JiJ^^Z,  or  -1, 
.%  x*^»  or  1. 


i 
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aa«+**  (6'-iy 

«•      "     4*« 


5"      SÄ      "    26    * 


Ex.  6.    ^^^ -i;fiiidjp. 

1+3 b6. 


fe)-'-(»-')-. 

C-fJ-H»-.)-. 


O—m 


a-x 


a         Vl+(*-l)** 


••.  «=«— 


yi+(*-l)' ' 
Ex.  7.    '*',fa■/^-(V*-^/i)•;findx. 

8173.(73^47^     -(4^-^y, 
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Ex.  8.    ya^-^l^a-x^b;  find  x. 

and  üja+x+i/a-x  by  the  suppodtion  is  equal  to  &; 
.*.  cubing  both  sides  of  the  proposed  equation, 

^  8     86' 


"Vi  ~s6J » 


a»-a* 


•••  'V^'-Ci-ix)'- 


2 
Ex.  9.    jf-l«2+-=r;  find  «. 

Vi 

.*.  dividing  by  ^«+1,  J^-l-  -7=* 

.-.  iy«+l«0,  or  Jx^-^l,  and  .•.  *-l.    (Art  208.) 
Aliö  x-Jx^St, 

I-     1        S 

Jx^—'^^y  or  -1, 
.*•  ««4,  or  1. 
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Ex.  10.    4^-5jr»2;   findjr« 

«(«■-l)=2Cr+l), 
.•.  «+1"0«    ar  «=-1.    (Art  208.) 
Also  j?(«-l)«2,    or  «•-«=8, 

1  ^8 

2  2 

•••  **-:^*2,  or-l. 
2 

Ex.  11.    «*-^«lf;  find«. 


9         8«' 


('^D('-S-i('*i)' 


2                       2 
.•.  j?+ j-0,    or  «— ä W* 

AI  ^      1 

Also  *--«-, 
8    «* 

8        * 
8         8    ' 


(II). 


Ex.  12.    (*+a+^«»+2fl«+6y+(«+a-^«*+2a«t6*)*=14(4?+a)«, 
Observing  that  (-i+JB)»+(i<-B)*-2-l»+6i<Ä*,  we  have 
2(jr+fl)*+6(4?+a)(x*+2Är+i^=14(«+a)*; 
.-.  «+asrO,    or  *=i-fl.    (Art  208.) (i). 

Also      6(«'+2a«+J0=12(*+a)*, 

«■+2a4:+J"«2«'+4fldr-h2tt% 
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.•.  #«*iy**-a"-«  ........ (h). 


Ex.  13.    (l+«+*«)*=^^!.(l+«*+**);  find  *. 

,     a+1    l4.dE' -4-«* 

l+j?+dr— — 7.-; --J, 

* 

a+1  l+jf+Ä^-xO-«*) 


a-1*         l+jr+Ä* 

1+j-fg*    g+1 
""i       1' 

«•-/M?=-l, 

dr-ajp+-7-=-3 — 1; 

4       4 

i  (a — J  +  jp)  (a— 2^ +«)  =^'jr— «j^, 
(a+6)*-(a-&X*-«Ä)=<>>  (Art.  «08.) 

•••  *»J^c«-«*)* — • W- 

Also  x^b (11). 
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«+A  «+6    jp+c    4(«+c)* 

1  1  c-J  a-Ä 

or 


{a-6-4(c-i)}«-4c(c-&)-*(a-*); 

.   ^^  4c(c-5)^6(a~ft) 
a+d&-4c 


2jr+&+c     (24f+6+c)" 
c— 6        Ö-6 


«+6     ar+6+c* 

(a+6-2c)a?-c*-a6 ; 

a+0-2c 

Ex- 17.    i70^--7(l^=yi^;  find  4f. 

Converting  the  roots  into  fractional  indices,  the  eqiiation  is 

(l+«r-(l-*r=(l-«»)-=(l+«)-(l-«)". 


EQUATIOKS.  821 

/.  df-^ — ^^:  (Art  195). 

(1*75)-+ 2-      ^ 

JEx.  18.    7; — ri=a;  find  x. 
(l+j?/      ' 

l+iP*-a(l+j?y, 

=fl(l+4*+6«»+4«*+Ä*), 

(l-a)(l+ap*)=4fl(4?+«»)+6a«^, 

dividing  by  «•,  (l-a)(««+^)=4a(4?+i)+6fl, 

\     «/     l-«\     xj     1-a  1-a 

/^IV     4o/    .  1\    /2«V   8+4o       4a*       2(1+«) 

*    1-a  1-a 

.  1     2aAj'2(l+a)    ^ 
*+-- YT -"^Pi  »«ppose; 

.'.  «•-2/MP— 1, 
«•-2pa:+/>*«p*-l, 

«-l>=*i>/p'-l» 

/.  «=/>*^/p*-l. 

Ez.  19*      jr4-a4-8J^/a&4PBi;  find«. 

•  . .  .  <■ 

Assume  tfx-^-i^^Jy, 
then  cubing  these  equals  x-^a-^3l!/ax.(!^'^JJa)^y; 

Now,  comparing  this  with  the  original  equation,  it  appears  thatysi; 

.%  Ifx-^lja^yh, 

21 
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Ex.  20.    «*-l»0;  find  all  the  valuet  of  x. 

.%  «-laO,  or  df=l (r). 

Abo    «'+«+lsO> 

.        11,8 

4      4  4 

*  +  — =«*"-^'^ . 

2  2     ' 

.-.  »- ^ — (II). 

Ex.  21*    4^-1-1-0;  find  all  the  Talnes  of  m. 
DiTiding  by  «•,  «'+-|=0, 


«^+2+p  = 

.«, 

1 

•*J», 

«vV^*'' 

-1, 

«^•F^/2.«+i- 

1     1          * 

"^' 

In  a  dmilar  manner  to  that  of  the  last  two  Ezamplea  may  the  roota 
of  4^-l»0,  4^-l-l»0,  4r*-i-l-0,  and  like  equationa,  be  eaäly  found* 

Ex.  22.    (»-a)^/*-(«+a)72^-*(^/«-^/?);  find  *. 

aUi'S'Jl)^{x^b){Ji^jE)^(Ji^Jl){Ji^Jl)\ 

.'.  ,/r+^-O,  ^/i«-|y?,  and  ««6 (i). 

Also        ^/«-^/^=^/a, 

JxmJi^Jb,  .*.  «=(^/a+^/i5)• (ii). 
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Ex.  23.     a+«+^2a4P+j:'-^fl*-«*+^2a*-ajp— «■ ;  find  x. 

2Ä^a«-jf*=fl*-2iMP, 
2^ajp-«*-a-2J5^ 

5!    ?^ 
4"  16* 

'-2"*4^^' 

Ex.  24.    a-{-{h-^Jx)Jx^(J>-'Jm)J^a^;  find  «^ 

(ä  -i-x+ijüäjn^y^  b\2a + 2x-2,yiä«+j?), 

(a+«+,y2fl«+«*/=2i*.{a+d:l*-2««+«'}, 

=2«'6\ 

a +«  +^2fl« +«•= ^^20  V, 

2M-i-ji*-a&y4ä7-2V2a%'(a+dr)+a'+2M+d^, 

•'•  '"2V  2P'*"1 

Ex.  25.    ^  I -«a+ft;  find  «. 

2a,yi+?-(a+J)(l-»)+(a+i)iyrH?, 

21.-^ 
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(a-i)yT+?-(a+t)(l-«), 
1-«      a-6 


2jp        (^:::^y     4aft 

1+«»"      (rt+^)'"(a+fty' 
(!-*)■  "(a+^/-4a6"     (a-6)« 


l±f        /         Sab 


.*.  X' 


y 


1+-7 rr.-l 


V        (a-6)" 


«-7*^=v 


Ex.  26.      ;-.  ^^^  ^y*«-fl^{^/*^+ax-7J:«-flj4;  find  *• 
,Jx+,Jjr—a 

Squaring,  ^'^^  _Zl^  «^jr*-a*.gx{x-7*'-a'}, 

•P  Tä/ J»  ^  a 


s-Jx^" 


2«»-a*-2«7?^=2a*d:7*^^ 

2«"-a«=24<a'+l)7?^, 
4«*-4ay+a*=4a***+  8a  V+  4**-4a  V-  SaV-ioV, 
a*^4aV+8aV-4a*«»-  8aV, 
«•-4(a*+2)**-4a*(a*+2>», 


««-o*-«.        "* 


4(a»+2)' 
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.*.  X' 


4\-3m'^A- 


8   •«;^?+2 

Ex.  27.    «-2yJr+2=l4.^«*-Sjr+2 ;  find  «. 
«-l-272rf2=(«'-2«+l)l.(»+2)*, 

«-l-^/*+2=^jr+2.  {7*^+4/»+2}; 
/.  7*-i+it/«+2=0;  and  ^d:-l-^«+2=J/jr+ 
or  ^«-1— J^jr+2;  and  Jx^^^tß^^ 


j:*-2dP+l=*+2, 


.%     «! 


•  • 


.(')• 


«•-2«+l-l&t+S2, 
«»-.18ar+81»112, 

.V  «=9*4y7...(n). 


Ex.  28.     ^^^^*^^^a;  find  ;r. 


itf-¥S+»J^+S     2«»+8+x74«*+8 


-I-«, 


2«»+S+«V*«'+3--^ 


a 
8a-l 


1-a 
Sa-l 


-2«», 


1-a 


.*.  «=* 


3a -1 


V(l-flX9«-l)* 
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Multiplying  the  numerator  and  denominator  of  the  fractioii  by  the 
denominator,  ue  numerator  becomes 

{(a*-l)a+fl**}'-«»(2a«-l), 

or  (aM)V+2ii»«(a«-l)+fl**^2aV+«»^ 

or  (aVl)V+2a«*(a*-l)+d!'(a«-l)", 

or  (a*-l){fl"(a*-l)+2a**+«*(a"-l)}, 
or  (aM){a*+2aV+a*«»-a«-«*}, 
or  (a«-l){a'(fl+«)*-(a*+*^). 
Alao    (l-«')(«+»)*-2a«-(fl+jr)'-2Är-a*(«+dr)*, 

Hence   7-j tni^-^; 

(denom'.)" 

.*.  denoin'.=*yi-a*, 
or  («•-l)«+Ä'dr+«^2a*-l=*^i-a% 

Üx.  SO.     . ; -fl  ;  find  x. 

l-flr«+^l+a*-a^l+4:*=fl(l-£Mp)+a^l+4f«~ff«^|+a', 

(Är-l)(fl-l)+(fljr+l)7l+5*«2ayrH?, 

(aV-2ajr+l)(a-l)*+2(fl-.l)7fj:^«.  (aV-1) 

+(aV+2ax+l)(l+a*)-4a«+4flV, 

2(aV+lXl+a*)-2fl  (Ar-l)'+2  (fl-l)^/l+^^  (aV-1 ) =4a*+4aV, 

(a'ar'+l)(l+a')-a(a«-l)«+(a-l)yi4V(aV-l)«2a'+2aV, 

a»dr"+l+aV+a*-a((W-iy+(a-l)yi+^(aV-l)-.2a*+2aV, 

(a*-lXaV-l)-a(a«-.l)«+(fl-l)yrT?.(aV-l)=0; 

.-.    M-laO.      or   «e- f|\ 


BQUATIOMS.  827 

Alio  (a■-lX«+l)--«(«-l)+(«-■0^/l+?(««+0-Ö> 

a»+a-l+(a-lX/l^ 

"  '*'a*-a-l+(a-l)^l+a** 
"*■*'   (a«-a-l/-(a-l/(a'+l)  ' 

.-.  byreducUoD,  «-^ alsa-Ai) ^  '* 

Ex.  31.    2jr^l-4f*-a(l+«0;  **»«^  *• 

Dividing  by  ^**,    ^-^"' ?+*+**» 

-  4('4)-(-4y. 

KM.(--p)-<^ 
('4)"4H)^(I)-I-*- 

1  9 

«»-^» — i{Iii^l-a*}-2*'>  »upposc;  then 
**-2*V+6«=I+i*, 


828 


EQUATIOMS, 


Bat  4»»-i{wyr:?}, 


Ex.  SS. 


RH- 


^^1 


K'"5)*vK'~i) 


;  findx. 


8      9 


(^.i).K.-i)-74:g} 

-«('-i)-v"('-i) 


Niun'. 
9 


jr— — »*— — — asi-  or  —  2. 
3       2     2' 


_,   8x    /4V    16^, 


3       8' 


4*5     ^  1 


16 


52 


^'^'"■"T+d)'"?-'*-^' 


4     *2JlS 

—  aa  _ 

3  3       ' 

4*2^13 


••.  J?= 


3 


fl*-t-aV+a?*  /fl'-j*\'   2n-l  n+1 


a"    .    «* ' \*    ff/'      n     '«— l' 


?-»+? 


^UATIONS.  829 

For  p+-i  write  jer,  then 

— -.(jar-2)= — j , 

(«•-iiX^-«-2)«(2ii«+ii-l)(a-l), 
(»•-ii>*-(S»M)«+S»-l-0, 

from  which  we  find  «« ,  or  - , 

n— 1.         n 

.^    5«-S  1    ^ 

n-l  II 


and  ( ):ss-2» — -,  or  — 2, 


(: 


^50  4r*+9 
"lS*4«'-9' 

W+9    gxl8_65 

4^    81 

9  "49' 

8        7* 


14 


n* 


Ex.  35.    aV-6*-ac(a-c«),y^J+^I^+lip(a-M)»-0. 
a  V(l-«»)  -b*  (1-0  +(«-  cjry(l+a*)-8«(a  -  c«)V(«*~*^l-«0+(«-<»)*-  0» 
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-2«(a-cjp)^(a"-6^(l-«*)+(a-c«)^0, 

(at-6«)(l«a?*)+(a-c*y-Ä«(ö-c»)^(a»-*')(l-«^+(a-Gr)" 

4.«»(a-Gr)««a'(l-.«7, 
V(a'-60(l-*^+(«-c*)-*(ö-w)-Afl(i-j^, 

(a*-J«Xl-«*)+(«-^)*-«'(«-ö«)«+ii«(l-»0^£«<fl--c«Xl-«Oi 


.*.  «= 


Ciiia 


Ex.  36.    (l-«);Vari+iV«-Jjr+i+73*-l  *  ^^«^  «• 


(1- «^^(1+ iV2|-2(l-«)yi+«.^a(^^ 

a-(a-2)«*-2;yi+x.^a«+(a-2)r'=0, 
iM?+ (a— 2)4:*+2<y  1 + x.^a«+ (d- 2)«'=a+fl«=a(l +«), 
fla:+(a-2)j:'+2^1+j?.^fl4f+(a-2)«*+l+«=(a+lXl+*)» 

^iM?+(Ä-2)«'=(*yfl+l-l)^l+x, 
fl«+(a-«>c^(*^ö+l-l)*+ii4f+Ä(l^,^/a+r)i?, 


SQÜATIONB.  d31 


*Ja+l-l     *k/fl+l-l 


(a-l)-l 

Ex.  87.    *-^»8,        l     u  j  j 

and    y^z-v,)     ^  '* 

Also    i^+3^(«+4)«4<jr-4)«=2«V82, 

and    «»-y-(Ä+4)'-(«-4]r«lfia, 
•'•  («'+/)(«'-y)=«*-y=(««*+32)l6«»14560; 
/.  «"4-165-455, 

jB^-fl6z'-4582-65x75« 

«*+652'+  (^  »405*+  65x75+(^', 

t.65    ^   .  65 

«V--7*+-j, 


.*.  Ä»7. 
Hence  Jpt>z^-4=11/ 
and  y* 


««+4=11,1 
-«-4-3.  j 


Ex.  38.  *(ftc-*y)=5f(ay-.flc)...(l))     ^^^  -,  ^nd  y 

jry(fl^+6d:-«y)=ii*d(4r+5f-«)...(2)J '  ■^' 

From  (1)  c(&p+ay)=xy(«4-y), 

c(ftd:+<yf-'«y)=«j<«+y-c) (8); 


332L  EQUATION& 


«d  fWm.  (1)  f » ^(^=£^^^£9^, 
^  ^  y    oc-xy    bccjab 


Ex.  39. 


and  y^^Jhc] ' 

^+y(ay-l)«0...(l)l     g^^^^j 
y»-a?(xy+l)=0...(2)J'  ^ 

From  (1)  **+iy-xy=0. 
Frora  (2)  y*-a!y-*y«0; 

p=Ji-h («) 

Again  from  (1)  and  (2)  ^-f  1^; 

...  »=5?_*;=S-2^,  from(«) 

And  ^=-7= — —-ii 


•  • 


Ex.  40.       «y-a(«+^)...(l)j 

«5B&(dr+«) . .  .(2)> ;  find  d?«  ^>  «• 

^2=:C(y+2)...(S)) 


F««n  (I)    ^.1. 

111 

X  y   ä. 

Prom  (2)  -+J-5; 

1111 

.*. — — r* 

y    z    a    0 

Prom  (3)    i+i-i; 


2^1^1_1 
y    a     c    ^ 

«1.11 

z 


and    --j+--^. 


also  -=-+T— r» 
«    a    6    C 


Sa6c 


"  ac-y-hc 

2abe      ^ 
^"ab-i-bc-acr 

flabc 
^  ab-¥ac^bc 

Ex.  41.    «(«+^+«)=a*,  ^(*+5f+«)=^*f  t(d:+^+Ä)-c*;  find  «t  y, ;?. 
Adding  all  together,   (4P+y+£)(«+y+«)«o*+i*+c'; 

Ex.  42.    «(y+Ä)^l+fl^;    «+yj+«;  md  ys^-rgi  find  dp,y,  *. 

14.0* 


884  SQUiinoKfiL 


5 
Bat  from  (2)   ^-«-ö-«, 

SS 


■-rS-y-i-"-'"' 


X 

1+0» 


:JP»-S«  +  8, 


HcDce  from  (1)    («+l)(jf+Jir)*-l+«", 

(y+jj)«=a*-a+l, 

also  5f-2-g-a; 


and  «=|-t*snA«-i7+^ 


Ex.  43.    «(3f+«)-«a,  ^(«+*)«ft,   *(«+^)-«c;  find  4f,y,  «. 

.*.  2xy+x2+^5sa4-&; 

Bimikrly    2^SB6+c-a9 
and    Sxs^a+c-A; 

2yg  6+c-a 


2d«     ~  ^~  a+c-6  * 


BQUATIONa.  SSfi 


.   ,.j,     na+b^e\{a+C'-b) 


^(6+G-a) 


Ex.  44.     «y+»t(jp+^)-fl,   «»+»(*+«)=6,  ^JV-l-»(^+2)-c;    find  «,  jf, 
and  s. 

Front  (l),     (jr+nXy+»«)-ö+»*, 

(2),     («+»)(f+»)«i+»*, 

(3),    (y+«X*+ii)«<?+ii". 

Multiply  the   1"  and  2*^  together,  and  divide  by  the  5^,  of  theae 
equations,  then 

Cy+n)(z+ii)  ^       ''         («+«')      • 


/(a+nO(*+»') 


.*.    «+l|rsJi 


.„a  ,.  -^  xT^^^i^cS^ 


V        c+» 
Multiply  the  1*  and  S^  together,  and  divide  by  the  S^;  then  we  have 

«4.«-*     /5+^S3 

Mnltiplj  th«  S**  and  r*  together,  and  divide  by  the  1**}  th«n 

/(6+«*)(c+»«) 


Ä+»i** 


/(^•f«')(c+^ 


and  zta^n^ 


Ex.  45,    «V»r,  and  j^^»*;  find  «  and  y« 

fiaising  the  firat  equation  to  the  d^  power,  and  the  aecond  to  the 
b^  power. 


886 


J»X«JA,J 

LXV/J 

[1I9* 

*-y-»'. 

and 

*V-/; 

• 

or 

«-^= 

'7 

.   •••  •-©^- 

Similarly    ^"(py^* 
Ex.  46.    «^=y,  and  y^-*";  find  or  and  y. 
From  first  equation  x^-y, 

m  _ 

second  ****«y; 

4a      *+y  * 
(d?+y)*-4a*,    or  dr+jfs2a; 

From  which  it  it  found  that  y=s-{-l*^8a+l};  and  then 

SS 

«--{4a+li|i78a+l}. 

Ex.  47.    JZ^^J^ (1)) 

*^'  J;  find  «  and  y. 

and  *(y+l)'-S6(y+^D...,(2)j 


From  (1),  multiplying  the  Numerator  and  Denominator  of  the  first 

fracdon  by  i^^+l-l,  of  the  second  by  ^«+9-8,  then  multiplying  the 
resulting  equation  by  (l)» 

^^Vl+l^^+9+S 


•••  V/+l-^^*  (Art.  195)- 


•••  9/-«. 


BQÜATIONS.  837 


From  (2),   Si/0'+Sy+I)-3<y4-6«, 
flS/(/-2jf+l)-64, 

8 
S* 


y-J^=*  - 


,         I     1     8     35  89 


And  a:=s9/-|{19*^/TÖ5j. 


Assume   --^«i;,  aiid -^sfr, 
2  2         ' 

then    2x«2(r+fp), 
also    «*— y-4t;ir,     änd  y^v-w; 
.*.  by  Substitution  in  the  first  equation 

2(v+f»)+2,ytw- ^  {»*+»*}; 

/-         7 

• 

Bat  t;^+fp's9,  from  the  second  equation; 

/.    2t;*«l6,     or   t;=4, 

and    2w*-2,      or  w^i; 
.'.  «a»5,    and  ^=3. 

By  finding  aü  the  values  of  v  and  iv  which  satisfy  the  equations 
»•-64=0,  f»*-l«0,  by  the  method  empiqyed  in  Ex.  20,  other  values  of 
X  and  y  may  be  determined. 

22 


S38 
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and  -y*«y^*-l 


;  find  «  and  ^. 


From  2nd  equation  y-4*y*=«-4, 

y-4jP.y+4dp"-4«*-4, 

and  .%  y=*(^x+iA^x^) (i). 

Substituting  for  jf  in  the  fint  equation,  and  taking  the  upper  aigna 
in  (iX 

•••  «»-g-^lj- 

And  y^J7Ti+Jx^=2. 

By  taking  the  lower  signs  in  (i)  other  values  of  x  and  y  may  be 
obtained. 


Ex.         50^^-4=:4ryxl-ly...(l)] 


and  «•-  3= jr*y*(«*-y4) . .  .(2)J 


;  find  X  and  jf. 


.-.  ^*(*+|)=*(**5f+«). 
Taking  the  +  tign,  «y*-«*y«2-^  , 
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.-.  by  (2),  «L»-2-^  , 

2«>+^elO (5). 

Also  from  (2),    S«*y*(«*-^*)-S«*-9, 

=a?«-yt+l,  by  (3); 
...  «l-yt-5«V(jri-yi)=--l; 

extract  cube  root,  x^-y^a-l; 

.-.  y*-«i+l (4). 

Sabsdtuting  in  (8),  Sx*+«^+l+3«i(ari+l)-10, 

or  (x*-lX«+2«*+8)=0; 
...  A^^-lsOy  and  «-1,1 
substituting  in  (4),  5fi=l+l«2;    .-.  ^=4./ 
Also    4r-*-2«i=s-S; 

/,  x+2«*+l=(«i+'iy=-2,  which  is  impossible; 
.'.  X»!,  ^«4,  are  the  required  yalues. 

Ex. 


:.  51.       fl(l-*y)=«N/l^...(l)l 
and  Jx(l-xi/)=ffs (2)J 

Prom  (2),  x*-4r*3f=y-x; 


find  X  and  ^. 


•••5^ 


1+«*' 


,    «i+dp*     l-or* 
l-«y=l-— -J-— -j, 

1+«*     1+«* 


22—2 


S4(¥  EQUATIONB. 

Substituting  in  (1),    a. j««. — -jjl+x; 

.*.   a{l-¥x)-xjl+x;  also  l-«=0,  or  x=l (i), 

/•   4r=fl.,yi+x;    also  1+j:=0,  or  «=— 1 (ii). 

4      4 


•••  «= — I 0»)- 

* 

Also  y=l,  or  -1,  or  *-rrT'^''    /  "     ,  Ov- 

•  •  • 

Ex.  52.    f^^{fly^bx\  and  jr'sajr-&y;  find  «  and  y. 

From  first  equation,  ^»ay-Ax, 
and  by  second  equation,  ^^ax—hy\ 


a-6^ 

X 


Assume  ~=^  then  ^~ 


II/-6 


or  a/(/'-l)-6(/»-l)=0, 

...    /-l=0,   or /=1 (1). 

Also  6/*+(6-a)/'+(&-a)/*+(6-fl)/+6=0, 

^(/•+J.)-(«-^)('+J)-(«-^)-o, 

fl-6/.    1\     a  +  6 


{-0-t('4) 


i  • 


.-.     /  +  T  = 


la-b 


1     Ö-6        I a—b^    a-^b 


+ 


=     "^^^gj •=^»'>-  suppose; 
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Then  <■-»!< —1, 

If  froin  (1)  <=1,  then  »=yma-b (i). 

If  '-f  *x/t-^.  *=«-6'-«-|(«*^/5;?=^).•... (H). 

and   ytx=  3  {«-  -(m*^m*-4)}{«*;ym»-4} (üi^ 

where  m=  -jrfff— Ä*>/*'+*<'*t5'*}* 

Ex.  53.    *'+/-*y(*+5f)* (1)| 

«nd  y^=(.+^)». (g));  find  *  «nd  J,. 

From  (1),  dividing  hj  4r+^, 

dividing  by  x-y*,  ^.g.f  .i^2.J+J,0, 

-+^-1*2=3,  or  -1. 
Taking  the  first  value  and  multiplying  by  -^ 

But  from  (2),  *y^(«+jf)», 

.    «^ 
■        2 


w^>)v-m-»-- 


842  EQÜATIONS. 

"^"4(8*7«)"    S-^-ß    "        *        ' 

*  9 

Ex.  54.   <*•+%-  (y»+l)*»...(l)J     fi   .,      .„ 

From(l),        («*+p)y=y+l, 

.-.  «»+p-y+i (S). 

From(2),  y+»     g^^+l), 

"  i(^*?)-K**5)' 
•••5(5^+p)+3'+i--*+3('+i)+p. 

And.-.«'+i=(*+l\y3,  by  (8); 
dividing  bjr  «+-,  «+-»0,  i.e.  «•— 1,  which  is  impossible. 

Also  ^-1+^-78, 
ai'+i+p-tß+S, 
.;  X+--JI/8+S. 
Similarly  x — ^Jt/s-*!; 


BQUATI0N8. 


843 


"tß-Jlß+S; 
firom  which  9''l{!i/3.*/^i+S^('Jlj9^)). 

Ex.  55.    y+S^{,ya+?«-4^}7ä+Ä«-2a...(l)l 

^ !r0^l.^:j^. J'  ''"""'■ 

From  (1),  ^-J^'(a+6*)*+8y*(a+*«)'-(a+*«)«a-&r; 

.*•  cotracting  the  cube  root, 

üß-Ja-^-bx-Ja-^bx (3), 

or  ^=J^a+ba+Ja^bx; 
.-.  y^a-^bx+a-^bx+Sll/a^'' 6V.  {^^a •i-6«+i^a-6jp}. 


.'.  y-slJi.UaF'bVi^fta. 
Substituting  (3)  and  (4)  in  (2), 


(4). 


2a 


aja^bx 


%Q»i^  ü^bXf 


a^bx^l; 


.*.    JP: 


a-1 
"6~- 


And  y={3ä^+l}'- 


Ex.  56.        (2+4jy-8«^'»2-4»*y+Sjr* 

and5y«+?^-?3f+?f^. 
^82         2  *» 


(0 
(2) 


> ;  find  ;p  and  y. 
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From  (1),     4+l6aFy+lÄry-12«*-24«'^+9**-2-4»y+&r«, 
or  2+iary+2ary-12«»-«4*'j+6**-0, 
l+8jy+iaty-ß»'-12«»y+8«^0, 

-|(jy+2«y+l); 
A  «»-2*^-1=^1.  (*jr+l) (S). 

Again,  from  (2),  ioy+^=9*y+t^; 

.-.  ~sv.yi(„+i) (4)j 

Sä* 
.-,  — — 2xys^-2xy-l,  from  (S), 
4 

Substituting  in  (4),  S-4y=i(2^+l) 


V  8    „     S     /2 

*  + 


Ex.  57.     \/-^^^^=S>y^...(l)l    ^^        •, 

^   «•+S/-axy»      ^  J^     "^  '^;  find  Ä  aniy. 

and  S«»+42«y+l6ijf*=47^(5«+llj<)...(2)' 
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From  (2),  S«*-2arV4+4ary-44jr*y*+l6y=0, 

dividing  by  «y,    3^-20 ^-+42-44 ^^+l6^«=0. 

Lei  -«/•,  then  8/'-2(M+42-^+~=0, 

.'.  S/*-20/*+42/*-44/+l6«0, 

(S<-2)/»-(S/-2)6/*+(S/-2)10/-(8/-2)8=0, 

or  (S/-2)(<'-6^+10/-8)=0; 

S/-2-0,   or  /■-6/»+10/-8=0, 

i.e.  (/-4).(/«-2/+2)=0, 

2 
•••  '=3;  or  /-4=0,    jor  «■-2/+2=0, 

i.e.  /=4.     li.e.  (/-!)*  =-1,  which  is  impossible. 
Therefore,  taking  the  first  value  of  t,  and  substituting  in  (1) 

'  =8; 


10  4 


ose..!     243    .    729  1       , 

.-.  8«*-54r»+ -—«• — -^xt— 1. 

2  8 

0   , 
Extracting  the  cube  root,  2x~|«3s~l; 

.    ^   9  1^81     49 
••*-4*?-^g4  =  S4V 

xU_=2,  orj, 

.-.  4r*4,    or  jg, 
and  y=|*=9,   or  ^. 


Taking  the  second  valüe  o£  t,  other  values  of  x  and  ^  remain  to  be 
determined. 

Ex.  58.       {y(6+  c)«+(6«+c')c*|x^ j'(6-cy+(Ä'+c')V 

-[^(Ä-c) -(*'+c>»}x  V^(*+c)*+(6»+c»)'*';  find  *. 
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Lct  b+c^m,  and  ä-c-«,  so  that  6"+c*=-(m*+ii*), 

w'a6+(ifi»+it')car        /mV+(m*4n^ 
"*^"  n«a6-(ifiVn«)c«"V  j»V+(iii*+ji")V* 

m'fl*6*4-2f/i*(m'4  <»*)g6ca?->-(iftV  n*)  Vj^    iftV4-  (mV  n*)  V 


4\>.l 


(m*-  »>«6  V  2(fii«+  nO'ai^  (m*-  j» > 


n*aV-'2n\m*W)abcx+(m*+  n*)  V««  '^  j»V+  («•+  n»)V ' 
(m«-  »•)«  V6*+(«*  -n*)(m«+  n")a6V+ 2(ift"+  ii«)ii*a»6c»+ 2(««+  »•)*6c»' 

2(m«+n")*Äcar«+(OT*-n*>i(6«-c'>+2m*ii*a*6c=0, 
(wi*+ii")V+2(»i*+fi*)»iiiajp+i»iV«')  **  ■  •  * 


f  and  6c« -(«'-n*); 


Ex.  59. 

and 


3+2x*-4x* 


S^==^'(^-«^') ^^i  find, and ^. 

l  (24:M)(2y-l)=S (2)J 


Write  »  for  ^c*!      then  from  (2)>  4»t;-2(tt+t;)e2, 
and  ü  for  y J  '  or  2«»-(«+»)«l (a). 

From  (1),  4i«»-2ii-3»ü(2i;-l)(fi-l), 

-t;(2«t;-fi-2t;+l), 
=t;(2-ü),  hj(a), 
«s2v-t;*; 
/.  4tf*-S=«2(M+ü)-t;*, 

«4Kt;*2-t7'j  by  (a), 
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...  o«2tti|il (ß). 

Taking  the  upper  sign,  and  substituting  in  (a% 

5 
or  W-5II,     .*.  t«=-,  orO (i), 

4 

Taking  the  lower  sign,  and  substituting  in  (a), 

««-4=*    4    '     •'••' 8      (">• 

Hence  from  (i),  4f**5^/5,  or  0;  and  jf «*  i>/6;  or  ^J^, 

from(ii),  x-*!^!^;  and,-*l^/iI;;;^. 


PROBLEMS. 

In  reducing  a  Problem  to  an  Equation,  the  course  to  be  pursued 
is  stated  in  Art  199;  but  much  depends  here,  as  in  the  Solution  of  equa« 
tions,  upon  a  practical  acquaintance  with  particolar  artifices,  by  which  the 
most  convenient  unknown  quantities  are  assumed,  and  the  problem  mosi 
easily  translated  into  algebraical  language. 

The  general  question  always  is,  having  certain  known  quantities, 
represented  by  given  Symbols,  and  one  or  more  other  unknown  auantities, 
represented  by  one  or  more  of  the  letters  x,  v,  z,  &c,  to  connect  tne  known 
and  unknown  symbols  together  by  the  conmtions  of  the  problem,  so  as  to 
produce  as  many  independeni  equations  as  there  are  unknown  quantities. 

There  is  also  one  general  property  of  a  large  class  of  such  problems, 
viz.  that  the  increase  or  decrease,  the  selling  or  buying,  &c.,  is  afler  a 
uniform  rate.  Thus,  if  A  is  said  to  perform  a  piece  of  work  in  a  days,  he 
is  supposed  to  wörk  equally  every  dav.  If  A  is  said  to  travel  p  miles  in  q 
days,  he  is  supposed  to  travel  one  umform  distance  eaeh  day.     And  so  on, 
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unless  the  contrary  be  expressed.  So  that  the  followinff  Rule  is  of  oonaUnt 
application,  seeing  that  uniform  increase  or  decrease  of  every  lort  mxy  be 
represented  by  uniform  motion  :— 

Rule.     If  v  represent  the  Space  described  by  a  body  moving  mm- 
fortnfy  in  1  unlt  of  time,  (whether  it  be  1  second,  1  hour,  or  any  other 
known  unit),  and  s  the  space  described  by  the  same  body  in  i  suclr  onits 
of  time,  then  s^iv. 

Also  v=',  and  /«  -  ;  both  of  which  forma  are  fVequently  reqoired. 

Thus,  if  ii  travels  p  milea  in  q  days«  then  the  distance  (v)  travelled  in 

,         mrhole  distance  (s)    p        ,  -  .        ^  ,  whole  distance 

1  day  = r ^-j hzi  =  ^ ;  and  the  number  of  days  =35— t — . 

^     number  of  days  (/)    q  ^      distance  per  day 

The  following  Problems  are  added  here  as  differing  in  some  material 
respect  from  those  in  the  text: — 

Prob.  1.  In  the  year  18S0  ^%  age  was  50  an4  ^s  35.  Required  the 
year  in  which  A  is  twice  as  old  as  B. 

Let  1880^«  be  the  year  required. 
Then     50  ±«=2(35*«), 
or     50*«=70±2x; 
.-.  «fc:j;=~20; 
.*.  the  year  required  is  1810. 

Prob.  2.  In  what  proportions  must  substances  of  ''specific  ^rravi- 
ties"  a  and  6  be  mixed>  so  that  the  ^^  specific  gravity'*  of  the  mixture 
may  be  c? 

QDbf.  By  the  ''specific  gravity"  of  a  body  is  meant  the  number  of 
times  which  its  weight  is  of  the  weight  of  an  equal  bulk  of  water.]] 

To  1  cubic  foot  of  the  first  substanoe  let  x  cubic  feet  of  the  second  be 
added. 

Then^  since  1  cubic  foot  of  the  first  weighs  a  cubic  feet  of  water, 

and  X  feet  second hx 

.*.  the  whole  l-f-x  cubic  feet  of  mixture  weighs  a^hx  cubic  feet  of  water. 

But  since  c  is  the  specific  jn'avity  of  the  mixture,  the  weight  of  1+x 
cubic  feet  is  c(l+«)  cubic  feet  of  water, 

.*.  a+6ar«c(l  +  jr), 

^c-^-cx; 

a—c 
•   "'e-b' 

that  is,  for  every  cubic  foot  of  the  subttance  whooe  specific  gravity  is  a 
there  must  be  — r  cubic  feet  of  the  substance  whose  specific  gravity  is  6« 
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Prob.  3.  From  a  vessel  of  wine  containing  a  gallons  b  gallons  are 
drawn  off,  and  the  vessel  i8  filled  up  with  water.  Find  the  quantity 
of  wine  remaining  in  the  vessel,  when  this  has  been  repeated  n  times. 

Let  Xi,  x^a^,.,x^he  the  number  of  gallons  of  wine  remaining  in  the 
▼easel  alter  1>  S>  3> . . .  n  drawings  off  respecti vely. 

(1)  Thenx,»a-6. 

(2)  x^a-6 -quantity  of  wine  in  6  gallons  of  first  mixture. 

Now>  a  gallons  contain  a— 6  of  wine; 

.'.  1  gallon  contains 

a-b 


and  b  gallons  contain  6. 

/.   x^a-b-b. =^ ^. 


a  a 


(3)    Xf=^- —quantity  cf  wine  in  b  gallons  of  second  mixture. 

But  a  gallons  contain  i of  wine; 

.•.  1  gallon  contains  ^ — ^ 

and  b  gallons  contain  b .     ^,  ■    

"  ar 

.  (a-by    b.(a-by    (a-by 

•  '» — Z fl« ?~- 

And  so  OD,  fbr  each  succeeding  mixture;  so  that,  generally, 

a 

Prob.  4.  The  advanoe  of  the  hour-hand  of  a  watch  before  the  minute- 
hand  is  measured  by  15|  of  the  minute  divistons;  and  it  is  between  9  ^nd 
10  o'dock.     Find  the  exact  time  indicated  by  the  watch. 

Let  xs  number  of  minutes  past  9  o'clock;  then  since  the  minute-hand 
goes  12  times  as  fast  as  the  hour-hand, 

45+  —»number  of  minute  divisions  the  hour-hand  is  past  9« 

and  45  +  -~-j;adistance  in  minutes  between  hour-hand  and  minute-hand^ 

=  l5f,  by  the  question, 
llx        ,88 

.'.   X-S2. 
Hence  the  time  required  is  28  minutes  before  10  o'clock. 


350  PBOBLEMS. 

Pbob«  5.  In  comparing  the  rates  of  a  watch  and  a  dock,  it  was 
observed  on  one  moming,  when  it  was  12^  by  the  dock,  that  the  watdi 
was  at  11^.  59^.  4ff;  and  two  momings  after,  when  it  was  ^  by  the 
dock,  the  watch  was  at  8^  59".  58".  The  clock  is  known  to  gain  0*1'  in 
24  hours,  find  the  gaining  rate  of  the  watch. 

On  the  1"^  moming  the  watch  is  behind  the  dock  11";  and  after  45 
hours  it  is  only  2*  behind;    •*.  the  watch  gains  upon  the  clock  to  the 

amount  of  9*  in  45  hours,  or  -  of  a  second  per  hour. 

Let  X  be  the  gaining  rate  of  the  watch  per  hour ;  then  sinoe  —  is 

0*1  . 
the  gaining  rate  of  the  clock,  '""-öt  ^^  ^^  E^^  ^^  ^^  watch  upon  the 

dock  per  hour, 

011 
•'•'"24""5' 

1       1      49 
240     5     240 

Hence  the  gaining  rate  of  the  watch  is  4*9*  in  24  hours. 

Prob.  6.  If  A  and  B  together  can  perform  a  piece  of  work  in  a  days, 
A  and  C  together  the  same  in  b  days,  and  B  and  C  together  in  c  days;  mid 
the  time  in  which  each  can  perform  the  work  separately. 

Let  w  represent  the  work>  and  x,  ,y,  2,  the  times  in  which  A^  B,  C, 
can  separately  do  it. 

Then  —  »if's  daily  work+jB's  daily  work (1), 

j^Ä'S +C8 (2), 

-=^^•8 +  C8 (S); 

c  ' 

...  *_^.ffg -Ca (4); 

and  adding  (3)  and  (4)  —  + T  ~  ^  •  ^*  ^**^y  ^o**^»  =  2 .  — ; 

_      2abc 
^    ab-k-bc—ac ' 

-,.    .1    1  2a6c  ,  2aÄc 

Similarly,  or« ^ r;    and  «=— s i- . 

•'^        ac+bc-ab  ab-\-ac-bc 
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To  shew  that  the  denominators  of  these  fractions  are  necessariiy 
positive: 

By  the  Prob.  B  alone  could  not  perform  tv  in  a  dajs, 
•*.  £  alone —  in  1  day. 

Ü  alone w  in  b  days, 

.-.  Calone j-  in  1  day; 

/.  Band  Ctogether "■'*"X  *^  '  ^y» 

(AM  ASV^ 

-  +  ,- J  in  c  days. 

But  JB  and  C  together  can  perform  iv  in  c  days; 

(tv    n\  ac+bc    , 

ä  +  FJ"«''  "-^S-"»' 

and  .%  ac-^boab. 
Similarly  it  may  be  shewn  that  ab-hbo-ac,    and  ab+aobc. 

Prob.  7*  The  fore-wheel  of  a  coach  makes  6  revolutions  more  than 
the  bind  wheel  in  going  120  yards;  but  if  the  circumference  of  each  wheel 
be  increased  1  vard^  the  fore-wheel  will  make  only  4  revolutions  more  than 
the  bind- wheel  in  ihe  same  distance.  Required  the  circumference  of  each 
wheel. 

Let  4r=circumf.  of  the  bind-wheel,  in  yards; 

ys fore-wheel 

120 
then »number  of  revolutions  by  former  in  120  yards ; 

1??« latter 


y 


120    ^     120 
.-.  +  0= , 

or  20j:-20y=«y (1). 

Again,  on  the  2nd  supposition«  — -+4= — -, 

or  SO(y+l)+(«+l)(y+l)=SO(«+l); 

.-.  29»-81^=xy+l (2). 
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Subtr.  (1)  from  (2),    9*-ll^=l, 

.-.  9x»lly+I (3). 

But  from  (l),     20x9x-20x9^-9jrv, 

or     liy-S9i^=20, 


,_S9       39  * 
y     11^^22 


1521     20     2401 
(22)*  ■*■  1 1  "  (22y ' 


39*49     ^  5 

••^=-22-"^*' ^'•-n' 

,         lly+1     ,  4 

aml  «=— -^ — «^5,   or--: 
9  9 

.*.  the  circumference  of  the  wheels  are  4  and  5  yards  respectively. 

Pbob.  8.     Find  two  numbers  in  the  ratio  of  m  to  n,  whose  sum  is 
equal  to  their  product. 

Let  mx,  and  nx,  be  the  two  numbers, 

then     mx+nxsstnx^nXy 

m+n^mnx^ 

**       \ ,  the  two  numbers. 

and  war=  — +lj 
m 

Prob.  9.     The  product  of  two  numbers  is  p,  and  the  difference  of  their 
cubes  is  equal  to  m  times  the  cube  of  their  difference.     Find  the  numbers. 

Let  x+y,  and  x-i^,  be  the  two  numbers^ 

then    (x+y)(x-^),  or  x'-i/'=p,        \ 

(x+^)'-(x-y)'=m(2j^)-r 

From  2nd  equation,  2y*-t-6x'^=8in^) 
Ist    6»*y-6y*^6py  )  ' 

.-.  8t/*=8my'-6pjf, 

i(m-l)f~3p, 

AI         t      >.        I     Sp  (4m-l)p 
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Hence  the  requfred  nurobers  are 

1  V(4m-l)p-f73^^  ^j  \Ji^m-\)p-Js^ 

Prob.  10.  Find  two  numbers  whose  product  is  equal  to  the  difference 
of  their  Squares,  and  the  sum  of  their  Squares  equal' to  the  difference  of 
their  cubes. 

Let  X  and  xy  be  the  two  numbers, 

then  jr*^=x«y-x« (1)1 

and  «■y+«^=x>/-x' (2)/* 

From  (1),      ^=/-l, 
.         15 

^^  ^*2(>/5+l). 

From  (2),  y+l-ory»-*, 
y'+l     y  +  2     1     1 

2     75+1     2         2         2^ 
.■.  the  required  numbers  are  -zjs,  and  -(S+J^ 

Prob.  11.  There  are  four  nutnbers  in  Arithmetical  Progression. 
The  sum  of  the  two  extremes  is  8,  and  the  product  of  the  means  is  15. 
What  are  the  numbers? 

Let  *— Sy,  *— ^>  *+y»  *+Sy,  be  the  numbers; 

then  by  the  question,  «— Sy-t-x+Sy^s, 

.*.  jp-4. 
Also   (ar-3fXjr+jr)=15, 
or  **— y«=15, 
.-.  l6-y=15,  or^-l; 

.*•  the  numbers  are  \,  S,  5,  7* 

23 
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Prob.  12.     There  are  three  numbers  in  Geometrical  Progression, 
ivhose  product  is  64,  and  sum  14.     What  are  the  numbers? 


X 


Let   -^  X,  xy  be  the  numbers;  then,  by  the  question^ 

-,x.xy  or  ^b64.  .*.  x^4h 

y 

X  1  14     7 

Also  -+d?+«y=14|,  or  -+1+^=  —  =  -, 

5±3    ^         1 
j,=— =2,  or  .; 

.*.  the  numbers  are  2,  4,  8,  or  8,  4,  2. 

Prob.  13.  Two  labourers  A  and  J9,  whose  rates  of  working  are  as 
3  to  5^  were  employed  to  dig  a  ditch;  A  worked  12  hours  and  B  10  hours 
a  day :  B  being  called  away,  A  worked  one  day  alone  in  order  to  com- 
plete  the  werk :  when  they  were  paid,  B  received  as  many  pence  more 
than  A  as  the  number  of  days  they  worked  together.  Now,  nad  B  been 
called  away  a  day  sooner,  A  would  have  received  3i.  \\d.  more  than  B 
at  the  conclusion  of  the  work.  Kequired  their  respective  daily  wages^  on 
supposition  that  the  payment  to  each  was  in  proportion  to  the  work  per- 
formed. 

Let  X  be  the  number  of  days  they  worked  together; 
3n^>  and  5fi/,  the  work  per  hour  of  A  and  B  respectively ; 

.'.  36n?=^'s  daily  work, 

SOw^B's 

let  then  S6y-A's  daily  wages^  in  penoe, 

50y=^B'^ 

and  we  have  50yx;r-S6y(«+l)=«, 

or  14«^-S6y=»« (1). 

Again,  on  the  second  supposition^  A  and  B  work  x^l  days  together, 
.'.  the  work  done  in  that  time=s86n?(a?-l), 
but  the  whole  work=86wx+S6fp; 
.'.  work  left  to  be  done  by  A=lZ2tv; 
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.-.  A  worki  «-l+.jg^  day«, 

ot  «+^+Tg  days. 

Hence  (*+2+~jS6y-{x-l)5()y«47, 

or  136y-14ry  s47. . .  t (2). 


From  (l)y  X 


=J^: 


14xlS6/-lS6y-14x36/«47xl4y-47, 
1400y*-794y— 47, 


^,    794        8971*    91809. 
^     1400^     1400  I      (1400)" 

S97«t=S03     1  47 

"^         1400        2'         700' 

.•.  il's  dafly  wages=S6x^=18rf.=l#.  6(/. 

and  fs »50x^x=25<£»2^.  li/. 

Prob.  14.  It  was  calculated  that,  if  the  i^roas  revenue  of  a  State 
were  increaaed  in  the  proportion  of  24 :  1^  after  deducting  the  interea 
.of  the  national  debt  and  the  cost  of  coUection  (the  latter  of  which  varies 
as  the  Square  root  of  the  sum  coUected),  the  available  income  would  be 
inoreased  in  .the  proportion  of  S^  :  1.  If,  on  the  otber  hand,  the  gross 
revenue  were  diminislied  in  the  proportion  a£  1  j-  :  1^  the  available  in- 
come would  be  redueed  in  the  proportion  of  7| :  1,  amd  would  in  fact 
amount  only  to  4  millions.  Find  the  amount  of  the  revenue,  and  the 
interest  of  ttxe  debt 


Let  «sthe  gross  revenue, 

^sthe  interest  on  the  debt,  \  in  millhfis  qf  pounds  Sterling. 


t,  >  fit  mUlk 
r^the  expense  of  collection,) 

Then  —  ==increased  revenue,  and  eipense  of  coUecting  :  z  ::  ^  :  \/-t-  » 


•*.  expense  of  collecting=~; 


Y^^diininished  revenue,  and  expense  of  collectingv  ---; 

23—2 


356  PROBLEMS. 

9x  "Sz     ^  ,,. 

•••l6-^-T=* (»)• 

Also  x-y-z  :  -^S-  -^  :••  7^  '•  i  "•  Sl  :  4, 

.-.  by  (1),  x-y-s=Sl (2). 

Again,  x-y-z  :  -:^-9-y'''-  1  :  3^  "  31  :  109; 

•••  by  (2).  T-y-^=m (3). 

Subtracting  (1)  from  (2)  2|_£=27^- 

(2)  from  (3)  f -|=78,_ 

5x     Ix 


•  • 


~=24,  and  jrs64. 

o 

Hence  t  =  7^-27=28-27-1,  and  /.  ä=4. 
4     10 

Also  ^=ap-Ä-31»60-Sl-29. 

Prob.  15.  A  steam-boat  sets  out  from  London  3  miles  behind  a 
wherry,  and  having  got  to  the  same  distance  a-head  it  overtakes  a  bärge 
fioating  down  the  stream,  and  reaches  Gravesend  1^  hours  aiVerwarcu. 
Having  waited  to  land  the  passengers  l^th  of  the  time  of  Coming  down, 
it  Starts  to  retum,  and  meets  the  wherry  in  f  of  an  hour,  the  barse 
being  then  5^  miles  a-head  of  the  steam-boat,  and  arrives  at  London  m 
the  same  time  that  the  wherry  was  in  Coming  down.  Find  the  distance 
between  London  and  Gravesend^  and  the  rate  of  each  vesseL 

Let  jr=:rate  of  the  boat,  y=rate  of  the  wherry,  /«rate  of  the  tid^ 
that  is,  o^  the  bärge;   then  */  boat's  speed  against  the  tide » wherry^s 

speed  with  it,  j:-/=^+/,  /.  t^ -^ » 

Hence  «+  — ^  or  —^-boat's  speed  down, 

'-    2     *"•     2    - "P' 

«time  before  the  boat  overtakes  the  bärge; 
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6        S 

. +-<-whole  time  of  boat  down, 

jp-y     2 

6  S 

+ --TS time  for  landing  the  passengera; 


5{x--y)     10 

.•,  — ; r  +  —.+-  +  -  or  —, r  +  :r7r=  intcFval  of  time  between  the  boat 

ö(x-^)     10     4     2        5(j:-y)     20 

passing  the  bärge,  and  meeting  the  wherry  in  returning,  in  which  time 
the  bärge  movesover^^|^T—y+-|,  or  3  +  45('-J^)  ™il««*  »»^  *« 

boat  has  come  up  j .  — ^  miles, 

.*,  -. — ^  +  - +  --(x— y)  +  --(s«distance  firom  Gravesend  when  boat 
4     2        5     40^     ^^     4^ 

passed  the  bärge  down)=-.  ,  from  which  equation  we  get 

SS         z 

4*+3f=S9 (l). 

Again  -^  =  time  wherry  takes  to  get  from  S  miles  behind  to  5^  miles 

a-head  of  the  bärge, 

33         6         51  .  . 

•'•4^"5C*-^)"'20 ^^^' 

from  which  two  equations  (1)  and  (2),  «sQ,  if=S. 

Hence  also  distance  from  London  to  Gravesend ^ time  downxspeed, 

5 
a~xl2B80  miles. 

Prob.  16.  A  and  B  travelled  on  the  same  road  and  at  the  same 
rate  to  London.  At  the  50**^  mile-stone  from  London  A  overtook  a  flock  of 
geese,  which  travelled  at  the  rate  of  3  miles  in  2  hours ;  and  2  hours  after- 
wards  he  met  a  stage-waggon  which  travelled  at  the  rate  of  9  miles  in  4 
hours.  B  overtook  the  flock  of  geese  at  the  45^  mile-stone  from  London, 
and  met  the  stage-waggon  40  minutes  before  he  came  to  the  31**  mile-stone. 
Where  was  B  when  A  reached  London  ? 

Since  A  and  B  travel  in  the  same  direction  on  the  same  road  and  at 
the  same  rate,  the  distance  between  them  is  always  the  same. 

Let  «sthe  number  of  miles  per  hour  of  i4's  and  B's  travelling. 

Then,  since  the  places  at  which  A  and  B  overtake  the  geese  are  5 

3        10 
miles  apart,  which  the  geese  travel  over  in  5-^-  or  -^  hours;  therefore  in 

2  S 

lOx 
that  time  A  has  moved  forward  -^  miles ; 

8 
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lOx 

,•.    ----5=dKstance  in  miles  between  if  and  B (I). 

S 

Again,  A  met  the  waggon  50- 2j:  miles  from  London^ 

^ 3»+T 

.'.  distance  the  waggon  travelled  between  the  meetings  is  -«--19  railes; 
and  the  time  elapsed  between  A  and  B  meeting  the  waggon 

-(f-»)*!«'l(T-»)— 

During.  this  tlme  A  has  moved  forward  q('ö"19)'  miles; 
••.  distance  between  A  and  '^='"ö'"'19+"q  ("o — ^9)  miles (2); 

equating  (1)  and  (2),  — -19+—^-  -19j  =  _ -5, 

4a:/8x    ,  \     24?    ,. 

l6j:'-114Hr-9«+189, 
I6jr«-.123x=189, 

,       123     165 
•*  **      8         8    * 

^       288    „^ 
4*— g— S6; 

•••  «=9, 

lOx 
and  -^-5=25^  the  required  distance  in  miles  o^  B  from  London. 

Prob.  17*  Fine  gold  chains  are  manufactured  at  Venice,  and  are  sold 
at  so  much  per  braccio,  a  braccio  being  a  measure  containing  about  two 
feet  English.  When  there  are  90  links  in  an  inch,  the  valtie  of  the  work- 
manship  of  a  braccio  is  equal  to  the  whole  value  of  a  braccio  when  there 
are  but  30  links  in  an  inen ;  and  the  whole  value  of  the  braccio  in  the 
former  case  is  equal  to  three-times  the  difference  between  the  cost  of  the 
material  and  workmanship  of  a  braccio  in  the  latter,  together  with  4}  francs. 
Supposing  that  the  workmanship  in  each  braccio  varies  as  the  nuraber  of 
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links  in  an  inch,  and  tb«  weight  of  melal  varies  inversely  aa  the  aqnare  of 
Üiat  number,  find  the  valtfea  of  the  material  and  workmanship  in  a  braccio 
of  each  of  the  chains. 

rtbe  valae  of  the  ffold  in  a  braccio  30  links  to  an  inch^  in 
Let  ««J  ® 

(    francs, 

fm.  the  valne  of  the  workmanship 

^,11  X  (the  value  of  gold  in  a  braccio  90  links  to  an 

SO*     90*  9\    mch, 

and  SQ  :  9ö^y  :  3^,  the  value  of  the  workmanship ; 
.-.«+^=3^,  or  x=2y (1), 

and  |+Sy=:3(«-3f)  +  4J; 

54^=26«+ 40, 
27y"lS«+20, 

»26^+20,  from  (1); 

.*.  ^*20  fronest  workmanship  of  30  link-chain  per  braccio, 
«=40 gold 

-«4^  francs,        gold  in  the  other  chain,  per  braccio, 


3^"60 workmanship 


Prob.  18.  A  pack  of  np  cards  is  dealt  regularly  round  to  p  persons 
with  their  faces  uppermost^  every  card  dealt  to  each  person  being  placed 
upon  that  previously  dealt  to  him ;  the  hands  are  then  taken  up,  turned 
so  as  to  have  their  backs  uppermost,  and  placed  upon  one  another ; 
that  band  which  contains  a  particular  card  (^Ä)  bemg  always  placed 
beiow  r  other  hands.  The  cards  anre  then  dealt  again,  tbe  hand^i 
taken  up^  tumed,  and  placed  upon  one  another  as  beforc ;  and  so 
on : — Shew  that^  if  m  and  q  be  the  whole  numbers  next  greater  tban 

,    ^  ^  and  — ~  respectively,  the  card  A  wilL  at  the  end  of  the  m^  and 
logp  p-1       ^  ^ 

every  succeeding  Operation,  occupy  the  q^  place^  or  be  restricted  to  the 

9^  and  9— 1^  places  from  the  top,  according  as  rn  is  indivisible  or  divisible 
by  p-1.    (Senate-House  Prob.  1839.  by  Mr.  Gaskin.) 

Let  the  Ist  Operation  be  performed^  and  let  a  be  the  number  of  cards 
which  stand  before  A  in  its  own  band ;  then  ^<  n,  and 


rn + a  *  N°  of  cards  before  Ä  in  the  pack, 

rÄ+a_  f 

lessthan...|  p        \    after  2nd  Operation, 


whole  N°  next[        '"'*+*_/ o^n  band. 
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whole  N*  nexi)         m  +«  ^  TN**  of  cards  before  A  in  the  pack, 
less  than     j'''*+     r     ~j^    after  2nd  Operation^ 

rn    rit+a     f own  hand, 

• p  "*"    p»    "  \     after  3d  operatiou. 


or 


nt    rn+a     ( • the  pack, 

^'*"*"  o"^"«*"  "1    after  Srd  Operation, 

&c.  »  &C. 

1-1  •  11  mm,  rn+a 

.*.  woole  number  next  less  than  m+ — +—=+••.+ — =rn~* 

P     P  P 

that  is,  the  whole  number  next  less  than  -=-t-^— r +  -=zr> 

— ^ +-=-r  — =ZT7 -7= number  of  cards  before  A  in  the  pack,  after  the 

p-1    p"-»    p""*{p-l)  '^ 


m^"  Operation, 


Hence,  if  q  be  the  whole  number  next  greater  than  -— ^  ,  it  i»  evi- 


p-i 


dent,  when  — -  is  not  an  integer,  that  the  card  A  will  be  restricted  to 

the  o*^  place,  provided  -— r — =-r; — r^   is  a   fraction  so   small  that   it 
cannot  make  a  difference  of  1  in  the  valae  of 

p-lV"  p-\p-^)        ^^' 

Now  a<ii,    A  ^i<^- 

If  therefore  ^.  or  <i,  ^,<|,    and  j^i -p-.-,^^i)    »    *    ««^l 
fraction, 

(for.  «nee  r^p,  -J^-  |) 

und  /.  -isii— ~5ii7 — r\  cannot  make  a  difference  of  1  in  the  abovc  cx- 
pression  (1). 

Hence  at  the  tn^^  and  every  succeeding  Operation  the  card  Ä  is  restricted 
to  the  q^^  place  from  the  top. 
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If  — ^  be  an  integer,  that  is,  m  be  divisible  by /?— 1,  then  it  is  evident 

that  the  number  of  cards  before  A  may  be  either  ^-l  or  q-2;  and  there- 
fore  A  must  be  restricted  to  the  q^  or  ^-l^  place. 


SINGLE  AND  DOUBLE  POSITION. 

Mant  Problems  are  readily  solved  by  means  qf  the  Arithmetical 
Rules  called  "  Single  Position"^  and  *^  Double  Position",  without  the  appli- 
cation  of  Algebra;  but  the  Rules  themselves  require  algebraic  proof. 

(1)  The  Rule  of  ^Single  PosrnoN*  is  applied  to  those  cases  only, 
in  which  the  required  quantity  is  some  multiple,  P^rt,  or  parts,  of  some 
other  given  quantity;  that  is,  if  x  represent  the  required  value,  a  and  b 
known  quantities,  the  cases  for  ^  Single  Position'  are  such  as  produce  an 
equation  of  the  form 

Thus,  if  it  be  required  to  find  such  a  value  x  that  axx^b,  suppose  ^  to  be 
the  value,  and  instead  of  b,  we  find  axs^b',  then  we  have 


ax     b 
as 


F" 


b 

which  points  out  the  Rule : — namely,  Suppose  some  value  (s)  io  be  ihe  one 
soughi,  and  having  operated  upon  il  as  ihe  quesiion  direcis,  let  ihe  resuli  (b^ 
be  noied.     Then  ihe  irue  value  is  equal  io  ihe  irue  result  (b)  divided  by  ihe 
Jalse  one  (b')  and  multiplied  by  ihe  supposed  value  (s). 

Ex.  Find  the  number  which  being  added  to  the  half  and  fourth 
of  itself  will  produce  14. 

Suppose  12  the  number,  then 

12+^of  12+iof  12is21; 

14 
,".  number  required«  ~x  12 =8. 

(2)  The  rule  for  'Double  Position'  is  applied  to  those  cases  in 
which  the  required  quantity  is  not  a  multiple,  part,  or  parts,  of  a  given 
quantity,  but  fumishes  an  equation  of  the  form 

ax+b'»cx'¥d. 

By  transposition  this  equation  becomes 

(a-c)ap+6-d«0 (1). 
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Now  suppose  s  to  be  the  value  of  x,  which  by  Substitution  does  not 
satisfy  the  equation^  but  gives 

(a-c)*+6-rf=c (2), 

then  subtracting  (l)  from  (9), 

(a-c)(j-a?)=e. 

Again^  suppose  ^  to  be  tbe  value  of  jr,  wbich  by  Substitution  and 
subtraction,  as  beforey  gives 

Then    j^-fr'l-'-,, 

#— «     e 

or  c'*— e'«=e*-ej, 

which  proves  the  common  Rule^  namely,  Make  itvo  suppontUms  (s  and  b'} 
/or  the  required  quantily;  treat  eack  of  them  in  the  manner  pointed  out  btt 
the  question;  and  note  the  errors  (e  and  e^;  then  the  reauirea  auantity  wul 
befonnd  by  dividing  the  difference  of  the  products  es',  es  by  tne  difference 
of  the  errors  e,  e'. 

Ex.  What  number  is  that  which,  upon  being  increased  by  10, 
becomes  three  times  as  great  as  it  was  betöre? 

Ist.    Suppose  the  number  to  be  20,  (s) 

then  20+10-30, 
but  Sx20s60,    /.  tf«-S0. 

2nd.    Suppose  the  number  to  be  (SO),  (/) 

then  30+10^40, 

but  3x30 «90,     .*.  e^^-50. 

„  ^,      .  ,         -30x30+50x20     ^ 

Hence  the  true  number  = -5. 

-30+50 

PILES  OF  SHOT  OR  CANNON  BALLS. 

Ex.  1.  In  a  pyramidal  pile  of  shot  of  which  the  base  is  a  Square, 
the  number  in  one  side  of  the  base  is  given,  find  the  whole  number  n  the 
pile. 

Let  n  be  the  given  number  in  one  side  of  the  base,  then  »'  is  the  num- 
ber in  the  base; 
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fi-1     18  the  nuiaber  In  a  aide  of  Che  next  superincurabent  square^ 
.'.    (w-l)* the  whole  Square. 

Similarly  (n— 2)'  is  the  number  in  the  next  Square;  and  so  on>  until 
the  Squares  are  diminished  to  a  single  shot. 

Hence  the  whole  number  in  the  pile  is  equal  to  the  sum  of  the  series 

«•+(ii-l)*+(«-2)'+&c.  •  .+!•, 
or  l'+2VS*+. .  .+«•,  which  by  Art  295,  Ex.  4,  is  equal  to 

git(ii+l)(2n-i»l> 

Ex.  2.  la  apyramidal  pile  of  shot  of  whieb  the  base  is  aa  equi^kteral 
triangle,  the  number  in  a  side  of  the  base  is  given,  find  the  whole  number 
in  the  pile. 

Let  n  be  the  given  number  in  a  side  of  the  base^ 
then  »~1  i»  the  number  in  a  side  of  the  next  superincusibent  triangle, 

it-2  3rd  

n-S  4th   

and  so  on,  until  we  get  to  a  single  ball;  that  is^  there  are  n  triangles, 
which^  beghitting  at  the  other  end  of  the  serie^  may  be  represented  thus, 

•  •  • 

•  •  •  .  •  • 

•  •  •  .... 

so  that  the  whole  number  of  shot  in  the  {nie,  being  the  sum  of  the  shot  in 
these  H  triangles,  will  be  the  sum  of  the  series 

1+3 +6+10+15 +21+ &c.  to  n  terms. 
Ist.     Let  n  be  even;  then  the  series,  taking  pairs  of  terms  together 

«»4+16+S6+&C.  to  -  terms, 

2 

=  4{l'+2"+S*+&c.  to  ^  terms}, 

=  4.g.|^  +  l)(«+l)=g«(«+l)(«+2).     (Art.  295). 

2nd«     Let  n  be  odd;  then  the  series  may  be  written 

«+1 
1+9+25+49+&C.  to  -— -  termsj 


364  PILES  OF  SHOT  OR  CANNON  BALLS. 


or  l*+S'+5'+7'+&c.  to  —3—  terms;  which  is  equal  to 


=g(«+l)(fi'+2n), 

«=^n(«+l)(ii+2),  as  before. 

Ex.  S.    To  find  the  number  of  shot  in  a  pile  of  which  the  baae  is 
a  rectangular  parallelogram,  whose  sides  contain  a  given  number. 

Let  /  and  b  represent  the  given  number  of  balls  in  the  length  and 
breadth  respectively  of  the  base ; 

then  6/b number  of  balls  in  the  base.  The  next  layer  will  be  a  parallelo- 
gram whose  sides  are  b-l,  and  /— 1;  and  •*.  (6— 1)(/— 1)  is  the  number 
of  balls  in  this  layer.     In  the  next  the  number  is  (6~2)(/— 2):   and  so  on, 

until  we  come  to  (Ä-i»-l)(/— ft-1),  or  lx(/-6+l);  the  last  parallelogram 
being  reduced  to  a  straight  llne  of  /-6+1  balls. 

Hence  the  whole  number  of  balls  in  the  pile 

«&/+(Ä-l)(/-l)  +  (5-2)(/-2)+......to  b  terms, 

«W+6/+W+&C.  to  b  tcrms-(l+2+S+&c.+6^)(6+0 

+1«+2*+S'+&c.+6m1\ 

=.&«/-.6.*Zl.(6+/)+i(Ä-.l)6(2Ä-l), 


.(6._6.^>-6.^.(6-|.«53i). 


b(b+l)  j    ,  b-l  6+1 
2~-'"^-"^-"3"' 

=g6(6+l)(8/-6+l). 

Obs.  To  find  the  number  of  balls  in  an  incompUle  pile  it  is  only 
necessary  to  find  the  number  in  the  pile  which  is  wanting  to  complete  the 
given  one,  aild  subtract  that  number  from  the  number  in  the  given  pile 
supposed  complete. 


EXAMPLES. 


[N.B.  Where  Jpp,  i»  subjoined  to  an  Ex.  it  tignities  that  the  Soiuium  may  be  found  in 
the  Appendix.  Alio  Comp,  aignifiet  tiiat  the  SoiuHon  may  be  foiind  in  the  *'  Com- 
panion  to  WootTs  Algebra^*  lately  published.] 


INTßODUCTION. 

VULGÄR    FRACTIONS. 

1      i>.„„..  *       .      ,         ,        602     *1S9     123S«     45739 
1.    RiDOCB  to  mixed  numbers  —  ,   -^ ,  TiTl'  ~60    ' 

An«.   54fr,   275H,    ll^Wr.   762}«. 
8.    Wluti«|of9i?    also  ^of  ^of  |of  1  of  41i? 

(1)  Ans.   3|.       (2)  Ans.   !}}{• 

«      i>    .        *    ,         ^  ,  70       242       799        109875 

3.     Reduce  to  lowest  terms  -^-,   tttt^  ^T^ifTi    ,^^^^^^. 

462'    IUI      2961'    10000000 

A  5         22         17  7 

Ans.  ■— ;, 


SS'      101'      68'  640' 

4.     Reduce  to  the  Uast  cbmmon  denominator  ~,  -,  -,   -^  ^,  -. 

%       9      4      o  O       7 

210      140      105       84        70  60 


Ans. 


420'    420'    420'    420'   420'    420* 


5.  Find  the  least  common  multiple  of  2^,  6^,  and  5«  Ana.  95, 

6.  Reduce  to  the  least  common  numerator  — ,  —,  ^;    and  find 
which  Is  the  greatest. 

0)  A-  S»  ii'  IS-      («)   ^-  The  i-. 

2  3  4  4 

7.  Which  18  the  greatest  «*   7>  or  -?  Ans.  -. 

3  4  5  5 

8.  Which  is  greater  7{i,  or  7fJ;  and  how  much?     Ans.  7Ü  hy  ^^^. 

>  Am 

5 


4 

9.     What  is  the  difference  between  7^and  7xt*^  Ans.  2^. 


101 
10.     What  fraction  of  jSl  is  191.  10|(f.?  Ans.  j|-« 
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11.  What  fraction  of  £5  is  £3.  6s.  8J.?  Ans.  | . 

12.  Which  18  the  greater,  ^ -,  or  <^  «^  (Comp,  p.  1.)  Ans.  The  latter. 

17 

13.  Reduce  5  varda  2  feet  to  the  fraction  of  a  mile.       Ans,  -—^.  . 

14.  Which  18  ffreater,  —  of  £l,  or  sjiofa  guinea?       Ans.  — -  of  £l. 

19  *"  19 

15.  What  18  the  differenoe  between  --  of  £l,  and  77  of  a  guinea? 

Ans.  2d. 

16.  Add  together  100^,  l|,  l,  and  7}.  Ans.  110^. 

s 

17.  Find  the  number  which  ezceeds  by  148|  the  difference  between 
195J  and  95H.  Ans.  2478 J. 

18.  Multiply  45 J  by  17|,  and  divide  the  product  by  4j.    Ans.  igOjV 

19.  Divide  2f  of  7Ä  by  ^  of  |  of  18|.  Ans.  3. 

20.  Find  the  value  of  7jx^xl7x|x8tx|.  Ans.  5SJ. 

„    ,  12x11x10x9x8  A„„    „na 

21.  Reduce      „   ^  ^   .\    -  Ans.  79«. 

1x2x3x4x5 

22.  Find  the  value  of  |xl|xl24-H6i.  Ans.  Ij. 

23.  Reduce  %^!j^-  (Comp.  p.  1.)  Ans.  ^J. 

8       41       4 

24.  Reduce  to  simplest  form  H+Qofö7+ejr'  ^^^'  ^i* 


25.  Reduce  f^^l^i'^G'^l+^V*  ^"*' 

26.  Reduce  (fg^l).(3-i)x(i4). 

27.  Reduce -x|l--[  +  ^xgx^.^-j. 


9 

227 


Ans.  7-- . 
57 


Ans.  -j. 
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9B.    Simplify  the  following  peculiar  fractional  forma: 
2 

j,      j,       -2-,       2if_i_.  Ans.  S,   lÄ,  |,  2}f. 

29.     Simplify  -J—  ;  and    ^^— .  (1)    Ans.  — . 

8+ ;  5+-  (8)     Ans.  —- •. 

^     17  151 

5 

2  2  2     2     2 

80.  ^  multiplied  bj  3  signiBes  -  iaken  three  iitnes^  that  i8>  0  +  « '*'  ö  > 

S  o  3     3     3 

2  .3 

what  does  ~  multiplied  by  -  signify  ?     (Art.  129>  and  Camp.  p.  1.) 

81.  If  two-thirds  of  an  estate  be  worth  £220,  what  is  the  value  of 
3 

—  of  the  same  ?  Ans.  £90. 

32.  An  article  which  cost  3s,  6d.  is  sold  for  3s,  10^.;  what  is  that  per 
Cent  profit?     (Comp'  p.  2.)  Ana^  10^\ 

33.  How  much  per  cent  is  14«.  6d.  of£S,  10s,}  Ans.  20f. 

34.  How  muoh  per  cent.  ib  27^  parts  out  of  $6}  Ans.  76iV- 

85,  A  Shilling  weighs  3dwts.  l^grs.  of  which  8  parts  out  of  40  are 
alloy,  and  the  rest  pure  silver.  How  much  per  cent.  is  there  of  alloy^  and 
what  weight  of  pure  silver?     (Comp,  p.  2.) 

(1)  Ans.  7i  per  cent;    (2)  Ans.  3  dwts.  8}J  grs. 

36.  The  length  of  —^  of  the  Earth's  circumference  is  69^  miles 
nearly;  what  is  the  Earth's  diameter^  assuming  that  the  diameter  of  a 
circle  is  —  of  its  circumference?  Ans.  7908}^}  miles. 

37.  There  are  five  numbers«  of  which  the  first  two  are  2j^,  3^^;  and 
each  number  exceeds  the  preceding  one  by  the  same  fraction;  find  the 
numbers^  and  the  sam  of  thero. 

(1)  Ans.  2ä,  3A,  4A,  4**,  5f.    (2)  Ans.  20^»^. 

7 

35.  What  is  the  sum  ^  of  which  is  5s,  Sd.}  Ans.  Ss,  Sd, 

8 
39,     Divide  -  into  two  parts,  so  that  one  is  greater  than  the  other 

4  59        19 

by   -.    (Comp.  p.  8.)  Ans.  ^ ,  —  . 
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DECIMAL  FRACTIONS. 

1.  Reduce  to  vulgär  fractions  0*375,  0*8125,  4'075,  0*0064. 

.        3  13  ^  4 

2.  What  is  0003  of  0-27  of  90 ?  An«-  0-0729. 

3.  Divide 0  27 by  0003 ;  0-06 by  60 ;  600 by  006 ;  and  0-006 by 6oa 
(1)  Ans.  90.     (2)  Ans-  0001.     (3)  Ans.  10000.     (4)  Ans.  OKXXX)!. 

4.  Reduce  to  their  equivalent  decimals  -- ,    — —,  -—- ,    ^^^  - 

^  25'   800'    128       256 

Ans.  008,     000125,     00078125,     15-625. 

5.  Find  the  value  in  Shillings  and  pence  of  £0'972l6.    Ans- 19«.  5\d, 

6.  Reduce  to  vulgär  fractions  0*8333...,  4*041666...,  009009009..- 

5  10 

(1)  Ans.  g;     (2)  Ans.  4j"t;    (3)  Ans.  -— • 

7.  Add  together  2^,  72g,  316^,  and  2*875.  Ans.  394. 

8.  Add  together  Ijf ,  |  of  |i,  -^,  and  0-6666...  Ans.  6. 

o         34      5^ 

9.  What  decimal  of  a  Square  mile  is  one  acre  ?  Ans.  0  0015625. 

10.  What  decimal  of  a  year  is  1  second?  Ans.  0-0000000317* 

11.  Divide  0-454545...  by  0121212...  Ans.  3*75. 

12.  Find  the  decimal  which  does   not  differ  from  — ^  by  the  ten* 
thousandth  part  of  an  unit  Ans.  3*1415. 

13.  Shew  that  3  + « 3*14159  nearly. 

7+16 

14.  Divide  2^+^  by  3^--;  and  express  the  result  in  a  decimal 
form.  Ans.  0790123. 

15.  Extract  the  Square  root  of  1|  to  4  places  of  decimals;  and  the 
cube-root  of  3f  to  two  places.  (1)  Ans.  1*1726.     (2)  Ans.  1*56. 

16.  Find  —jr:  correct  to  7  places  of  decimals:  and  .  / to  two 

Js  V  0012 

places.     {Comp.  p.  3.)  (1)  Ans.  0*5773503.     (2)  Ans.  20-49. 

S        5  14 

17.  Express  in  a  decimal  form  2  +  -  +  —— -f  .        Ans.  2*6057. 


(S)   I6x{l 
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18.  Reduce  the  following  expressions  to  simple  decimals  havlng  7 
dedmal  places: 

(1)  s'<{6i+2i-S}.  (1)  Ans.  3-0833333. 

^^^      ^"{5  ■^I4"^54'"^f  F  +  -  •  •}  •  ^^>  ^"^  0-6931478. 

(S)      8x/l + ixi  +  |xi  +  1x1  +  &c| .  (S)  Ans.  0-4054650. 

19.  Express  the  following  in  decimals  of  4  places: 

(1)  -  +  -^+— ^  +  -^.  (1)  Ans.  0-5490. 

^  ^  2     3x2'     5x2*     7x2^  ^  ^ 

5-K?-^5i^""7^+^-2-59-     (C'amp.p.4.) 

(2)  Ans.  3-1416. 

20.  Express  a  degree  {69^  miles)  in  metres^  32  metres  being  equal 
to  35  yards  nearly.     {Comp.  p.  4.)  Ans.  111835-42857. 

21.  The  true  length  of  a  year  is  365*24224  days.  Find  what  the 
error  amounts  to  by  the  common  reckoning  in  4  centuries.     {Comp,  p.  4.) 

Ans.  0-104  days. 

22.  A  Square  inch  plate  of  metal  of  0'05  inches  thickness  is  drawn  into 
a  wire  of  uniform  thickness  50  feet  long :  find  the  thickness  of  the  wire. 
{Comp,  p.  5.)  Ans.  Section  of  wire  ==0*0000833...  of  a  Square  inch. 

23.  A  quadrant  of  the  meridian  in  French  metres  is  10000565*278, 
and  1  metre«39*37079  English  inches:  required  the  length  of  the  quad- 
rant in  English  feet.  Ans.  32810846*2868. 

24.  The  number  of  degrees  in  an  arc  of  a  circle  which  is  equal  to 
the  radius  is  57*29578  :  required  the  number  of  seconds  in  the  same. 

Ans.  206264*8. 

25.  Given  that^r-T^ — ,.  ,    ^ — =1-0657654,   and  that  the  equatoreal 

1  English  foot 

and  polar  radii  of  the  Earth  are  respectively  3271953*854  and  3261072*9 
loises,  each  ioise  being  6  French  feet :  find  the  Earth's  equatoreal  and  polar 
radii  in  English  feet  Ans.  20922811  and  20853232. 

26.  The  length  of  the  pendulum  which  vibrates  seconds  in  the  lati- 
tude  of  Greenwich  is  39*1393  inches,  and  the  acceleration  of  gravity  is 
measured  by  the  product  of  (length  of  seconds  pendulum)x(3-1415927)': 
required  the  expression  for  the  acceleration  of  gravity  in  feet. 

Ans.  32*1908. 

27.  Two  distances  are  measured  in  inches,  and  are  known  to  be  cor- 
rect  within  a  quarter  of  a  hundredth  of  an  inch  each  way,  being  11*87  and 
9'95,  How  far  can  their  produci  be  depended  upon  for  accuracy  ?  (Comp.) 
p.  5.)  Ans.  Only  in  its  integral  part. 
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ALGEBRA. 


NOTATION,  &c. 

1.  Wh  AT  is  the  difference  between  3+a,  and  3a,  when  a^Sl 

An«.  7- 

2.  What  is  tlie  difference  between  3a+jr,  and  Sax,  when  a=2«  and 
jr=3?  Ans.  9. 

3.  How  many  /erm«  are  there  in  Sa:  and  in  3+a} 

(l)  Ans.  1.    (2)  Ans.  2. 

4.  How  many  terms  are  there  in  each  of  the  following  quantities  ? 
(1)  a+bx-cf^,        (i)  abcxy,  (3)  Qa-Sb+^axxtnnp. 

(1)  Ans.  3.  (2)  Ans.  1.        (3)  Ans.  3. 

5.  What  are  the  coefficienis  of  a  and  «  in  na+jr? 

(1)  Ans.  «.     (2)  Ans.  1. 

6.  What  i$  the  coffficienl  of  or  in  xy^  and  of  a  in  2ajr? 

(1)  Ans.  y.     (2)  Ans.  «or. 

7.  What  is  the  difference  between  3a,  and  o*,  when  a=:S?     An«.  18. 

8.  What  are  the  simple  Jadors  oi2ab(a-^b)  ?  Ans.  2,  «,  6,  a+ft. 

9.  What  are  the  simple  faciors  of  »i(a  +  6)(c-rf).> 

Ans.  w,  a+&,  c-J. 

10.  Shew  that  -— «j»,  when  4f=l,  or  2,  or  3,  or  any  nuinber« 

X 

11.  Find  the  value  of — t-,  when  a=*- ,  when  4»-.  Ans.  Q, 

a—jb  2  5 

-_,    -  ax-\-bv       1  « 

12.  Find -7 — ^,  when  a=5,  o  =  3,  ar=7,  ^-/».  Ans.  5. 

ö-i-X 

3         3  1 

13.  Find  the  value  of  ,  t--+  ; — ,  when  j:=-  .  Ans.  8. 

14.  Find-^^ j — ,  when  a »3,  b=5,  c=2,  ar=G.  Ans.  7. 

ux^  a  ^c 

15.  Find  a:'-2j;y*+^-13,  when  ar-2,  and  ^=-3.  Ans.  -44. 

16.  Find  the  value  of  — -  + — --2. — -,  when  x=5.  Ans,  0. 

x+l     x-3        x-2 
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17.  Shew  that  -^  +^ -^  +  -j_=2Sj,  if  ««19. 

18.  Find  the  vtlu/e  of  -r-ri»  when  a«S,  aud  ä»-2.  Ans.  — . 

19.  Find  tbe  value  of — j./- — ,  whenar=-.,  and  v=-*      Ans.  0. 

y    V  1-^  4'  ^5 

20.  Find  the  value  of  SjWTsx-  ^J95f^5x,  when  x=6J.      Ans.  41 . 

21.  Find  the  value  of      / ^^x-h-  J^^-Ja-^x,  when  ar=— . 


Ans.   0. 


22.     Find  the  value  of  ^-^^i?  n--,.^,  when  a=-4,  and  6 =-3. 


Ans.  -—- . 
22 


23.     Find  the  value  of  Sa'6  + +aAc+-— -  +  t5+       " 


c  ■         3      &•    fl*+6*+c** 

when  a*#,  6=3,  c»»2,  Ans.  ISg/rVV- 

ADDITION  AND   SUBTRACTION. 

1.  Add  togcther  3j:*-5ar+l,  7aj*+2jr-4,  and -jr'-;- 4a? +13. 

Ans.  9«'-7j^+10. 

2.  Add  together  a-Sb+Sc^d,  and  a4-36+3c+£/.  Ans,  2a-¥6c. 

3.  Add  together  a+&+(?-(/,  a-^b+[d-c,  a+c+(/-&,  and  fi+c+cf-a. 

Ans.  2a+2i+2^r+2(/. 

4.  A^d  together  :^^2ax\a^9^  a^+Sas^,  and  2a*-a^-aV« 

Ans.  2«'+2fl*. 

5.  Add  together  Sax^Jby+cz,  axid  ax+2by-cz.         Ans.  6ax-5by. 

ö.    Add  together  8a*-2<i+«,  66*-5fl&+5c"-36<?,  a*+2&*+a+2, 
and  2rt6+3Äc 4  3c*.  Ans.  9a*-fl+84'-3fl6+8c*+4. 

7.  Add  together  4a'^-4ffiy*2a£'+2^,  and  a*^+A&y+a6'-i\ 

Ans.  Ba^y^Saby-ab'^-b*, 

8.  Add  together  a*+&*+c*+rf*,  a6-2a'+flc-2c'+a^-2rf', 
if-3ab+bFSaC'¥c^-3ad^  and  2fl6-fl+2ÄC-Ä+2Ärf-c. 

Ans.  a^+i'*+c'+6*-a*-c*-d*-ö-6-c. 

24—2 
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9.    Add  togethcr  5ab^-^^a!'b,  and  la^-Wft.        Ans.  ^a5«-  ^a«& 

O  ö  3  5 

la    Add  together  g^-gi+j^*  i*"5      s^>  •"^  3^"*"4      2^' 

.        13      17.     11 
Ans.  — -fl— 3r-o  +  —  c. 
12      60      «0 

11.    Add  togethcr  «•-Sfli-i^Ä«,  25«~ft»+c',  fl*~y+Ä», 

21  0  S 

and2ai--6*.  Ans.  a*+*'+c*. 

!£•    Add  togethcr  «"-6"+ S«',  2a"- 36"-«',  and  a"+4&'-«*. 

Ans.  ^d^+aiK— «•. 

13.  Add  togethcr  2 (a+()-l-c,  2(a-l-i+c)4-d^  and  2(a+6+c+d)+^* 

Ans..  6(a4-6)+5c+3<f+e. 

14.  Add  together  (ö+7)«*-*y"*  *»d  (6-7K-7/. 

Ans.  («+*)«»- (Ä+7)y. 

15.  Add  together  ox-^jf,  «+y,  and  (a*l)«— (i+l)y. 

Ans.  2a»— 2iy. 

16.  Add  together  2(a+6)jy,  3(a-26)4y,  and  4(2a-i)xy*. 

Ans.  (13a-8i>ry*. 

17.  Add  together  ar+Sbr-gaC+lbr.  Ans.  (lOi- 8a)f. 


18.  Add  together  l-(l-l-x),  2»-(3-5»),  and  2-(-4+5d;). 

Ans.  4+«. 

19.  From  6a-6-c  take  a-6+2c.  Ans.  5a— 3c. 

20.  From  8a-t-«-5i-5c  take  jr+26-5c.  Ans.   8a— 76. 

21.  From  7«'-2»+4  take  2j:'4-3x-1.  Ans.  5ji^^5»-^5. 

22.  From  8ary-7«*-«-y  take  7*y+«*+«+y. 

Ans.   »y-84c*-2x— 2jr. 

23.  From  4a"+2«'-««  take  a*-6'+3«'  and  2arsb*'SF. 

Ans.  a"+46"— «•. 

24.  From  a+4  take  x""©*  •^'**-  o"*"  o"' 
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25.  Prom  -—  take  ~ö~;  «nd  5(0 +&)  from  a-S. 

(1)  Ans.  h.       (2)  Ans.  |- j. 

26.  From  2(a+i)-3(c-(0  ^^  a+i-4(c-iQ.  Ans.  a+i+c-cf. 
27-    From  (fl+6)«+(&+c)y  take  (fl-Ä)x-(6-c)^.         Ans.  26(x+y). 

28.  From  (a*+6c)x»-(a«-06«  take  bci^-{a*''b^bx. 

Ans.  aV-(b''-cF)bx. 

29.  From  j^-€U^+hx-c  take  x^-px^+qx^r. 

Ans.  (p-fl)«*-(g-J)«+r-(?. 

SO.     From  a-«-(«-2a)+2a-«  take  Ä-2x-(2a-«)+(«-2a). 

Ans.   8a- Sj;. 

31.    Simplify  the  following  quantities: 

a-{6-(26+x)}+{&-(«-26)}.  Ans.  a+4*. 

a— (ft-c)-(a— c)+c— (a-Ä).  Ans.  3c-a. 

ö-{fl+5-[[fl+J+c-(a+&+c+rf)]}.  Ans.  ^h-^d. 

a+6-(2a-3ft)-(5a+7ft)-(-lSa+2&).  Ans.   7^-56. 

MULTIPLICATION. 

1.  MuLTiPLT  Sa^h  by  2ac,  and  the  product  by  -56.    Ans.  SOnfVc. 

2.  Multiply  a-i-2jr— Sx*  by  -m.  Ans.  Sm^f-^^mx—ma. 
S.    Multiply  4a*-Sac-¥2  by  5ax.                 Ans.  20a'x-15a'cx4-10ax. 

4.  Multiply   5a-2fl6+10  by  -9a6.  Ans.  -45a'6+18ö*6*-90a6. 

5.  Multiply  2x+3y  by  2x-3y.  Ans.  4x'-9y. 

6.  Multiply  4a*-6a4-9  by  2fl  +  3.  Ans.   8a*+27. 

7.  Multiply  a*+a»6+a'6*+a6»+Ä*  by  a-Ä.  Ans.  a*-6*. 

8.  Multiply  2a+bc-2b*  by  2fl-Äc+26*. 

Ans.  4a'-i»c"+4Ä'c-4J*. 

9.  Multiply  ö»+3a*6+Sfl6*+Ä»  by  a^-Za^h^-Sab^-h*. 

Ans.  a«-Sa*6*+ 3fl«6*-Ä*. 

10.  Multiply  «*-2flx»+4aV-8a'x+l6a*  by  2a+x. 

Ans.  S2fl*+x*. 

11.  Multiply  4ai-2ac  by  Gah^Sac.  Ans.  ^^afb^-SaV. 
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12.  Multiply  a-b+c-d  by  a-k-b-^c-d.    Ans.  a*-6'-c*+<P-2flrf+26c. 

1 3.  Multiply  a  +  6a?  by  a + ex.  An«.  a'+(ab + ac)« + ic«*. 

14.  Multiply  x^-ax^+hx^c  by  «*— /ix+g. 

Ans.  «•-(a+|>)**+(6+flp+g)**-((?+6p+a9)«*+(6g+c/i)«-5C. 

15.  Find  the  product  of  («-«)(«- 6)(ar-c). 

Ans.  «'-(a-i-6+c)«'+(ai+ii(?+ic)jr-ii6c. 

16.  Find  the  product  of  (ar-10)(«+l)(«+4).     Ans.  4p»-5j:*-46j:-40. 

17.  Find  the  product  of  (dr-5)(«+6)(«-7)(*+8). 

Ans.  x^+Soi^-SSÄ'-S&t+iesO. 

18.  Find  the  continued  product  of  x+l^  x+2,  x+S^  and  «-I-4. 

Ans.  «*+10»'+SÄr"+50x+24. 

19.  Multiply  o'+fluc+Jr*  by  a*-ax+x\  Ans.  o*+aV+4p'. 

20.  Find    the    continued   product  of   x-a^    x-^a,   x^—ax+a*^    and 

«•+a«4a*.  Ans.  «'-a*. 

21.  Multiply  1+rfl+ö^  by  l-s<»+o*'  A"*«-  l-7^'+ö^+;^**' 

2        o  2        o  *         ö        9 

12  1  1         II         7       4 

22.  Multiply  0?'-"«+^   by  ^«+2.  ^^*' s'^"*""g'*''*'Q*^S' 

23.  Multiply  «•-«"*  by  ar-j?""*.  Ans.  j:*+jr"*- *'-«-*. 

24.  Multiply  (l+a)a*^+y+fly  by  a'-y.  Ans.  (1+aM^^-y)- 

4'         31  9913«  11 

25.  Multiply  a*+aV+aV+aV+j?  by  a*-**.  Ans.  a-«. 

26.  Multiply  x-¥2ifh23^  by  «-2^^+32^. 

Ans.  jr'-4^+6x«i+9Ä^. 

27.  Multiply  fl^-2a'64+4aW-8a6+l6fl^P-326^  by  ai+26*. 

Ans.  a'-«4Ä'. 

28.  Multiply  3aiÄS+5a*6S  by  Sa^bi^Sa^b^.  Ans.  9a^-25fl'6^ 

29.  Multiply  a*-*"ft''^V  by  a*^'6-'c-*.  Ans.  a^b^*c\ 

30.  Multiply  a'"-2c"  by  a*^''C\  Ans.  o*"-3a"'c*4  2c*". 

31.  Multiply  ö"-»A-a-«6»+fl6«-»  by  «/>.  Ans.  a"Ä*-a"-'6»+a«6". 

32.  Multiply  a:-^+ rtx-«'- a V  by  «"a^  Ans.  fl-jr^+a"^^«-*-«"**. 

83.     Find  the  continued  pioduct  of  «"»'A'-'xc'^f  xä'-^4»»+^xc*-'<?'. 

Ans.  a"^*6"*'c"*'d**'. 
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34.  Find  the  coefficient  of  ^  in  the  product  of  x'-^tu^+ba^-  cx+d  and 

jf'+jMT+g.    (Camp.  p.  6.)  Ans.  b-^ap+q. 

35.  Mukiply  (2*-c)a*-(46*-2Ac+c>+86*-46V  by  (26+<?)a. 

Ans.  (4//-Oa»-(86*+cV+(l66'-4*'c>- 

36.  Möltiply  o^^-»>^-4<*-»Jp  by  «'-6'.  Ans.  fl"-o«4^«-^»'-6'«''-''«+6«. 

37.  Multiply  l+x*+^«'+7«*+ by  !--«+ -«'--«*+... 

2        9         4  o        o         § 

.         ,1        11    .     121     .. 
Ans.  l+ga:+-*>+-g^ *>+... 

38.  Simplify  g{4r(«+l)(«+2)+jr(ar-l)(j:-2)}  +  |(«-l)j<ar+l). 

{Camp.  p.  6.)  Ans.  jt'. 

39.  Prove     that     (a-6)(jr-fl)(jf-6)  +  (i- {?)(*- ft)(«-c)+(c-aX«-c) 

(or-a)  is  equal  to  (a-b)(b~c)(a-c).    {Comp.  p.  6.) 

40.  Find  the  difference  between  a(6+c)'+Ä(a+c)*+c(a  +  6)'  and 

(fl+6Xa-.cX*-c)+(Ä-6)(a-c)(6  +  c)-(fl-6)(6-c)(a+c). 
{Camp.  p.  7*)  Apa.  12aic. 


DIVISION. 

1.  Di  V  IDE  30a*6*c  by  5abc;  and  ^ac^x^  by  -ää*. 

(l)  Ans.  6ä'6.    (2)  Ans.  c^x. 

2.  Divide  2fl6+6fl4c-8fl6crf  by  Sab;  Ans.  l+Sc-4c£/. 

5jry+20«'y-45aÄry  by  5xy;  Ans.  l4-4jr~9a. 

-9fl*6c-12ö6'c+15fl4c'  by  -3a6c.  Ans.  3a+46-5c. 

3.  Divide  2fl'+a-6  by  2fl-3.  Ans.  a+2. 

4.  Divide  a'+6»  by  fl+6.  Ans.  a*-a'6+rW-o4'+4^ 

5.  Divide  a*+4**  by  a'-2fl6  +  2ft*.  Ans.  a»+2fl6+24'. 

6.  Divide  a:'-2aV+a«  by  j:'-2aa:+a^ 

Ans.  .r*+2fl*'+SaV+2a'a:+a\ 

7.  Divide  jr*-a'  by  j:^+2fl*'+2a'j:+a\  Ans.  a:'-2fl«'+2a'j:-n\ 

8.  Divide  a'+6'+c'-3a6c  by  a-^b-^c. 

Ans.  a^-vV-^-if-^ab-ac^bc, 

9.  Divide  th'+^mp-n^-Qnq+p^-'q^  by  m-n+p-q. 

Ans.  »i-fw+p+j, 

10.     Divide  1+2*  by  l-3x.  Ans.  1+ 5a? +15«*+ 45«'+... 
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11.  Divide  a*-81  by  a-S.  Ans.  df+Sa*+9a+27- 

12.  Divide  64-a'  by  2-a.  Ans.  S2+l6ö+8ji"+4a'+2a*+«». 

13.  Divide  552a''b*xyz  by  IS^aVa^yz.  Ana.  Sa*«^*. 

14.  Divide  llSa'-ft-c^^^'^»  by  -69fl"6"c^«rf.  Ans.  «lö^-cfiP-*. 

15.  Divide  a+6  by  lJa-\-lß.  Ans.  a'-a^Ä^+Ä*. 

16.  Divide  4f***+xy+«"'^"'+y*^  by  j?"+^'".  Ans.  «^+^. 

17.  Divide  a'^-Sa^c^+Sc'"  by  ä^-c".  Ans.  oT-Zif. 

18.  Divide  fl«*-(fl'+i)j:'+6*  by  ajp-ft.  Ans.     a^-ax—h. 

19.  Divide  :^-apx^-¥a*px-a^  by  «-a.  Ans.  «•-a|>«+fl«+a*. 

20.  Divide  df'-/M:Vgj:*-gj:'+f?j:-l  by  «-1. 

Ans.  ar*-(p-l)j:*+(g-/?+l)x*-(|>-l)«+l. 

21.  Divide  »ipx"+(mqr-iip)ar'-(mr+ng)jf+nr  by  mx— it. 

Ans.  pji^+qx^r. 

22.  Divide  «■-2flaj*+(fl'-Ä6-ft*)j:+fl'6+aÄ'  by  «-a-Ä. 

Ans.  JJ*— (fl-6)jr— aJ. 

23.  Divide  («'-l)a»-(«»+j:«-2)a*+(4x*+Sx+2)fl~S(«+l)  by 

(j:-l)a*-(j?-l)a+S.  Ans.  (jr*+ar+l)a-(x+l). 

24.  Divide  ar(«-l)a*+(af*+2«-2)a*+(Sir"-a!')a-«*  by  a'j:+2a-«*. 

Ans.  («— l)a+«*. 

25.  Divide  a:*+jr*-**-jr*  by  *-ar*.  Ans.  «■-jt*. 

26.  Divide  -2a-*«»-17a~**'-5«^-24aV  by  2Ä-V-Sflar*. 

Ans.  -a~*«V7fl"V+8aV. 

27.  Divide  (2x-^)V-(a:+^)'aV+(«+j^)2ÄX*-«'  by 

(2jr-^)a'-(x+^)ax+j:'.  Ans.  (2x-^)fl*+(x+^)ax— x*. 

28.  Divide  (Sc-66)a'-(c«-46>+c»-66c'+126V-86«  by  c-26. 

Ans.  3a*-(c+2&)a+c*-4&c+46*. 

29.  Divide  i-6a*+27a*  by  i  +  2a+3fl*.  Ans.  l-6a+9a*. 

3  3 

30.  Divide  «*-t*'+-^^'-7:«  by  x'-^x.  Ans.  x'-^x+l. 

4  o  2  3!  4 

«,      T..  -j     Sx»    ^  ^    77**     43x«     33x    ^^  ,      g^       ^^ 

31.  Divide  — — 4x*+-- T-+27  by  — -x+S. 

4  o  4  4  X 

Ans.  -^ — 5x*+2+9. 
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82.    Dmde--  — +— -— +6by-g— g-+l.    Aii«.---+6. 

SS.    Divide  |«**-  ^  «i^**+ 1  aVt-Ji  «»*•-«•  by  |  a»-  ^o^x*  i«». 

Ans.    -ÄX-2«'. 

34.    Divide  ^a«.la^la^4a4ai-^^  by  T^-fVi 

Ans.  ^^^IJi^-iß. 

S5.    Divide  ;t*-y*  by  «i-y*.  Ans.  «+ar*^^+y. 

36.     Divide  a-6  by  t^a-^iß.  Ans.  <r-l-aM+a^i^+ii* 


37.  Divide  a*'^ft"^c-a*''**^*6*-'(f+flrft-*c^+a*^6^^c"-a*^'^'6»c**-* 

+j^ic«4^i  |,y  a-^6-^*+6<f->.        Ans.  a*^5*^*c-a**»^V<f+J'c-. 

38.  Divide  jf^l  by  x*-!,  and  write  down  the  last  three  terms  of 
the  quotient  Ans.  ji^'^>'+J'^+af^-^+. .  .«*»+*•+ 1. 

N.B.  Sioce  the  Product  of  two  quantitief-^Multiplicands  Multiplier,  or  Prodaet 
-^  Multiplier  sMultiplicand,  each  Ezmmple  in  Multiplication  with  its  Answer  luppli  :f 
tvfo  oiherM  in  DiTiiion.  Also,  since  Dividend -r  Quotient  sDiyisor,  or  Diriior  x  Quotient 
B  Dividend,  each  Ezmmple  in  Division  with  it«  Aniwer  luppliet  tvfo  oihers^  one  in  Divi- 
fion,  the  other  in  Multiplication. 


GREATEST  COMMON  MEASURE. 

1 .  Find  the  Greatest  Common  Measure  of  Safi^y  and  6cfhx.  Ans.  Sa'x. 

2.  Find  the  o.cm.  of  ajr+«*  and  abc-¥bcx.  Ans.  a+x. 

3.  i^^ind  the  o.cm.  of  fl^+ad-l2i"  and  cf-Sab+ßi^.  Ans.  aSb. 

4.  Find  the  o.cm.  of  6a*+7ax-Sx*  and  6a"+l  lax+Sa^. 

Ans.  2a-¥Sx. 

5.  Find  the  o.cm.  of  j^+aV+a*  and  «*+««■- a*jp-/i*. 

Ans.    a^+ax+a', 

6.  Find  the  o.cm.  cf  3j:'+16x-35  and  5j^+33x-14.         Ans.  x+7. 

7.  Find  the  o.cm.  of  34P*+14x"i-9ar+2  and  2x^+9«*+14«+3. 

Ans.  x*+5x-i'l. 
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8.  Find  the  o.cM.  of  20x*+*'-l  and  2f5a:*+5a:*-«-l.     Aue.  Sj^-I. 

9.  Find  the  o.c.m.  of  Ca*- 60'^+ ««y-sy  and  12a*-I5«jf+3jf». 

Ans.    a-^. 

10.  Find  the  g.cm.  of  48x*+l6jr-15  and  Sijj'-ggjt'+l 7*- 5. 

Ans.  12X-5. 

11.  Find  the  G.C.M.  of  fo*-4a*-il«'-3a?'-3x-l  and 

44:*+24?'-18j«+3jrr-5.  Ans.  2a!*-4a;*+Är-l. 

12.  Find  the  o.c.m.  of  j:*+fl*'-.9aV+na*j:-4a*  and 

4?*-fl«'-SflV+5a*j:-2a*.  Ans.  (*-«)'. 

13.  Find  the  o.c.m.  of  d?*-pj;'+(7-I)i'+/Mr-9  and 

jc*-qrx'+(p-l)**+ga?-p.  Ans.  jt'-l. 

14.  Find  the  6.C.H.  of  3«'-(4a4-26)j;+2a6+a'  and 

«■-(2fl+^>r'+(2a&+a')ar-fl*6.  Ans.  x-a. 

15.  Find  the  o.c.m.  of  2ar'+(2a+3fty+(26+3Ä6)j?+36"  and 

2x'+(2c+SA)*+3ftc.  Ans.  2x+36. 

16.  Find  the  o.cm.  of  «•~2j:-3,  *'-7«+12,  and  «"-«-ö. 

Ans.  «—3. 

17.  Find  the  o.cm.  of  Ä*+ßjf+4,  4?'+2*-8,  and  Ä'4  7Jf+12. 

Ans.  x-f  4. 

18.  Find  the  g.cm.  of  15rt^+10ft^6+4aV+6a6'-36*  and 

6a»+19a»6  +  8aÄ'-56'.  Ans.  3a»+2ö6-6'. 

19.  Find  the  o.c.m.  of  fl5+2a'-36'-4ic-flc-c'  and 

9ac+2«'-5a&+4c'+84c-126".  Ans.  2a+3*  +  c. 

20.  Find  the  o.c.m.  of  qni}^+3np'q*^2npq^--2nq*  and 

2mp*^^^mp*-mp\+3mpq^.  Ans.  p-7. 

21.  Find  the  g.cm.  of  ar''+4j;*-3.t?*-l6a:^+llx'+12a;-9  and 

6d?'+2ac^-l2d:'-48a;'+224r+12.  Ans.  j:'+j?'-5x+3. 

22.  Find  the  o.c.m.  of  a*-h2b'-h{a+üb)Jäb  and 

a*-l^-^{a-h)Jab,     {Comp,  j},  7')  Ans,  Ja -i-Jb, 

X*     llx   / X     1 

^3.     Find  the  o.c.m,  of  —  + -^V'=^+1-Jr-1  and   ^'-"i-l'       {Comp, 

Ans.  a--Jx-^l. 
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24.  Find  the  g.cm.  of  (t-c)Ä*+(2a6*2ac)«+a*6-a'c  and 

(ab^ac-¥V'-'bc)»-¥a*C'¥aV-a*h—ahc.  Ans.  6-c. 

25.  Find  the  g.cm.  of  «V+a*-2fl&r'+6V+a»6*-2fl*J  and 

2« V-  5ä***+  8rt*-  26 V+  50^6 V-  Sa%\    (Comp.  p.  8.) 

Ans.  (a-6)(«+a). 

26.  Find  the  g.cm.  of 

2(y'-2y-^+2)j:'+S(y»-iy-(2y-y-2^+0  and 
S(y'-4y+%-2y+7(5f'-2y +l>c-*(Sjf>-  5y+y+l).    (Comp.  p.  9.) 

Ans,  ay-x-jr+l. 

27.  Find  the  vahie  of  y  which  will  make 

2(y+yy+(llj-2>r+4  and 

2(^*+y)«*+(njf'-2y)Bt'+(ji*4%f)r+5y-l  have  a  loimnon  mea- 
sure.    (Camp,  p.  9.)  Ans.  ^»5. 

28.  Find  tbe  g.cm.  of  6ajr»-(5a6«-54Ä-2U*+2I6*+189, 

6ax'+6aÄ-21«»-210,  and  6fl6M2a-2l4*+42.    (Comp.  p.  9-) 

Ans.  6a-2l. 

29.  Find  tbe  g.cm.  of  6aV+4a4f*-10fljy-3a*jy-2ÄV+^y* 

10aV-2fljr'^-6£M'y-5flJ'^+«y+sy,  and 
-4fl«*-6a*6jfy+2Ä6V^-2aÄx+2*y+3aÄy*-6'ay+6y.        (Comp, 
p.  10.)  Ans.  ^-2ax. 

30.  If  a:+a  be  the  g.cm.   of  «■+px+g,  and  «*+p'«+g',  shew  that 

fl  =  ^— ^> .     (Comp.  p.  1 0.) 

31.  Shew  that  x'+ 747+1,  and  jc^+px'+^x+l  have  a  common  factor  of 

the  form  «+a,  when  (p-iy-9(p-l)+l«0.     (Comp.  p.  11.) 

N.B.  Since  each  proposed  quantity  is  divisible  without  remainder  by  the  g.cm. 
cach  Example  in  Greatest  Common  Measure  with  its  Answer  suppliea  tw9  or  nfore  JBzam- 
pleii  in  Division. 

LEAST  COMMON  MULTIPLE. 

1.  Find  the  Least  Common  Multiple  of  Sä*,  12a^  and  20a\ 

Ans.  ]20a^ 

2.  Find  the  l.cm.  of  I-0,  1+fl,  and  1-a*.  Ans.  l-a*. 

3.  Find  the  l.cm.  of  a'-Ä*  and  a'-«*.  Ans.  a*+a*Ä-a«'-j:*. 

4.  Find  the  l.cm.  of  24:-l,  4j:"-1,  and  4r"+l.  Ans.  16V-1* 

5.  Find  the  l.cm.  of  «*+5jr+4,  i*+2ir-8,   and    jr^+Tx+lS. 

Ans.  jr'+6x'+3.r»-26x-24. 

6.  Find  the  l.cm.  of  a'-^b\  aV 6',  (a-by^  (a-^bf,  a^-h\  and  a'+fi». 

Ans.  a^«-«°^'-ar+6^^ 
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7.  Find  the  l.cm.  of  «-1,  «■— 1,  «-2,  and  «"-i.    Ans.  **— 5«*+4. 

8.  Find  the  l.c.m.  of  4(1-«)*,  8(l-ar),  8(1+«),  and  4(l+«*> 

Ans.  8(1-«)(1-4P*). 

9.  Find  the  L.C.M.  of  öx'-llÄ'+Sjr-S,  and  pi'-gjB'+^aj-g. 

Ans.  18Jt*-45j:'+S7«*-19«+6. 

10.  Find  the  l.o^.  of  Sdf"-n«-f6,  2«*-7«+S,  and  6j:»-7«+2. 

{Comp.  p.  11.)  Ans.  6a'-25«*+ 2Sx-6. 

11.  Find  the  lx.m.  of  öar'-lSx+e,  12j:*-5jp-2,  and  15«*+2d:-8. 

Ans.  120j:*-1S4«'-129j^+74«+24. 

12.  Find  the  l.cm.  of  ji^-Sä^+Ää-I,  «•-«•-or+l,  «*-2«'+2x-l, 
and  «*-2«^+24r*-2dP+l.    (Comp.  p.  12.) 

Ans.  **-2«*+**-«*+2j?-1. 

18.  Shew  that  if  x-i-c  be  the  o.cm.  of  :^-¥ax-¥b,  and  ^^-^a'x-k-V, 
their  least  com.  mult.  will  be  «•+(a+a'-c)«*+(aa'-c")«+(ö-c)(ö'-c)c. 
{Comp.  p.  12.) 

N.B.  Since  the  Least  Com.  Mult  ii  diTitible  without  remainder  by  each  of  the  pio- 
poted  quantities,  each  Ezample  in  Leait  Common  Multiple  with  iti  Answer  tuppliea  two  or 
more  Ezamplet  in  Division. 

FRACTIONS. 

1.  ADD  together  g^,   -,  and  ~  .  Ans.  —  . 

2.  Add  toffether  -,  7^-,  ^-,  and  7-.  Ans.  -— -  . 

®  X     2x*  Sx*  4«  12« 

8.    Add  together  -t-,  — ,  and  -r-«  Ans.  5—1^ . 

®  ab'  ac^  oc  abc 


4.     Subtract  —r  from  ^;  and  —  from  -.  Ans.  x» 

76  7^  «  «  ö' 


^      o  u- t  2a?-15  ^        2x-8  .^       7 

5.  Subtract  — — —  from  -— — .  Ans.  ---  . 

IIa  IIa  IIa 

6.  Subtract  5^.«-^  from  6x--j-.  Ans.   o*-t  . 

7.  What  is  the  difference  between  — j- ,  and r-  ?     Ans.  a  + — r  . 

8.  What  is  the  difference  between  -^,  and  -g  -  ry?  ^^^  0. 


13. 
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Redttce  the  following  fractional  expressions :-« 

^     S«-l     S4P-5     5  A 

,^     4iii-3ii      m+Sii       2»  A          »• 

10.  ^T^ — N— t^t; — \  +  ^ •  •                               Ans.- — . 

3(1-«)     8(1-«)     1-«  1-« 

11.  — r +  -7—.  Am.  0. 

ab       <ic       bc 

IQ     7X-10    3jr-7     27j?"30  .^  1 

SaMy^2f[-J?Zl+ii^.  An».  ?^^. 

7               3              12  84 

14.  g,(^rf-^>,    «     ,  Ans.-*^. 
c      c(c+<te)     c+o«  c+a« 

&-a  ^_1 

15.  -^^-^;       2x— i+1.  (l)An8.6.    (2)  An«.*. 

1^   1  ,    &• 

10.             ,;                 ^.  (1)  Ans.  — n--      (2)  Ans.  -. 

r   ^.  1           .  IL  L^  ab*        ^  ^           a 
o-l+TT       a+o+-j- 

1                        1  .        _2_  1+iix 

^^*     «-l-(«-l)jr'"«+l+(«+l)x*  ^°*'  «•- r  1-««  • 

a-^bx 


+0** 


,g     a    (a'-y)a:    a(««-y)^  a 

^^-     6          *^"^"^i'(6+a*)-  ^°*-  5 

1   3m+2«_l   8w-2«  .             6mn 

2'Sm-2«"2*3m+2«'  '^   9m*-4n* ' 

20.    — i +-i — ^.  Ans.  -^  . 

81.  _?^+f^t5^.  Ans.  *+*!. 

82.  *(*+y^g)_*(^^^l)(8^^1).    (Comp.  p.  18.)        An..  '-^. 
««        *             1             *+8  An.    £±^ 

*^*   ir4"2(iTi)"«ö^i^'  *-i ' 

„,           S               S               1            1-«  .           l+*+j^ 

84.      77; ^i  +  r7- r+^rr; 1-.,,       ...  Ans. 


4(1-»)*    8(1-«)     8(1+«)     4(1+«*)"  l-«-«**«*' 
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^^          Sa               9a-\-x              5  .  ZOajt-^Mj^ 

25.     > — :;:-r,+  7 r; :r-j -^ •  Ans. 


sa 


(a-2jr)»     (a+jrXa-2*)     a+of'  *  (a+jpX^-2Jf)' ' 
1 1           1^ .  1 


^^'    :?-l"^~iiT"*"i=TT'    (^^'^^P-l^O  Ans.  y+2. 

28. i IT-7 TvT T*    (COWÖ.  p.  13.)  Ans.  TT — j^t r^« 

8  13  5  23  .  a^+i 

29.    W--  ^N - o/./   .  ox ^ 77 — ^ -Tät::-  ix«    A^^- 


5(*-2)     80(x+S)     4(x-l)'     l6(a:-.l)'  *  (*-!)'(*- 2Xj?+ 3)  ' 

1 J^  1 .^ 

(a-^6Xfl-cX*+fl)     (rt-T)(&-c)(i+i)"*"(a-cX*-^)(^+Ö'  "''* 

P.   14.)  Ans.    ; r-z jT-; . 

(a«-a)(a-c)  (ö-aXö--0  (c-/i)(c-ö)       \       r  r        / 

Ans«  </. 

32.  ^^*(a'+&-0+^(*'+^-«')+^(«'-^c'-**).      (Own/J.p.  15.) 

Ans.  2(a+6  +  cr). 

a^^ih^cy     b^'{c-ay     c^-ia^hy       ,^  ,^,  .         , 

33.  7 —  X«  /t  +  /    .\x«     »  +  /iL.    Nt     «'     (Cwwp.  p.  15.)  Ans.   |. 

34.  — T- ,  .  {Comp.  p.  15.) 
a+ X-1+ 


c  4-j: 


(1)  Ans.  -7 .        (2)  Ans.  -- 


35.  Reduce  to  lowest  terms  -  -  ,  and  ^ — ~  .  Ans.  -,  — -? 

3flf*'  3m-3»  3'      3 

36.  Reduce  to  lowest  terms  -^,r-T«  — ^'v»  and  ^    ,^  . — r. 


(0  Ans.  ;^.      (2)  Ans.  ^.      (3)  Ans.  -j^. 
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87.     Rediioe  to  lowest  terms 
,,  and 


.2a'-2/i6 


«rjf-f  jf* 


5a*-5/iÄ*        S6a:-ftr' 


5a 


I8fl6»4P+36V 


«•-*• 


^"*'  5'   36-c'    5p'   "sä"'  '  ^Il^r 


88. 


89. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


Reduce  to  lowest  terms  the  following  fractions  :^ 
a:^+(a+c)jp'{-ac 

ac-^-hy-^-a^f-vhc 


Ans. 


6fl£? +10&c+9a5+j^5^^ 
6?+9cjp-2c^3jr 

fl^-t-  6^4  c'+2/i6  4-  2<ip + 9bc 

4a*-2a'6*-4a'6+8a6»' 

6j*-H  5j>"4jV+103r*yt* 
9j:'^-27a?'yr-6dy2'+18^Ä:^ ' 

!!(?*•+  (ad-i-bc)x-i'bd 

4j?*-12ajf+9a* 
80.3-27«*      ' 

80a'*-'&V^-6g*'^6V<r-^ 
20a-6''-»c«(^-4a-»6V+»    * 


Ans. 


jf4a 
c+.y 


Ans. 


Ans. 


3fl  +  56 
3c-l    ' 

a+6  +  c 


Ans. 


^+.y 


Ans. 


2a(2a»-Ä»)  * 
üa-b 


Ans. 


^M  • 


.        «■    2jr+5v 

Ans.  —. -- 

3y    x-3z 

.        cx-\^d 

Ans.  r 

ax-ü 


Ans. 


a^-bx 


Ans. 


2j?-8a 


4«*+6fl«+9a' 


Ans. 


Ans. 


b^a-k-bx) 

3a"^'b(f^ 
20* 


a'(6»+26c+c")-a'6(26V S6c+c")+ aA»(*.+ c)  ' 


{Comp,  p.  16.) 

fl(6-c),&« 
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52. 


53. 


54. 


55. 


3bcq  +  30mp  -h  1 6bc + 5iitp9 
4äd][^42}5f+24flrf-7/^g  ' 

«-  4-3«*+  4v*-  (jw)*         ,  ^  ,  ^  V 
1 ^.    ^  ^y .     (Comp.  p.  10.) 

j..8-2«i+12^3-.s(xy)i 


Ans. 


Ans. 


a+3& 
6+c 

1+j 
2«+S«^ 


.        S6c+5iiip 
Ans.    .    ^  , — 


4f*  ,     a    X 

1.  MüLTiPLV   a by -+- 

a         X    a 

2.  Multiply    fl + -  by  a + - . 
8.    Multiply    -+6  by  J  +  j. 


4.     Multiply 


211-6 
4a 


by^ 


6a-26 


6«-2fl6  • 


5.  Multiply    or'+jr+l  by  ~,  —  +1. 

6.  Multiply    «+1+-  by  «-!+-. 

X  X 

7.  Multiply   — 7-+ — z  ^Y r— 

'  '^  ^    a+b     a—b     ^    a+c    6  +  i 

8.  Multiply  3^-5  by  **-^- 


} 


Ans. ^. 

X     ar 


Ans.  a*+-a+2. 
a" 

Ans.  a+— +2. 
a 

6- Sä 


Ans. 


2a6  ' 


Ans. 


Ans.  ««+1+-=. 

Ans.  «*+!+- 

(a«-ffe')c 
(fl+6)(fl+cX6+c)  • 

Ans.  Sd:'-26xy+S5^. 


fl-     ab      b' 


9.    Muluply    p-2^+^  by  ^-^^-p. 


10.     Multiply    j,+-^.^-^,  by  ^,.— -+_, 


.        o^    4c'<r     14c*rf*     49c^ 
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11.  Divide    ^by^.  Ans.^. 

2x  2j7  jt  "~*  1 

12.  Divide    «+—-5  by  «-r— ^.  Ans.  -—  . 

13.  Dividc    35^-r^  by   ^^^j^.  An».  -^^-^. 
14-    Divide     «*--i  by  « — .                                  Ans.  «*+-.+«+-. 

15.  Dlvide     a'+-j+fl*+-4+a'+-i+8  by  Ä*+-i+a+-.    Ans,  «•+-5. 

16.  Dmde    3--3.  +  g-  +  ^-^  by  3-5.  An«.  --5+-. 

17.  D.vide    -g^+_^— ^--y+-j--3by--5;andvenfythe 
result  by  multiplication« 

18.  Divide    d-k-x  by  a+x  to  4  terms  of  quotient. 

.        a'    a-a'        a-c!     ,   a^-a'    , 

Ans.  — I •— •* =— .«'+ — T-.dr— ... 

a       a*  fl"  Ä* 

19.  Divide    o"  by  a'+gojr+J?*.  Ans.  1 +— j r+«- 

20.  Divide    a-hx  by  a+c«  to  4  terms. 

Ans.  l-(Ä+c)?+(6+c)^-(6+c)^+... 


1.  Find  the  value  of  (*+-rs)"'"(*"""^\  when  ä=5J.    Ans.  9. 

2.  Find  the  value  of  |-/?^-:?^H+^ ,  when  «-4^. 

Ans.  2f. 

S.    Find  the  value  of  ojr+iy,  when  »^ ^    y  »  *"^  ^"^ao^bi' 

Ans«  c« 
25 
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4»    Find  the  value  of  — r-  +  — r^^  when  «-• — "Ä •   (C«np- P« ^7«) 

Ans.  S. 

a*  6*  a*+6" 

5.  Find  the  vdue  of  j-^-^+^jj^.-^- .  when  *=-^ . 

{Ccmp.  p,  17.)  An«.  -. 

6.  If  two  fractions  are  together  equal  to  1^  shew  that  their  difier« 
ence  is  the  same  as  the  difference  of  their  Squares. 

7.  If  the  difference  of  two  fractions  is  equal  to  ^,  shew  that 

q 

p  tixnes  theur  sum  is  equal  to  q  times  the  difference  of  their  Squares, 

8.  Two  fractions  are  together  equal  to  j- ,  and  the  one  exceeds  the 
other  by  t;  what  are  the  fractions?  Ans.  q(t+ j)>  ^^^  öls^rf)* 

9.  Divide  ^;r  into  two  parts  differing  by  ttt.      Ans.  -t^tt,  -r^r^  . 
^  89  *^  ^    "^  19  3382     3382 


INVOLUTION  AND  EVOLUTION.* 

1.  Find  ihe  Square  and  the  cube  of  3(fb€^.       Ans.  QaVc^j  27a*6V. 

2.  Find  the  square  and  the  cube  of  -aV+y"*, 

(1)  Ans.  ^«•op-ny^.     (2)  Ans.  ^a»«-*^*^. 

3.  Find  the  Square  and  cube  of  each  of  the  following  quantities^  and 
verify  the  results  by  extracting  their  square  and  cube  roots  :— 

2a+3b,        xy-S^        Qax-Bmn,        Qa^-a-Q. 

2       1  4         2  1 

4.  Find  the  square  of  -za~b.  Ans.  5t«'-t<»^+t''- 

5.  Find  the  cube  ofia-%h.  Ans.  ia»-Jri*-s«"*+l«*'- 

Z       o  o        27        S  3 

6.  Find  the  cube  of  l  +  2ar+Sar'+4jr'. 

Ans.  l+6ar+2lJ?"+56jr'+llla?^+174ar"+219**'+204ÄVl44«»+64«». 

*  Each  Examplc  in  Involution  with  its  Answcr  supplics  also  ao  Ezample  in  Evolation, 
and  vice  vertä. 
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7.  Find  the  4f^  power  of  a + bx.    Ans.  a*+  4a*bx + 6fl*6 V+  4ä6 V+ft V. 

8.  Find  the  cube  o^  Ja-^Jh.  Ans.  {a-¥3h)^-(b  +  3a)Jb. 

9.  Find  the  cube  of  Ux-^ljy.  Ans.  «-^-S  J^.(4/5-iJ5)' 

10.  Find  the  cube  of  « — .  Ans.  *'--3-s(« — ^). 

«  ar      \     xj 

11.  Find  the  cube  of  « 1.  Ans.  «•— 3-S«*-S-^+5. 

12.  Find  the  Square  of  a*-a*+l.  Ans.  ai-2a+Sat-2a*+l. 

13.  Find  the  cube  of  -5 .  Ans.  -5 — =+ -r. 

14.  Find  the  cube  of  e'^er'.  Ans.  e»'-r^-S(«'-0- 

15.  Find  the  cube  of  «"-1.  Ans.  x^^3a^-¥3j^-l. 

1 6.  Rnd  the  Square  of  ärb'^ib^^ff.     Ans.  a^6*'-6a"'6*^c'+9J*^c*. 

17.  If  «+--|i,  prove  that  «'+-j«|i'-Sp. 

18.  Find  the  Square  of  l--dP+-df*--«*+-«*-&c. 

X       S        4        5 

Ans.  l-j:+--dr— -s-dr+... 
Iz        o 

''"Ts'*'T5~**7*\    Ti"*"!!""''')  ^«equaltoi. 

(ßomp.  p.  17.) 

20.  Find  the  Square  root  of  9a*6*r",  and  of  l6a?*^ör*. 

Ans.  5a*6cr*,  iar^'^'a"'. 

21.  Find  the  tquare  root  of  44:M24^+25d^-24d;+l6. 

Ans.  2j:*-Sjf+4. 

22.  Find  the  Square  root  of  9a*-12fl'6+S4.a»Ä'-20fl6»+256*. 

Ans.  Sa*-2a*+56'. 

23.  Find  the  Square  root  ef  «•+4«'+10«*+20;t«+25j:'+24ar+l6. 

Ans.  a;*+2jf*+3x+4. 

S.r*  Ä   1  1 

24.  Find  the  Square  root  of  «^-2**+—  -  p  "*"  7ß  •   ^"®'  **"•*"*•  7  • 

25—2 
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25.    Find  the  Square  root  of  — : —  +  — -— .  Ans. —  . 

26»    Find  the  Square  root  of  45*+  —  +  —  +  -ox  —-ah-bx* 

^  9     ^     S        3 

Ans.  jr+-a— -Ä. 

27.  Find  the  Square  root  of  l^ii^-^-l^+9+49a^. 

25  5         5 

Ans.  7«*-^  +  ^- 
o 

28.  Find  the  Square  root  of  a* ^ ^+"72" +^* 


2     "    2       IS 


Ans.  a       . 

4 


?^^1 


6     a 


29.    Find  the  Square  root  of  ^  +  -5-2.  Ans.  ^-- 


SO.    Find  the  Square  root  of  Ti  +  -5+-^  +  — +3.  Ans.  r  +  -+l. 

31.  Find  the  Square  root  of  a*'-4a'***+ 4a*'.  Ans.  a'^-^SUnT. 

32.  Find  the  Square  root  ^^  ^(7^+1)  + -^(3+1) +S- 


Ans.  s-i  +  -^+l. 


SS.    Find  the  Square  root  of  5l+p"'("■^^)^/^'*■^i• 

Ans.  -  +  ---^- 

o^      r-  j  ^u  ^    i«  4a*+9aV+6a***+jr*  .  ,      . 

34.  Find  the  Square  root  of ^     1 .  Ans.  ar-i-xr. 

35.  Find  the  cube  root  of  a*-6a»+15fl*-20a*+15a'-6a+l. 

Ans.  a*-2a+l. 

36.  Find  the  cube  root  of  ^-6a*+12a*A'-86*.  Ans.   -^^26* 

37.  Find  the  cube  root  of  -jj-«* — T"       T"       ? 

Ans.  -r-«^--*- 
0        c 
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38.    Find  the  Square  root  of  («+jr*)»-4(«-4r').  Ans.  «-jr*-2. 


39.     Find  the  Square  root  of  49a*'^-42a'*-*+9a'^'. 

Ans.  7a'-*-3a'-*». 


40.     Find   the    Square    root    of  9a*"+6a*^'+25c**-*-S0a"C*^+a 
-10a*^*c"^.  Ans.   SiT-öcT-^^a^^K 


41.  Find  the  cube  root  of  (fl+l)*"4f*+6cfl'(a+l)**x»+12c"a'^(a+l)*"x 
+  8c'«*.  Ans.  (a+l)**a?+2ca'. 

42.  Find  the  6^  root  of  «•+— 6^a*  +  i^4-15^a•  +  ~V20. 


Ans.  fl — . 
a 

43.  Find  the  4*  root  of  a* a  +-^-3-«  -ttti«  +^7zr-«ö  • 

Ans.  a* — : — a, 
4it 

44.  Find  the  Square  root  of  (a-6)*-2(a'+6')(ii-6)V2(a*+&*). 

Ans.  a*+6*. 

45.  Find  the  Square  root  (without  the  aid  of  the  common  ruie)  of 
4{(a'-6«)crf+(c»-if)a6}«+{(a«-Ä'Xc«-£r)-4aÄC£f}*.     {Comp.  p.  18.) 

Ans.  (a«+&')(c«4(r). 

46.  Find  the  coefficient  of  x*  in  the  Square,  and  in  the  cube,  of 
l-24r+3ir*+4x*-a:'.  (l)  Ans.  20.         (2)   Ans.  I68. 

47*     Find  the  coefficient  of  a^  in   the   Square   of  (x+a)(x+6)(x+c). 
{Comp,  p.  18.)  Ans.  aV+aV+6V+4fl6c(a+6+c). 


1.  If  two  numbers  differ  by  a  unit,  prove  tliat  the  difTerence  of 
their  Squares  is  the  sum  of  the  two  numbers. 

2.  Shew  that  the  sum  of  the  cubes  of  any  three  consecutive  integers 
is  divisible  by  three  times  the  second  of  them.     {Comp,  p.  18.) 

3.  In  the  extraction  of  the  square  root  aecording  to  the  common 
ruie,  shew  that^if  the  remainder  is  not  greater  than  twice  the  root  obtained, 
the  last  digit  in  the  root  is  correctly  found. 

4.  Prove  that  j?*+/w*^-^4f*+rj:+i  is  a  perfect  square,  if  p"i=r*  and 
^  =4+2^7.     {Comp.  p.  1 8.) 
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5r,     Find    the    relations    subsisting    between    a,    b,    Cy    d^    when 
aa^+bj^+cx-^d  is  a  complete  cube.     (Comp.  p.  19*) 

Ans.  cu^^db^y  and  b^wsSac. 

6.     Find   the   relations    subsisting  between    a,  b,  c,  d,  e^  when 
ax^+bx^+CJ^-hdx-i-e  is  a  complete  4**"  power.    (Camp.  p.  I9.) 

Ans.  bc^6ad,  and  cd^^Gbe. 

SURDS. 

1.  Rbduge  to  simplest  form  ^150,  JTmB,  ^320,  ^^SOS,  i^lü. 

Ans.  5J6,     19^/5,    4^,     6^13,     2^. 

2.  Reduce  to  simplest  form  ^768,  ^608,  ^640,  ^oT^b'. 

Ans.  47s",  2^19,    2^,    fli^*. 

3.  Reduce  to  simplest  form  ^öVc,  y?6%  Jä^^V^,  ^a*-t^b. 

Ans.  a'bjbc,  abije?,  a^^VcJc,  aja-b. 

4.  Reduce  to  simplest  form  Jtu^-ßax-i-day  V(«*-y)(«+^). 

Ans.  («-3)7^,     («+^)^/«-^. 
Simplify  the  following  surds :-— 


5. 

^■Jn-'-ljro. 

Ans.  ^. 

6. 

J4>%ab*-^bjl5a + ^  Sfl(a  -g^)«. 

Ans.  fl,ysa. 

7. 

674^+2^2«+.^. 

Ans.  gj^ä. 

8. 

2^8  -  77  i  8  +  5^72  -V5Ö. 

Ans.  8^. 

9. 

2v|+^/6Ö-Vl5+>y|. 

Ans.  11^15. 

10. 

^•1^1^+4^.2^^. 

A        25  /- 
Ans.  —^3. 

11. 

7754+  3^/16+^2-5^128. 

Ans.  8^. 

12. 

^l6+J^81-;/-512+4/l92-779- 

Ans.  la 

13. 

(>t/54+4/250+7l28)x(V54+J^250-Vl28). 

Ans.  48^ 

14. 

J\Sa'b''-vj50a%\                                        A"S. 

(ßa'b+5ab)j2ab. 

15. 

V25a'^  Vi  14a^6  V2ö9ö'^. 

Ans.  0« 

SüBDS.  891 


16.  Sbü/^IV-ll/^P+Sal^ß^.  Am.  4a6y2aV. 

1 8.  cJTb.^^ ,  and  1^^^  .  (1)  Am.  ac.    (2)  Ana.  ^^ . 

^9'  ■bTc'^s/jp^^-BZ^'    iCmp.  V.  19.)  ^7^- 

20.  ,y/^  +  ^Ja'&-4M'b'+  4a6*.  Ans.  ^7^ 

21.  Sjsxjj^^xjs,  Ans.  140. 

22.  4^4x7 Toxins.  Ans.  7Vl5. 

23.  (3+,y5)x(2-75).  Ans.  l-^S. 

2*.  (-5-^)x(-5+y|).  Ans.  24^. 

25.  (V^VD'^Cx/l+Vi)  ^"''-  "i+i^yj. 


26. 

5>/2xS>/4+6V2. 

Ans.  30^/2+3^/2. 

27. 

(^+79+Ä<'y2+4/3). 

Ans.  5+3^18+3^. 

28. 

(7l2+Vl9)xVl2->/l9)- 

Ans«  5. 

29. 

yiö-iys2o+7i35. 

Ans«  3iy5« 

30. 

2^24yr8*f72is/l2. 

Ans.  2^1 . 

31. 

73+1        8-5^ 
2-73'      3-2^' 

1        /i" 

Ans.  S+3J3,    At^Jz. 

32. 

^''^^w      f-/=^i  /5? 

Ans.  — ,    1172  +  975. 

>/2+V2 

392 


SVBD8. 


33. 


34. 


«7. 
38. 
39. 

40. 


1(^5*1) 


{Camp.  p.  20.) 


S5.        .y^,  7^9^,  (7«'&)'. 


vl^v!'   vS'*'^''''''^^" 


Ans. 


vA^- 


Ans.  >J5^%J5. 


Ans.  i^ga,  V^a,  al^t^b*. 
Ans.  ^a .  4^Ä,    cw  —5-  . 


Ans.  i7'6*c. 

Ans.  ji/ä?. 

Ans.  ISiyiÖ.xy. 


1-*+ 


41. 


42. 


43. 


45. 


46. 


47. 


Jl+x 


1+ 


^/r:^ 


/ ^ 


2*« 


^ 

1 


bcjab 


(!-«•)*     (l-**)^  * 


44.         "T^ 


1     Qb^-Zc^'bcJ^ 

7^' 


26«- c- 


Ans. 


^1 1 

V8fl6«+^2rt'6-.8a'6«+8a6» ' 

tp-^lRizP^y-       (Comn  D  20^ 


Ans.  Ji-x. 


\   3  Ja^-c 


Ans. 


Ans. 


c-bj2 
Ans.  24r< 


Ans.  Saft -f  56' 
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48.  j^Cy{S«'«*-6Sfl»«'+4ilfl««-l(»9fl*}/.  Ans.  »üß^\ 

49.  .ya"+^fl*6^+  Jb*-t-  ^öV.    (Comp.  p.  20.)  Ans.  (a<+ii)t. 


50. 


7(i)'.  ypFi  •     *-  ^•"^'  {f 


51.        ^  ^.^^^  -  Ans. 

tja-^x-^fja-x 


a        /?    , 


52.  V^'Vp'V^'  Ans.  y^. 

53.  Multiply  tJzQ-^^J^  by  -^29-4755.  Ans.  ^19. 

54.  Multiply  *+2'*'V  ^^  4  ^^  *'*"f  "V  ^"*'^'    '^"■-  **+/»-g- 

55.  Multiply  f^+y|by|yj-y|.  Ans.  ^f-J. 

56.  Multiply  ^-1+-=  by  ^?+l+-=.  Ans.  «"+-1  +  1. 

57.  Multiply  '^ä^+^s/äi^  by  s/d^'J\/^*       Ans.  Jar^^s/ä^. 

58.  Divide  Sa'+Äx'-Sjr-S  by  J^.x-Js. 

Ans.  Ji.3f-^(j2'^»j3)x'^j3. 

59.  Divide  ^a+sjax-gb+'iijbx  by  5tJaSjb-¥^Jx. 

Ans.  zja+sjl. 

60.  Divide  ^i*-^  by  T^-^^  Am.  Jä-k-üßb-^Jb. 

61.  Divide  ^?-^'  by  VS-^.  Ans.  Ip^lJäh-^l^bK 

6«.        Divide  a'- 2.^/?5^-a«7fl^+  2*7^  l>y  ^/fl-/yf• 

Ans.  fl*^-2^». 

63.        Divide  ^.y?V-c!ySn  yp- 1  «^/X-V  ^^^.  by 

Jab-Z t/o^b\  Ans.  ^.^-c!^a.^. 


394  sufiM« 


I     1^ 


64h        Divide  «-a  by  «■—«". 

Ans.  4:''"+a^r'"+a"«"N- +a*"V+a    ". 

65.        Square  |  +  S>/«*-^'*  Am.  ^  +  |>/«*~^- 


66.  Square  the  expression  ^J  — ^^l +  f^  — 2^ . 

Ans.  a-^Jh- 

67.  Find  the  5«"  root  of k__^A_i_.       Ans.  ^^ä^;^- 

68.  Find  the  9*  root  of  ^a«6».^-t^.  An».  I6a*b(a+b>y. 

CT 

69.  Find  the  Square  root  of  -.2+a«>^+a-«>^'.  Ans.  a'^'-^aT^K 
7a        Find  the  sqttare  root  of  ^-cf+Zac^^'^. 

Ans.  «Y^+is/-^ 

71.  Find  the  Square  root  of 

^+^J^5?Sir^;;/f.^y??^.  Ans.  «^»IäU. 

72.  Find  the  Square  root  of  ^^/öTT  +  /^/oU  +  2  ^/i^.  Jljlf^^. 


{Comp.  p.  20.)  ^^3^  ^^  ^^ 

Find  the  Square  root  of  each  of  the  following  quantities: 

73.  18+2^77.  Ans.  JTi^Jl. 

74.  94-42^.  Ans.  l-sjl. 

75.  28+10^.  Ans.  5+^3. 

76.  I3+2J30.  Ans.  JT0+J3. 

77.  lOi+275.  Ans.  Jlb+l^. 

78.  a+«+/y2a«+«*.  Ans.  A/a+5  +  >^- . 


8UBD6. 
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79. 

80. 
81. 

82. 


83. 


84. 


85. 


Find  the  Square  root  of  ^  +  ^Ja'-c^.  An«;  § + -J«?^. 

«+^+Ä+2^dfÄ+^s.    Ans.  JxTy-k-Jz. 

^^(Ml^hß)  18  A  rational  quantity;  find  m. 

Ans.  ^^+aj35+^i5. 
mx(2i+5^)  is  a  rational  quantity;  ind  m. 

Ans.    5*-25x2J+5*x2*-20+5*x2l-2T. 

mx(^2+^3)  is  rational;  find  m. 

Ans.  2*-4xSi+«*x8l-6+«ixSl-S*. 

mx(^+^)  is  rational;  find  nt. 

Ans.  8T-^x5i+45-5*x8*+25xS*-5*- 

Reduce  -    ..—  ^..      —  to  its  equivalent  simple  decimaL 


(Comp.  p.  21.) 


Ans.  0*5. 


S6.     Reduoe  the  fidlowing   firactions   to  equivalent  fracüons  with 
rational  denominatorst— « 


8 


f2>        ^■^^/g 


(S)    7 


»/r  * 


♦) 


(5)   7 


a-b 


tIT» 


7^-75 


(6) 


n 


(S)  Ans.  ^40+^20+^10, 


1)  Ans.  -^{s7s+2n/2+ 2^6+9}, 

2)  Ans.  2{4+872-27S-^/8}, 

4)  Ans.  -Jw.{^j2+^iß+2^.i/9+6i'3sJi.^i'3!i/9^^ 

5)  Ans.  a'+aW+aiii+ft', 

^,    .        n(fl*-aV+ii«i*-fli*+6b 

6)  Ans.    -^ 5 — T -. 

24»  /?  2—  /s" 

Prove  that  -r: — i- — ^-  +  -7= — /      ^  is  equal  to  V^- 
{Comp.  p.  21.) 


39&  SURDS. 


1  .         Ifx-lfä 

88.  Simplify  T7=~T7^=--i7=5.  Ans.  v — >L.. 

89.  Simplify  J^^Js-jr  ^"*'  Ti^'^l'^'^'^' 
00.    Find  ihe  value  of     Jr     ,-*  Ans.  S-ia 

91.  Find  the  value  of     ^A^V /g'  Ans.  S- 159- 

5^12-6^6 

92.  Simplify  ^^"y^.  (Cowp.p.21.)    Ans.  Jl-vl-J 5-^Jl. 


98.  Simplify      /^      f^'^X.  (Comp. p.  22.)    Ans.  J^i^-^Ji^Ji-U 

V    2+V2+^ 

94.  Simplify    ^^^V^,  Ans.  sß-sß-^Js-^i. 

4+V6-v2 

95.  Which  Is  greater  JB+JTi  or  Js+sji?        Ans.  The  former. 

96.  Simplify  —^^^ ^/= — 7J7 >-*  Ans.  U/a+V^y. 

^»    c-     15A.  N/i+ö*-Vi-Ä*    ,^,_      ^^-     .       sJu^+JT^ 

»^-     ^'"P^*^  fcr^TI^*-  (^^P-22-)     ^«'     ^    5a«4.4 • 

96.     Simplify  the  expressions 

(1)  Ans.  8(a'+2a6«-6*);  (2)  Ans.  IßahJsuT^^ 

99.  Simplify  (a-^b^y^a-bj^y.  Ans.  2a*-12aV+26*. 

100.     Prove  that  5*.|^^-g — |  is  equivalent  to  |\/ 2*|V5;  and 


^*-{^F*^|\A*?^-     (Comp.  p.  23. 


) 


101.     Fiöd  the  value  of(^)%(-^y,whena:.y?Ij.    (Comp, 
p.  28.)  Ans.  ii(»-l). 
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102.  Find  the  value  of  ^i|?  +  ^iU,  when 

«-2a    «-26 ' 

'-a+b+J{l!fby^l2ab}'    (Co^^P'V'^S.)  Ans.  1. 

103.  J'ind  thc  valuc  of  ?-^,  when*-^^^t£^±i.     (Comp.  p.  2^) 

A  2a 

Ans. 


iy(a*+l+a7?+4)*-l-2fl 

.A^      c-      i-üu  «•-S«+(«"-l)7«*-4-2       ,^ 

104.     S'"P»'^,,.3,^;,..,;j;i.Z-4^,-     (ft^i>.p-«^-)    . 

'  »+1      /ii-2 

n-1  V  »+2  . 

106.  Simplify  ,  »"i  .    (Com»,  p.  25.) 

107.  Simpljfy .   \  .^,  (Cbmp.  D.  S6.). 

108.  Find  the  Talae  of  ^/^[,  when  n'~ltäli±J^.  (Comp.p.86.) 

109.  Find  the  TJaeofl^.yj±g,wben,-iyf-l. 
(Comp.  p.  27.)  Ans.  1. 

110.  If*=^-"5*^j-|^,  find  the  value  of;!5'+r«>+^. 

Ans.  0^ 


«»2. 


400  .  EQUATI0N8. 

SO.  If  52-5(2jr-l)=27,  «»S. 

31.  If  4(«-S)-7(«-4)=6-dr,  «-5. 

.   32.  If  20x-50(S«-4)=200-20(4r^5)-(»*-4)50,  or-S. 

33.  If  4(5jr-S)-64(S-4r)-S(124P^4)-96>  ^-6. 

S4.  If  10(*+|)-&(1.1)=2S,, 

35.  If  ^jr-Tjr+18=i(4«+l),  «-20. 

5   4»      9 

36.  If  ^(2jr-10)-.^(S4r-40)=15-i(57-«),  ««17. 

87.  If  ^*-J(8-4;)-i(5+«)+y-0,  x-l«. 

88.  If  l(,-l)-i(|.,)-,H,  *.H 


2 


39.  If  J(4.|,)_^(.,4).|. 

M-  If  s(*'+l)-K*'"^)"ä''^""''  '"'*■ 

«• "  iG--)-^'-ie-)-.  ; 

4S.     If    Sjx|28-(|  +  24)|-Six|2i+|}, 


«»3. 


«-4. 


^^      Tr    10*+17     12«+2     &r-4 

**•     '^    -18 ü^-- 9~'  ..*"*• 

AÄ      TP     **       20-4«     15  ^, 

40.     If -  — ,  «-"SA-. 

5  -«         «          «  '.  ** 

47.    If    — r+s — s=9,  ««SA. 

«-1     2«-2     '  • 


EQUATI0N8.  401 
^r»      Tc    30+6«     60+8«    ,^48 

49.  If    — T 77;  "1^7 — r\  ^"7. 

X         Sjt  4 

50.  If    -rL--?^=-2,  *— «• 

51.  If   ^_?f±^.i,  ,=«. 

2«+l      «+12 


««8. 


ro      Ti.    4«-17     81-22«  6/,    «"N       ,.  „,.. 

54.    If  if=}7^10x-18.^Z^  +  5±:4,    (^p;,.  p.  814.)  *=2i. 

55.   If  JL+£::9=£±-;  +  fz|,  ,=4. 

jp-2     «—7     «-1     «-0 

2(*-l) 

1:0      TP    ^*  81g'-9  ^      S  2jt*-l     57-S*       /j  ^  «  «ic\ 

'^^     ^^     2"(3x-l)(x.H3)'^^"2-7i:3-— T^-     (^pp.p.S15.) 

jr=10. 


59.      If     -  +  T=^*  *= F. 

60.    If    -T"  +  V+^''5'*+-7+*i  *«=*• — r-- 

^      f  f  a-bq 

62.       If     -T +T i~*" f  «=-(«— 6  + cV 

a6-ax    bc-bx    ac-^ax  a^      ^-rcj. 

6S.     If    a  +  a  +  J2äx+J^mb,  ^^(g--^)'  ^ 

2o 

26 


402 


EQtJATI02^. 


64.  If  fl  +  jr+7«*+?-*i 

65.  If  Jx+f/a^Jax^mitJä, 

66.  If  a+4?+^a*+6a?+«*=J, 

67.  If  Ja-'X+^Ja-^x^a-x+Jax+i^^ 

68.  If  J^töTx^zJhTx^Jxi 

69.  If  ^l+jr+4P*=fl-^l-«+«% 

70.  If  JoTx+Ja^^h,^/^^, 


«6. 


64a 
1025 


4;« 


2a- 6 


71.     If    I — +1 — =c, 
b+x    b-x 


.2  A— ^ 


-Ä>/^ 


-*n/^ 


1  /— -    1   /  1   /- 

72,     If    ''^a+x+-Ja+x='Tjx,    (Comp.  p.  29.) 

75.     If    J^+J?+JS^^b, 
74.     If    ^+Jx-Jv^t^\, 


75.     If    l+yi+«-N/l-fa?+Vl-«=0, 


4?= 


"'^/r¥• 


16 


df«- 


24 
25 


76.       If     X+J^^^-j^=r, 

Ja'+x* 

77.  If    ^/4a+jr+Vfl+ar«2^«-2fl, 

78.  If    ^/i+iWl+a?+7r^=7l^, 

79«     If    tjx+jx-  s/x  -Jx^ asj p  ^ 

80.     If    flo:  V« V + ^'  Wä»+  axJ^fJ-k-  x\ 


x^a. 


n-1 

8 

24 
25 


X«— 


-i{-"T^.}' 


JPÄ 


8g6 
^/l-l6«^ 


BQUATIONS.  408 

81.     If    -2l^=Ä-77^,  ;r-AyilM. 

'^'  '^  -J^Tb'^ir-"'*  (Camp. ^.90.)  *-5(*-j:i|- 

85.  If    :;/a+7=!7**+8Är + 6% 

86.  If    J?Ti^+.y?:55J«-7^^=,  ,«al^  +  -l^| 

87.  If    -^^-4+^^::^,  (Cb*¥.p.80.)  #•?! 

88.  If    V(2a+«)*+6«  +7(2a-4p)*+6«=2a, 

89.  If    ^/a+V«•-^+^/a-^/?^»ll./ — ^^^.,        *»»a.A-T 

4. 

^-    '^    SSy=^*S'  (Comp.  p.  81.)  *-«{**  «a/I} 

* 

93.     If    TTT-Nt  +  ri \i-«>  '^'a./ 7 

« 

94.    If   V(i+'y-««+V(i-')*+«*=^>  ,«2^ÖLli^£zl) 

95.     If    -p=— +-7=r— «-,  »=Sn/5 


26—« 


40i  EQUATTONS. 

97.  l(  Jin^+J^^»    .       ^_jy  x^-j-.a. 

98.  If  -^^^^  =  ^^^,  (Comp.  p.S2.)  X^JUM^^'^ 

,  - ZäJt    ^  a  r~i — Ti 


100.     If  ^—xA-JSax-x^^Jl'-A^, 


1    Sfl-1 


12    a+1 

101.  If  yi+x+lji-x^l^2j  (See  ^pp.  p.  Sl?.)  «-1- 

102.  If  ^"*'f ^,-1- ^"f «fl,  «=V(2-«)-l. 

l+jf+Vl+J?*     l-a?+yi+4P* 


103.    If  Jx'+9+Jx'-'9^^+,j3i^  «=5. 

2a' 


104.  If  7{flV+67(fl6jr+4aV+6^2fl6jr+5a**^}=fl4r+6,  «=- 

tne      Ti^  l+4r+72i+ä^  (fl+2)* 

105.  If  ;           =l-fljf»  ««r"7 — f^  • 

l-ar+V2i+«*  4fl(a+l) 

106.  If  VlT;^.(l±fy+yi=S.(tfy«27lIV,  (Cbiiip.p.S2.)  *—«. 

107.  rf  7(l+a)'+  (l-a)x+^(l--fl)«+  (i  +fl)*=2ö,  *-8. 

l+jr+V2J?+**       J^-^x-'Jx  2l^        j;5J 


4r=a- 


^/i+(5-i7 


Hl.     If«-ZN/^2=6,  x.aÜZ^^ 


112.  uJ^^d^z^^^h^  -«W!4y}- 


^QUATIONS.  405 

n Q      Tr  ^/<^*•^^-g    A  ^^ß  fr-IT 

114.  If  jin^-^'j^i^^^ijif^+tfi?:^,  «=¥..ys 

115.     If  -7= — 7==+    ,->  ^; -V^>  x»-.j3,OT0. 

116.  ifN^^^A^««,  '-y^. 

117     ff  ^V(^"*nA^)-     ^  .„16 

118.     If  (l+x)jT+i+{i^x)jr^^2jl+J?,  **ö"V  G)"^' 

119.    If  ;^iM+4p7?=r=«',  '"\/i+i^- 

120.  If  ^+2^2«-«-  V«+^a'- Sfl jr + «*, 

96ifl 
XB2a«  or  o«  or  ^- • 

121.  If  •^V«'+S9*+S7WÄ'+2ar+51=^^^^  ,  (ilp/).  p.  S15.) 

«=78. 

jgg     If  ?*^g^-(4^.Vs)S  (^pp.  p.  S16.)5  ar-S. 

123.  If  (ar+a+7«>^+2"+**/+(«+a-V«'+2aJP+**/=14(ar+ay,  (App. 
p.  318.)  «=-fl,     or  ^n/Ä'-a"-«. 

124.  If  6(^+i)(f:^+,)-l'_a,  Upp.p.S19.) 

125     If  /*+«V     «-*      ,    /y„„  „  „,QX  4c(c-t)-t(a-6) 


^««-   '^ff:=G^J.(^i'i"P-«^o-) 


fl+6-2c ■ 


406  EQUATIONS. 


a     1+c 


*         c   S+2c 

129.    If    x+a+S^äbi-^b,    {App.  p.  821.)  «=(^-Vay. 

150.  If    {x''a)Jx''{x'^a)Jb^h{Jx^Jb),    {App.i^Sn.) 

4P«i,   or  {Ja+tjby. 

151.  If    a-h(b'h,Jx)Jx^(b'-Ji)j2a-k'X,    {App.  p.  S2S.) 

a    /  a      ab  * /2 


132.    If -i?^/l+£=,«a+6,  (^pp.p.82S.) 


Xas-J 

806 


n./^^-'}'- 


8a-l 


133.    If  ?^±i±f!i^S=a,   (App.  p.  825.)  *=   .  . 

184.    If  ^"'rll'^^l'-'-^^Ml-a^a+xy-iox,    {App.  p.  326.) 

a^+j2a^ 
135.    If  ^^ —  , .=<!,    {App.  p.  326.) 

1  (fl-l-yi+ö^'-gg 


187.    If   {^(J+c)'+(6»+c')cA^^(6-c)«+(i'+c')«** 

{App.  p.  343.)  _a  c*-6' 

2  C-+6* 


EQÜATI0N8. 


407 


1. 


3. 


If  9J^-4y=8, 


Vi 


ÄP-2y=9i 


ly«4w 


l&r+7y=101         i^«=7 


4w    If  45«+  8y^a50,\   fa?«6. 


10    fdr=6, 
l,[  1^=10. 


5. 


(j;sl44, 
1^=216. 


21y-134rslS2 


6.    If3i.4P+«i.y«48,^   r4:=8, 
4i.«+l()y-126J    t^«9. 


7.    If2;c-i^  =  ^f=?.] 


% 


5  2' 

a-5     7.y-7 


2 


8. 


"     10    ^    6    "*    ^' 


4?+5    y-7 


:S^-.4P, 


-y-      4   "^~^* 


2v-3x    ^ 


2y=8j!+4, 


IQ. 


} 


IL 


If  (*+5)Cy+7)=(«+l)(y-9)+112, 
8*+10=Sy+l, 

jf  Sxjjf    Ty+6x+n  _19    5J-17  ' 
9  18        ~  8  "      6     ' 

|{5«+3y+8}-|{9y+6}, 


If  *r-5y  ag-8y-9 
8   ~   18 


12.  If  — 


='äf  +  l  +  l   1 
Si.{f+J+li}-Sj.|4*-|-24},J 


13. 


if..^=88i-*£i23y,| 


'    4  ^ 


452 


21jr  22y  462d;y ' 


J 


U=8. 


f«-9i 


f*-5, 
f*=8, 

f*=7, 


{ 


4?= 7, 


{: 


*=io. 


408 


EQUATIONS. 


.      Ti,    ,/?      /.      ,     128**-18y+217   1 
14.    If   I6,^6y-1=      3^_3J;g      ,  | 

j 


iag+lOy-35  54 

24P+2^  +  S    ""       Sjr+2^-1  * 


15. 


^^  l('-|^) 


'*P   i  i;5 


S     2 


(*-J')| 


„      Su-Sx     11>    .    X    „/        V 
-2ir— 'V"  "~  (*+J')+8(*-J')' 


l' 


-2*. 


2 

16.     If  2-4.^0S2j,-"-:ggffgg-0-8.^"-^Xr'^] 

■^  0-5  0*25  I 

oo*y+oi _007*-0-l    .^^^„  „  „ V      1 


{ 


x-10, 
if=5. 


17.  If      öar=6jr,| 

18.  If  ax+6y=»m,  "1 

19.  If  fl«-6^=fl«,| 

6jr-fly=&*,j' 

20.  If  -+-=a, 

5    ^ 


n     m    , 


6c 


crc 


"a+6'    «^    a+b  ' 
b'tn  -  im'  am'—a^m 


ab 


j;s=a4 


a+6 


y= 


fl+6* 


jr= 


»t*— «* 


Uta— n6  * 
^    mb—na  * 


21.     If   ß(«+^)+6(*-^)=c(x+^)+rf(jr-^)=l, 

a-6~(c-i)         ^a4-6-(c-Kf) 
2(arf-Äc)  '     ^■"  2(6c-ad)    ' 


Ä=- 


22.     If  ^/±ti^+«V^«io|.l 


S^i^     3^/*-^ 


(Comp,  p.  34.) 


25.     If  «^=c(6*+aj,)  I    (Cbm;,.  p.  35.) 


|«.2i. 


i>= 


Sab 


.c 


CQUATIONS. 


409 


24.     If  a(*'+^-*(«'-y)=2a, 


/TTTb 


25. 


26. 


If  Jy-Ja-x=Js-x,  ) 


If  f+|.i-£,l 


4 

5  ' 


y--«. 


Ä  + 


r-f'f 


*J     > 


27. 


If  (a*-Ä')(8jp+5y)=(4fl-.i)2a*,     (Comp.  p.  S5.y 


a's 


a+b 


(a+6+c)6y-('dr+(a+26)a6, 


28. 


If       dp(ftc-4rjf)=y(xy-ac). 


29- 


If  «»+j((«y-l)=0. 


\        ah 
^'       \    {Jpp.t.  SSI.)  ^-*^/^. 


[      ^2(^-1) 


SO. 


If  ^/S^+^/^-i(«j^-5^^/i^)  j     ^^0«^.  p.  85.) 


f      1/i*    ,!^?1'   I,,— . 
I'=4l2-*V}*2^«''» 

l 


^"2V2"*"J*- 


81. 


S2. 


la?=2,  or— S, 
1^=3,  or  -2. 


Jy-lfä+bx 


410 


BQUATION& 


1.    If       Sa:-y+r=17,' 
7d:+4y-55=  3, 


3.    If.y+-«=41, 


5. 


8. 


9. 


11. 


2  =  5. 


2.     If   34r+4jaf=57,l 

2y-5«llJ 
4.     If  «+|(y+j?)»102, 
5^+5(2+«)*  78, 


s       17       z       17  ^         17 

«=128,  ^=48,  Ä=68. 

6.    If  44:-5y+m2=7dp-n^+iiz=;F+^+|)Ä=3,    (Comp .  p.  S6.) 

«=2,    ^=1,    «=0. 

«-10,    y-7,    «=S. 


Sz-7  ''2^-S£r"sy-24:"  ' 

12  3 

V  a?+2(y+Ä)»y+5(af+;8r)=0+-(ar+t^)-;??+^+Ä-4, 

«-10,    ^=6,    2=2. 


«  y   2 ' 

3     2^ 
=2, 

1     1^4 
X     z'"3' 


3«+2j^''     5     ' 
«— - 


X    y    z 


«=6, 
1 


jp+S-s 


^y+z        7     \ 


12.    If  5«i  +1=73, 
X    5y    2 

1       12,^, 
3S-^2^-^i=^'*' 


5«    2y    s 


«=t: 


^^==0 


2=8  — 


1 

2' 

1 

1 
4* 


EQUATIONS. 
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13.     If  ___  +  JL__._, 


.xr-6. 


14.      If    X-hg-^ZmO, 

(a+6)4:+(a+c)y 


+(6+c>*0,> 


dp= 


{a--c){b^c)  * 
-1 


(Comp.p.S7.)     ,«^_^j^j_, 


2« 


15, 


If  4r-fly+Ä"«-a*=0, 

4:-Jy+6*ar-J»=0,y   (Ctwip.  p.  37.) 

16.    If  5ar-l \Jy-¥lSlfz^%^; 


17. 


If  xy^a{x-¥y); 
xz^l{x-¥z)^ 
^5=c(y+£r)„ 


(i</)p.  p.  332.) 


(fl"*)(«-c)  • 

y^ab-^ac-^bc, 
z^^a-^b-^-c. 

ra:=l, 

!«-27 
^bc 


ac+bc—ab 

Sabc 

^"ab+bc^ac 
2abc 


18. 


If  jr(«+^+2)«a«, 
y(«+j(+5)-6*,j 
*(*+^+^)«c»,l 


(i<;]>p.  p.  333.) 


y^ 


z= 


Ja'+b*+<^ 
b* 


c* 


19.    If  a:Cy+«)=fl/ 

^(x+3)=i,^   (i^p/).  p.  334.) 


x[y-hz)^aA 
y(x+2)^b,> 


Aa+b-c)(a-^c-b) 
'"V        2(6 +c-a) 


/(g-f6-c)(6+c~a) 
^"'V        2(a+c-6) 


+c-a)(g-t-c--6) 
2(a+6-c) 


412 


EQUATIONS. 


20.     If    2^ar+^^+S2  +  S^j:+5y-3-4<yar+y+5al0, 
\Jix+^y^\9x  -^2« + 1  Oy  -  2  JBr+^2x +Qy'^Qz 

If   «-y-'^-U»  1     f*=i>  22.     If  4ryÄ-'»(105)- 


F«io,       ] 

f-  4^2,    J 


21. 


25. 


aryV=108, 


If    dr'yz*««. 


-S, 
=5, 
7. 


24. 


25. 


3 


If  x^JEr-2dl, 
xyiv«420 

X2W 

s 


:1J;: 

-1540,  I     I  JBT» 
=660,  J     IfP- 


7, 

20. 


If  x(y+zy^l+a*;    «+y-g+«;    and  ^««jg;  (-'p?-  P-  S33.) 


26. 


27. 


If    «+2y+  S5+4m=27> 
3x+5y^  7s-h  «=48 
5«+8y+10j»-2tt= 
7«+ 6^+  5z +4« 

If    7«-2«+S«=17, 

4y-22+<»ll 

5y-S«-2M=  8, 

4^-Sm+2/=  9, 

82 +8« =33, 


:l 


Shew  that  the  following  equations  are  not  sufBcient  to  determine 
X,  ff,  z.    (Art.  198.) 

(1)     Sx-2^+5ä-14,1  (2)     Sj:-2^+5ä=14, 

2«+^  -82=10,^  6x-4^-3z-15, 

8j:-Sy+22r=38.)  9«-6^-7s=20. 

(3)     2a:-y+2«=8, 


6^+13 --=4ar-l+ 32, 
X  1     1     2v     52 


{Comp,  p.  38.) 


EQUATIONS.  413 

1.  If  5«*-lS4r-f2xrii,  *=S,  or -J. 

2.  If  *'-54:+6000,  «-80,  or  -75. 

3.  If  S*»-5S«+S4=0,  «=17,  or  f. 

4.  If  45j:'-25xal000,  4P=5,  or  -4f. 

5.  If  liar*«21dP+l=0,  4.«2-,  or  —  . 

6.  If  780«»-.78«+l-0,  «-  A »  or  ~  . 

13  00 

7.  If  125««-7«=17i,  ^=?,  or  -^  . 
^  w^  «+2     4-4P    ^1  4 

11.  If  4(,-l)-fLJ  .-81,  *-2'*»^ 

!«•  ^^iJi+^"2i'  *=«,  or-3. 

!«•  ^^i=l-:rf8=35'  *-ll,  or-lS. 

,,  „    12         8         32 

^^'  ^^"i^;:irT=*^+2*+i5,  *=2,  or  -2ä. 

18.  If  2^Sx+7«9W2*-S,  ««14,  or  £«. 

19.  If  s/(*'+^V**+l66*)=*+I»  **I0*  or  -11^ 

20.  If  ^(jr-l)(«-2)+V(«-SX«-4)«>/2,  «-2,  or  S. 


414  BQUATIONS. 

ß 

22.    If  «+2-  ^^^h  *-l,  or  -4, 

23-    If  jr«+4:+l-^,  ^     *-£,  or -5, 

24.  If  9jp+2jpV9«+4-15«'-4,  «=1  J,  or  -J,  or  ftc 

25.  If  «•-4:+3^2jr»-84:+2=|+7,  *aS,  or  -f 

26.  If  «(^+l)'«102(«+7*)-2576,  jp-49,  or  64,  or  ftc 

27.  If  (9+5Vs)*-(l5+7Vs)4P+6=0,  aj-S-^S,  or  Ä-T^- 

28.  If  5V62+««-iV95f-54P=41,  4r=6J. 

29.  If  ■        .     --^ — S: ,  «=4,  or  ^-. 

«+2            2^-3      '  25 

«•+11JP-8     Ä*+2x-8     jr"-13«-8      »  \^     ^  **        / 

jp«ik8,  or  1^1. 


31.     If  j.  +  j=2.p. 

Sa-24f      4 

33.  If  — 7=-  =  — -j=-^ 

34.  If  Ja+x-^-Ja-x^  — j.  =. , 

b^Ja-vx 

35.  If  4^+-7^"27fl.  ap=*^8^-lK 

^a-x    ^a+x 

36.  If  flJf+2A/ii*«+«flar*«=(3x-l).»,  ar= ,  or . 

37.  If  x+7'^-«*+^*=7+**  *=<»*  or  ||ldb^5-?^l 


a»            So« 
'=•7'  or       ^   . 

Sa 

a 
,or-. 

«=a. 

i« 
or  -f-  . 

4a 

Sa 

EQUATI0N8.  416 


V 


40.  If  («+m)*-iif'=Sm*4:,  «={3*2^}jii. 

41.  If  a-^x+Jzax+l?^     ,  .,        *-- r>  ^  l W^""l  i^«« 

^  4,j2ax+J^  5  \3  J 

42.  If  (*-^y=|(«+i)(l+^,   (Cbwlp.p.4a) 

43.  If  mqa^^mnx-^pqx^np-Oy  ««-,  or  ^^. 

44.  If  Jx^j2^l^Jx^J^^^^^—^^==,  «=2i,  or|. 

45.  If  («-fl)*+ÄVii(«-a)=a"+7«i  jr=2fl+li*V2«+H. 

46.  If  *'(a+a?)+6jf(a+«)=6-(*+26),  *=-*,  **\/x*'^''|* 

47.  If  >ya47+^o-«=6,  *=*V  «•-(Ä«*^a+-^. 
«.  If  V2*M  Vi=?.VI^=a'.  ,,|^«'-6-^8a^(a'-iy. 
49.  If  2ar«-jp-24f7l-«'=li,                                                       j:=*|75. 


,4=  =52jr«+ 48,  *=±1 

7?+2  2 


52.     If  16(^+2)'+ -==r=S2jr'+ 48,  *=±^  . 


416  EQUATIONS. 

53.  If  (j:+sy-2(Ä"+S)»24r(«+l)%  «=1,  or  -S;  or  — 1 . 

54.  If  yi+a.i^yi-op-i^l-a.^l+jf-S«,  ««a(S-4a'),  or  -fl. 

55.  If   (l-x)7^N^>(i+;r)V;i^::?«  ^/(^•*•gV^"^}  ^ 


{i%"\/n}*' 


56.     If     ,        — \         -fl,  «--,  or  -.     ,    - 


Jl+a^-xjl+a* 


-    a 


57.  If  (a+«)>/?+?=6(a-jf)',  «=(9*W2)-7. 

58.  If   — ^ , = ,  «-fl,  or  -. 

a  +  J^äi'-:^    «-«  5 

59.  If  Vj?+r- ^/^=l  -  ä=^  ,   (Cow/j.  p.  40.)  « =  J^^"^  . 

60.  If  «^/?+J?+(«-l)V«*-2(n-l)a'«2ii-l, 

it-l 

61.  If  —2. =p, 

•-ß-i)*a^9-iva-i)^a*f)'4- 

62.  If  (l+«+*»)«-£±l(l+*'+^),  (^ßp.  p.  319.)    «=|*^g)-l. 
6S.     If  fl+«+^2a«+a;*-^ax-«*+72a*-ajf-jr*,    (-rf/y.  p.  823.) 

64.     If    ^   ^  _^.^^*'''a\{J;^-k-aX''J^'-ax]^   {App.p.SZ^.) 
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-     1 

65.  If?f±Ä±y  =a+ 1,   (Comp.  p.  41.)  '-7 ^,. 

66.  If  {a+b)Ja'+b'+x'-{a-b)Ja^+b*-x'=a*+b*,   (Comp.  p.  42.) 

j?=a,  or  (2*^3).«. 

68.  If  7(6"+c«Xa*+^)=«(<yc+6.r),  (Comp.  p.  43.)     ^^W^^-g  ^^ 

69.  If*'--1=«+^,  *=V§=^\/«+i- 


70.     If  ^(«  +  ar)«+7(fl-jf)»=37a'-ar%    (Comp.  p.  43.) 


•P=-^^ ^^^^ — ^ flr 

(3±^5)*+2*' 


72.     If  a"6V-4(a6)*.«"w=(a-6)".Ä',  (Comp.  p.  44.)  «=C-L±J_y-«. 


73.  If  V^-1 .  ?^j;.  (C/^+  7i)  -0,    (Comp.  p.  45.)        «= (|3|) "• 

74.  If    («*'+l)(*i-l)«=2(*+l),  ''{Äl}'- 

75.  If  Tö^-Tö^'»^!:::?,  (^pp.  p.  320.)    xJ^^^. 


o 

76.  If  jr-l=2+-^,    (iipp.  p.  317.)  «=li  or  4. 

77.  If  *'-3jr=2,    (-4pp.  p.  318.)  *=2,  or  -K 

27 
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78.     If  J^-^s--!!,    (App.  p.  318.) 


Sx 


*— g,  or 


i*yiö 


79.    If  *-S« 


3+4j'ä 


80. 

81. 
82. 
BS. 


If  Ä*+-i+«+-=4, 

If  «^-8(4r+l)7«+18j:+l-0, 
If  Jx«(««+5)=20+5j.«, 
If  4P +77«» 22, 


«sl,  or 


,^7*jyi3 


-S-S/5 


84.  If  (dr+S)«-.2(««+S)=2a<4f+l)% 

85.  If7«--  =  -7J — , 

86.  If  Ä"(jr»-2S)-10a:(ar"-24)-649, 

87.  If  2jft(,r«+a»)J=2«^(«+2a)+a"(«-a), 

88.  If  x'-  7  =n/{^-  42« + 89}, 

89.  If  («'-5)*=(x-sy+(«+l)«, 


«-7*4^ 

«=S,  or  —2. 

«=8,  or  {-l*^^}». 

4P=1,  or  —8,  o>*  ~i- 

c»l,  or  16. 


*""«*  o^-ö- 


x^2,  or  —5. 
«=S,  or-1,  or  *,y6-l. 


^^*     ^^i'*"^'"^'*"*^'^'"^^^^*  *=2401,  or  i{-7«*=757}*. 


jp= 


92.     If  77—^=«»     (App.  p.  321),        x=p*Jp'-l, 


16 

l+aa*yi2a-8 
2(1-«) 


(1+x) 


.  2«*J2(1+«) 

^^^^^  P=      2(l-a)     ■ 


98.     If 


5=Ö1 


^4a+l(75+74a+l)+Cl0(6a-l)+2^(4a+l)lll 

4(l-a) 


94.     I  f  Jj^+Jx = «  -1 + S^i, 


1  81^5  J37 

'=4'  ^'  —TT- 


EQUATIOKS.  419 

95.  If  JP-2^4r+2=l+V«*-3Ä+2,     (Ajjp.  p.  3^5.) 

96.  If  2x7l-J^=fl(l+«*),     (^pp.  p.  327.) 

*=-=l{(7lT?-l)(yiIV+l)}4. 

X-  ^ )  -  ^ = j  ,     (App.  p.  328.) 

*-3,   or  --,  or  ^(2*^13). 


99.     If  «•*'-^'-2*(«-cx)y^\(^y+liJ(a-cxr=0, 

(App.  p.  329.)  *=^ 

100.    If  (l-«)\/an+iV2=V*+i+N/3^»     (^PP-  P-  330.) 


1.     Ip  «»-ay-10,1  Cx=*5,  2.    Ifjr*+/=13,)     («=2,  or  3, 

(x-^)«=  4,3  (^=±3.  Jf+^-5,j     |y-3,  or  2. 

.     Ifx«-/=9J  (xe±5,  4.    If  2x*+3xy=26,)        Cx=*2, 

^-;y'=4^3  (^=*4.  3y+2xy-39,3        (if=*3. 


3 


5.  If  ary+xy*=12,)  (x«2,  or  16, 

x+xy*=18,3  (^=2,  or    i. 

6.  If  x»~ay=27j^,)  rx-13i,  or  6|, 

xy-y=  3x,3  l5f=  4i,  or  2j. 

7.  If  2^-Sx=Sx»+2(y-ll)*=l4,  x=2,  or  4;   j^=10,  or  8*. 

27—2 
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8.     If  2^+8jr=  8,1 


9.    If  «•+jy 


+4/=  6,1 

+8y=u,j 


10.     If  2dp'+SJPy+^= 


+5^=20,1 
4y=41,J 


11.  If  x-y=a,         1 

12.  If  !y5^+^y=S,l 

15.     If**  +  y  =641,1 

17.    If  «+5^=a,        \ 
4:«+y=14«yJ 


{ 


jp«2,  or  2A, 
yl,  or  Jl- 


{ 


x=.±2,  or  sfeii^lO, 


13  1- 


|*=*I,  or^—j2\, 
|jf=±3,  or  ^^J^\' 


{; 


x=a^b,  or  0, 
—6,  or  — a. 


{: 

{ 


jr=8,  or  1, 
^■1,  or  8. 


*=3,  or  2, 
.y=2,  or  3. 


{ 


jr=81, 
.y=l6. 


{ 


«-5, 


{; 


x=ll, 
=  S. 


x«|(*734-l),  or  g(S*V3), 
J^=|(=F^/s+l),  or  g{3=p7s). 


18.     If  J^^Jby^hx^y)^a-^h.  [Comp.  p.  46.)  |'"(n/^'*=n^)'> 


19.     If        «£r=y« 

(x+^)(jBr-x-^)=3,^    {Comp.  p.  46.) 

(x+y+ir)(2-*-^)-7. 


jjp=l,  or9, 
^-2,  or  -6, 
z=4. 


EQUATIONS. 


421 


20.  If  x+^+£f=2l6, 

7y+^=V?+^.i2, 

21.  If  (x-2)*+(5f-.S)V(5-.l)««24,' 

2x+Sy+2=3oJ 

22.  If  «*+xy+^=S7/ 

«■+x2+«*«28,' 

y+.y2+jB«=i9, 

23.  If  *'+/+xy{«+^)  =    18,1 

(«•+y>ry=468j 


24. 


25. 


26. 


If  ^.^ 
X    x-^-y 

X    x-^y 


X«-y« 


^  X  «•+y[ 

X*      ^'  __  X— ^ 


If  ?3S=,; 


27.  If  ««-eT^»«?,! 


28.     If  («+y)'=«'+«y+y*,  ^ 


29.  If  «+v**-j'*=|cy*+y+'y*-^ 


t 


«-S,  or-2, 
=-2,  or  S. 


l*=i{l*-v^}. 


1 


I 


li'-S 


r*-9. 


/8...2^ 

/n*6js 


4. 
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SO. 


If   x+7?=p=^(^/i+y+^/x-5'), 


tfx^-^tfx^y^y. 


'^H^'   '-"7 


81. 


82. 


:^'\-y'=-Zay-k-sJy.{xJa-yJy)S 
(*+y)*-(x-^)»=6,  1 


33. 


«""V  a-.y 


34. 


35. 


36. 


l+V^-210,1 
r+^^=126,J 


37. 


If   x+Jxy+y+^-^t/xy'hJy^2l0y 
«-^/^+^+^/«-^/J^ 

If  J^'Jy^>Jy^»  I 

jp+8=8,/y+2,J 

If   4f*+y=l+2xy+Sx*^*,    1 
«■+y=  gyx + 2y+  Ä+1 J 

If  *«+y=3ay,) 
*'+/-=2,     J 


38. 


+y=6l,J 


If  «■— ay=6, 


39. 


40. 


If  «^= 
If   (^/i) 


^   f    C^pp.  p.336.) 


Vj+(^_ 


=(>/5A 


vj^^=(yi)!. 


(Ciwip.  p.  47*) 


r 


8V*S* 


3 


H 
u- 


-ll«fe  Vi  53 


16 


Vi5S 


.a. 


C 


1I44,  or  9, 
9»  or  144. 


'd''=4(-l*>/8^). 

f'-{-l*W- 
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41. 


If   5fl4P+12y(a-dp)=0, ) 


42. 


x»-y 


If  «y-4=4ay"-^, 
a?»-S=«y(*-y), 


f 
\ 


4a  Sa 


Sa 


Sa 


y=y,or-^. 


(See  App,  p.  338.) 


{: 


43. 


If   \/«»+V^+N/y+V^-<»,l  (Comp. 


If   («•+y).|-8|,l 

(Coffip.  p.  49.) 


45.   If  («»+yx*+y)=i&«y» 


[ 
\ 


{ 


46. 


47. 


>T^i-TT^J,\    (Comp.  p.  49.) 
If  (*-2)y-^.(y»-l)=2y-«,' 

4  °  «y-18  ' 
If   5-2j^=^-(7i-S-s^y,| 


I 


«=2,  or  4, 
^-4,  or  2. 


r*=8,  or  -12, 


|j^=2,  or~^ 


y      yf  y 


j 


[*-4i 


48.     If    Ux+if*l/*-tf=a/ä, 


49- 


«=|(J  ■'-s/s)«, 


■yi^«. 


{Comp*  p.  51.) 


(T)■{^«*^/s^(^^■ »-'- 
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50.     If  J:'+y=4:+-, 


ar»(x-2)+6/x(x-l)+y  =  --«, 


{Comp.  p.  52.) 


L=±i74ö+2*2V8a«-4a-86+l. 

xy=4a6^  J 

fx-2(a±6+^a«*fl6+6»), 

|y2(6*ÄTV«''^ö^+^')- 
I.     If  «-a-+y6-=2(aj:)V(6j()ll     (Com;?,  p.  53.) 

j^=a^{6~T(6"^-a"')*}"***- 

58.     If  ^/i^-^^^V^^^l  UW7I05), 

^  V'        l    {App.^.SS6.)        \ 


52 


x(y+l)'=36(y»+^J 
2x     S  «•-2jjr»-l         « 


U=i(S*VlÖ5). 


(iipp.  p.  338.) 


.4_  «.« 


4^*=/*-l: 


li(«2. 


55.     If  a{\-xy)=^xjl^y*; 


xy^JY^J\-y*  *y-Vl^.^/ry   f    «.54.-) 

a(2y-l)+6(2x'-l)-c,  J 
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57. 


If  lJ(;,!_i)+4(2*!-l)=:^(tfi+*i)+^+2, 

1/3  Jpt  J?3  Jf3 


j:^     Sjt*     2x*     ISS  1_2^_^ 


y^    y    y 


*  So       f/3        *3        *3 


& 


'^ "  5:ä'"'}  (-i>p-  p-  -•) 


(Oomp.  p.  55.) 

4P=27,  or-8, 
=  8,  or-27. 


x=^=a-6, 


or  j?=a--(w*7»»-4»)>  ^=5  {«-o  («^V»» -4)K"»*n/»» -*), 


2*      2 


where  m=-^(a-6*,yä*+2ä6+5Ä*). 


26 


4  r    (Comp.  p.  5o.) 


jr=^=,^7wt+», 


or  JT 


60.     If  a^+t/'-^xyix+yy, 


y•^/^ 


,  -(Tn-hn)^Jm*-2tnn+5n' 

where  fl=— ^ ^    ^- . 

'  2ii 


5     /,^22    /- 
'=2V'^"T^/^' 


'(App*  p.  S41.) 


(/+l)a?=9(x'+l)yj     ^  ^^    ^  ^ 


'-^{J^ß^S+J^l};  ^=|{4/3V4/3+3*(>/j9-l)}. 


62.     If  (2+4jry-3a:')*=2-4«»/+3a?\' 


S2        2 


.1      > 


(iipp.  p.  343.) 


1    /^ 


x-2,   y^l-'-^Jß. 
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(2**-l)(2y-l)=3, 


X 


{l+(f)*}-{»*¥+^'^^^^^}  =  (|)-'*-y.   iComp.p.  57.) 

x=-=^,  or  -=.;    jr=*-,   or   *- 

(Comp.  p.  58.)  4r=^«.^c*V^%)  .     ,   ^.       ^.. 

66.  If  fl'-Jf'-Sary,  ^ 

x=--,  or  *aV::2,  y=--,  or*-^ 

67.  If  (l-*'r.(l+y)-(l+*0*.(l-/)=Wi^.\   frnn,«  «  ßn^ 


1.  What  is  the  quadratic  equation  whose  roots  are  17  and  ~? 

Ans.  3j:'-53x+34»0. 

S 

2.  What  is  the  quadratic  equation  whose  roots  are  3  and  —  ~  ? 

Ans.  5«*-124f-9Ä0. 


«»-(l+fl)«+i(l+a+«0-O, 
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3.  The  trinomial  ax^+bx+c  becomes  42  when  x=4,  22  when  x^S, 
and  8  when  x=2;  what  are  the  values  of  o,  b,  c} 

Ans,  a==3;  6=— 1;  and  c—2, 

4.  Solve  tfae  equaticm  ar*— 54r-24sO,  without  completing  the  Square. 

Ans.  xa=8,  or  —  S. 

5.  Prove  that  in  simph  equations  of  two  unknown  qüantities  there 
18  only  one  pair  of  values  or  the  unknown  qüantities  which  will  satisfj  the 
two  equations. 

6.  If  Xi,  Xt>  represent  the  two  values  of  x  which  satisfy  the  equation 

X       X       hr^  ^QC 

flar*+6x+c«0,  prove  that  — +  —  « ;  and  verify  this  fonnula  by  tfae 

Xf    Xi        ac 

equation  2a?'~7J?+3==0. 

7.  If  a,  ß,  represent  the  two  roots  of  the  equation 

1 

2 
shew  that  a*-\'ß^^a, 

8.  Shew  that  jr+  -  cannot  be  less  than  2,  whatever  positive  quantity 

X 

be  substituted  for  x» 

9.  If  a  proposed  equation  be  reduced  to  the  form  ax^ax-¥c,  what 
conclusion  is  to  be  drawn  as  to  the  value  of «?  Ans.  «=00. 

10.  Shew  that  there  can  be  no  more  than  7^ree  distinct  values  of  x 
which  satisfy  the  equation  a«'+6«'+cx+<f=0,  and  tfalt  their  sum  s— . 

1 1.  Find  the  sum  of  the  four  roots  of  the  equation 

fl(pj?'+^x+r)*+6(p4f*+g«+r)+c=a  Ans.  ^-^ . 

V 

12.  Is      2{(«-a)(x-6) + (fl-jp)(a  -  6) + {6-x)(6  -«)}= («  -  6)«+  («-fl)«+ 
[x-b)*  an  ^Identity'  or  an  ^Equation'?  Ans.  The  former. 

IS.     Given  «+^+»*-^«=5y,  find  — ^ — .  (Comp.  p.  6I.)      Ans.  2. 

14.    Given  x-^=75,  and  «-jBr=4y,  find  ^- — .  (Comp.  p.  6I.)    Ans.  -  . 

*  9 


15.     Given  «■+y«128«,  and  **-y=27Ä,  find  2i.   (Comp.  p.  62.) 


Ans.  60. 


16.    Giren  that  «6-i(«+»)(p+9)+P?=0, .    ^^^  ^^  ^^ 
and  crf-^c+(i)(p+g)+pg«0;J 
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17.  If  the  same  value  of  x  satisfies  both  the  equations  ax^+^r-f  c=0, 
and  aV+6'j?+  c'=0,  what  is  the  relation  subsisting  between  a,  ö,  c,  a',  V^  c? 
(Cowi/?.  p.  6S.)  Ans.  {a&--a'cy'-{ah'''a'b)(b€f-h'c). 

18.  Find  the  relation  subsisting  between  the  coeffidents  in  the  c^qua- 
tions  aij;+&,y=Ci,  a^-^-h^^c^^  oyx:-\-b^=^c^^  that  they  may  be  satisfied  by 
the  same  values  of  x  and  y.     {Comp.  p.  6S.) 

Ans.  ai(ÄjC3-J3Cj)+aa(ft3C,-6,Ca)+fl,(6jC,—6^,)=a 

19.  Find  the  relations  subsisting  between  the  coefficients,  when  the 
equations 

are  equivalent  to  no  more  than  two  distinct  equations.     And  shew  that  in 
this  case  the  values  of  or^  y,  z^  assume  the  form  0•^0.    {Comp,  p.  64.) 

20.  Eliminate  2»  and  c  from  the  equations,  a+^'+cs-/!,  aft+ac+ftcsg, 
a6c=--r.  Ans.  (^+jwi*+ga+r-«0. 

21.  Find  the  value  of  ax'+2y*+cJ5*,  when  aj^=by'^cz\  and 

-  +  -  +  -  =  -=.     ( Comp,  p.  65.)  Ans.  (a4+  6* + c* V. rf*. 

22.  Eliminate  a,  b,  c,  from  the  equations 

(Comp.  p.  65.)  ^^^  ^+y^+z^.dÄ. 


PROBLEMS. 

1.  I  HAVE  six  times  as  many  Shillings  as  half-crowns^  and  to^rether 
they  amount  to  £8.  10^.     How  many  have  I  of  each  ? 

Ans.  20  half-crowns,  120  Shillings. 

2.  Divide  £25.  among  8  persons,  Ay  B,  Cy  so  that  B  shall  have  twice 
as  much,  and  C  three  times  as  much,  as  A. 

Ans.  To  A,  £4,  3s.  4J.     To  B,  £8.  6s.  Bd.     To  C,  £l2.  10s. 

3.  Divide  20  into  two  such  parts  that  one  of  them  shall  be  exactly 

20  times  as  irreat  as  the  other.  .  ,     20 

*  Ans.  19Ä,  ^. 

4.  A  boy  is  exactly  one-third  the  age  of  his  father,  and  has  a  bro- 
ther  one-sixth  his  own  age — the  ages  of  all  three  amount  to  50  years. 
What  is  the  age  of  each?  Ans.  36,  12,  2,  years. 

5.  Of  two  brothers  whose  ages  differ  by  20  years,  one  is  as  much 
above  25  as  the  other  is  b'^low  it.     What  is  the  age  of  each  ? 

Ans.  35y  and  15^  years. 


PROBLEMS.  42D 

6.  A  is  twice  as  old  as  B.  Twenty-two  years  ago  he  was  four  times 
as  old  as  B.     What  is  A's  age  ?  Ans.  66  years. 

7.  Nine  years  ago  Ä  was  three  times  as  old  as  B,  but  now  he  is 
only  twice  as  old.     Required  the  respective  ages  of  A  and  B, 

Ans.  A  is  S6,  J3  is  18. 

8.  Seven  years  ago  a  father  was  four  times  as  old  as  his  son,  but  in 
7  years  more  he  will  be  only  twice  as  old.     What  is  the  age  of  each  ? 

Ans.  35^  and  14,  years. 

9*  The  ages  of  a  father  and  his  son  together  are  80  years ;  and  if 
the  age  of  the  son  be  doubled,  it  will  exceed  the  father's  age  by  10  years. 
Find  the  age  of  each.  Ans.  50,  and  30. 

10.  A  certain  party  is  composed  of  three  times  as  many  men  as 
woraen ;  and  when  four  men  have  left  together  with  their  wives,  there 
remain^biir  iimes  as  many  men  as  women.  How  many  were  there  of 
each  sex  at  first?  Ans.  36  men,  12  women. 

11.  Divide  the  number  90  into  two  such  parts,  that  if  half  of  the 
greater  part  be  added  to  the  double  of  the  smaller,  the  result  is  the 
original  number  90.  Ans.  60,  and  30. 

12.  Find  two  consecutive  numbers,  such  that  the  half  and  fifth  parts 
of  the  first  taken  together  shall  be  equal  to  the  third  and  fourth  parts  ot* 
the  second  taken  together.  Ans.  5  and  6. 

13.  The  product  of  two  numbers  is  180,  but  if  the  lesser  of  the  two 
be  increased  by  1,  the  product  is  increased  by  20.     What  are  the  numbers  ? 

Ans.  9>  Aiid  20. 

14.  Find  two  numbers  in  the  ratio  of  4  to  5,  such  that  if  6  be  added 
to  the  greater  number,  and  1  to  the  smaller,  the  Square  roots  of  the  result- 
ing  numbers  shall  differ  by  1.  Ans.  24,  and  30;  or  8,  and  10. 

1 5.  There  is  a  certain  number  of  which  the  cube  root  is  one-fiflh  of 
the  Square  root :  find  it.  Ans.  15625. 

16.  A  certain  fraction  becomes  4  i^  1  he  added  to  its  numerator ;  but 
if  1  be  added  to  its  denominator,  it  becomes  ^.    What  is  the  fraction? 

Ans.  -r . 
15 

17.  A  certain  fraction  becomes  4  if  1  be  taken  from  its  denominator, 
and  added  to  the  numerator;  but,  if  1  be  taken  from  its  numerator  and 
added  to  the  denominator,  it  becomes  1.     What  is  the  fraction  ? 

7 
Ans.  — . 

18.  The  numerator  of  a  certain  fraction  being  multiplied  by  3,  and 
the  numerator  and  denominator  added  together  for  a  new  denominator, 
the  resulting  fraction  =  1.     Find  the  original  fraction.  Ans.  ^. 


430  PBOBLEMS. 

19.  A  person  distributed  £5,  among  36  persona^  old  men  and  widows, 

giving  Ss.  each  to  the  men^  and  2#.  6€L  each  to  the  women.     How  many 

were  there  of  each?  ^^^   ^^  ^^^   -^  «.««.«« 

Ans.  20  men,  10  women. 

20.  A  person  distributed  p  Shillings  among  n  persons,  giving  Qd^  to 
some,  and  15d.  to  the  rest.     How  many  were  mere  of  each  ? 

Ans.  ^(5ii-4p)  at  9^.,  and  ^(4p-Sit)  at  15dL 

21.  Divide  the  number  n  into  two  such  parts,  that  the  quotient  of 
the  greater  divided  by  the  less  shall  be  q  with  a  remainder  r. 

.        fiQ+r     n—r 

An«.  -^ , . 

1+g  •    l+^f 

g 

22.  Divide  the  fraction  -  into  two  parts^  so  that  the  numerators  of  the 

5 

two  parts  taken  together  shall  be  equal  to  their  denominators  taken 

toffether.  .         1      11 

»  An».  -,   -. 

23.  Divide  30  in  two  such  parts  that  one  is  the  Square  of  the  other. 

Ans.  5,  25. 

24.  A  certain  number  of  sovereigns,  Shillings,  and  sixpences  together 
amount  to  £8.  6s,  6d.^  and  the  amount  of  the  Shillings  is  a  guinea  less  than 
that  of  Uie  sovereigns,  and  a  guinea  and  a  half  more  than  that  of  the  aix- 
pences.     Find  the  numbers  of  each  coin. 

Ans.  4  sovereigns^  59  Shillings,  55  sixpences. 

25.  What  is  the  number  frora  the  n^  part  of  which  if  ö  be  taken.  a 
times  the  remainder  is  equal  to  6  ?  .        «^a +  — Y 

26.  A  person  sells  a  acres  more  than  the  tn}^  part  of  his  estate,  and 

there  remain  b  acres  less  than  the  n^^  part.     Of  how  many  acres  does  the 

whole  estate  consist?  .  mii(a— 6) 

Ans. 


27*  A  labourer  is  engaged  for  n  days,  on  condition  that  he  receives 
p  pence  for  every  day  he  works,  and  pays  q  pence  for  every  day  he  is 
idle.  At  the  end  of  the  time  he  receives  a  pence.  How  many  days  did 
he  work^  and  how  many  was  he  idle  ? 

Ans,     He  worked  — — ,  and  was  idle  -^ ,  days. 

P+q  p-^q      ^ 

28.  A  person,  being  asked  what  o'clock  it  was,  answered  that  it  was 
between  5  and  6,  and  that  the  hour  and  minute  hands  were  together.  Re- 
quired  the  time  of  day.     {^Comp.  p.  66.)  Ans.  27m.  16^8-  past  5. 

2g.  Find  the  time  afler  h  o'clock  at  which  the  hour  and  minute  hands 
of  a  watch  are  distant  d  of  the  minute  divisions  from  each  other.     {Comp. 

P-  ^'-^  Ans.   If  (5Ä*cf). 
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30.  There  are  two  places  154  miles  distant  from  each  other,  firom 
which  two  persons  A  and  B  sei  oat  at  the  same  instant  with  a  design  to 
meet  on  the  road,  A  travelling  at  the  rate  of  3  miles  in  2  hoors,  and  B  at 
the  rate  of  5  miles  in  4  hours.  How  long  and  how  far  did  each  travel 
before  they  met?  Ans.  A  travelled  84  miles,  and  56  hours, 

B 70 

31.  Find  a  nuraber,  such,  that  whether  it  is  divided  into  trvo  er 
ikree  equal  parts,  the  continued  product  of  the  parts  shall  be  the  same. 

Ans.  6f . 

32.  A  person  bought  a  certain  nomber  of  sheep  for  jß94:  having  lost 
7  of  thera>  ne  sold  one-fourth  of  the  remainder  at  prime  cost  for  £20. 
How  many  sheep  had  he  at  first  ?  Ans.  4?. 

33.  A  farmer  buys  tu  sheep  for  Xp,  and  sells  n  of  them  at  a  gain  of 
£5  per  cent. :  how  must  he  seil  the  remainder  that  he  may  clear  10  per 
Cent  on  the  whole?  .  229it— 21»       ^       , 

34.  A  boy  at  a  fair  spends  bis  money  in  oranges.  If  he  had  received 
5  more  for  bis  money >  they  would  have  cost  a  half-penny  each  less ;  but  if 
3  less^  a  half-penny  each  more.     How  much  did  he  spend  ?      Ans.  2s,  6d, 

35.  A  bare  is  80  of  its  own  leaps  before  a  greyhound,  and  takes 
3  leaps  for  every  2  taken  by  the  greyhound^  but  the  latter  passes  over 
as  much  grouna  in  one  leap  as  the  former  does  in  two.  How  many 
leaps  will  the  bare  have  taken  before  it  is  caught  ?     {Comp,  p.  67.) 

Ans.  240. 

36.  A  Courier  passing  through  a  certain  place  (P)  travels  at  the 
rate  of  5  miles  in  2  hours.  Four  hours  afterwaras  another  passes  through 
the  same  place  travelling  the  same  way  at  the  rate  of  7  miles  in  two 
hours.    How  far  from  the  place  (P)  is  the  first  overtaken  by  the  second? 

Ans.  35  miles. 

37-  A  person  has  just  a  hours  at  bis  disposal;  how  far  may  he  ride  in 
a  coach  which  travels  b  miles  an  hour,  so  as  to  retum  home  in  jbime,  Walk- 
ing back  at  the  rate  ofc  miles  an  hour  ?     Ex.  a=2,  6«12^  c=4. 

(1)  Ans.  T — miles.    (2)  Ans.  6  miles. 

38.  A  banker  has  two  kinds  of  money >  silver  and  gold;  and  a  pieces 
of  silver,  or  b  pieces  of  gold,  make  up  the  same  sum  4^.  A  person  comes, 
and  wishes  to  be  paid  me  sum  S  with  c  pieces  of  money  :  how  many  of 
each  must  the  banker  give  bim  ?     {Comp,  p.  67«) 

Ans.  Of  silver,  a. — .;    of  irold.  6. — r. 

'       a-b'         ^  a-b 


3Q,     A  certain  number  being  divided  into  both  n  and  n+1  equal  parts^ 

the  product  of  the  n  parts  is  n  times  the  product  of  the  n+l  parts.     Find 
the  number.  .         /n+l\*** 
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40.  Two  travellers,  Ä  and  By  set  out  from  two  places  P  and  Q  at  the 
same  time ;  A  from  P  intending  to  pass  through  Q,  and  B  from  Q  intend- 
ing  to  travel  the  same  way.  After  Ä  had  overtaken  B,  and  they  had 
computed  their  travels,  it  was  found  that  the  distance  A  had  travelled 
together  with  the  distance  B  had  travelled  made  up  SO  miles ;  that  Ä  had 
passed  through  Q  4  hours  hefore ;  and  that  B  at  his  rate  of  travelling  was 
9  hours  joumey  distant  from  P.  Required  the  distance  between  the  two 
places  P  and  Q.  Ans.  6  miles. 

41.  The  rent  of  a  farm  is  paid  in  certain  fixed  numbers  of  quar- 
ters of  wheat  and  barley :  when  wheat  is  at  55s,  and  barley  at  SSt^  per 
quarter,  the  portions  of  rent  by  wheat  and  barley  are  equal  to  one  an- 
other :  but  when  wheat  is  at  65s.  and  barley  at  41^.  per  quarter,  the  rent 
is  increased  by  £7.     What  is  the  corn-rent? 

Ans.  6  qrs.  of  wheat;  10  qrs.  of  barley. 

42.  A  constable  in  pursuit  of  a  thief  at  a  uniform  pace  finds  by 
inquiry  that  the  thief  is  travelling  1^  miles  per  hour  quicker  than  him- 
seif;  he  therefore  doubles  his  speed  after  the  first  4  hours,  and  takes 
the  thief  at  the  end  of  6  hours  and  20  minutes  from  the  time  of  his 
starting.  Given  that  the  thief  had  a  start  of  1  hour,  and  never  varied 
his  speed,  find  the  rates  of  travelling  of  the  two  parties^  and  the  distance 
at  which  the  capture  took  place. 

Ans.  Constable's  speed  at  first,  8^  miles  per  hour, 

Thiefs  speed  throughout  9f  

Requirea  distance  71^  miles. 

43.  At  an  election  where  each  elector  may  give  two  votes  to  different 
candidates,  but  only  one  to  the  same,  it  is  found  on  casting  up  the  poll, 
that  of  the  candidates  A,  B,  C,  A  had  158  votes,  B  had  132,  C  had  58. 
Now  26  voted  for  A  only,  30  for  B  only,  and  28  for  C  only,  How  niany 
voted  for  A  and  B  jointly ;  how  many  for  A  and  C;  and  how  many  for 
B  and  C?  Ans.  For  A  and  B,  102  ;  A  and  C,  30  ;  B  and  C,  0. 

44.  During  a  panic  there  was  a  run  on  two  bankers,  A  and  B  ;  B 
stopped  payment  at  the  end  of  three  days,  in  consequence  of  which  the 
alarm  increased,  and  the  daily  demand  for  cash  on  A  being  tripled,  A  failed 
at  the  end  of  two  more  days.  Now  if  A  and  B  had  joined  their  capitals 
together,  they  might  both  nave  stood  the  run  as  it  was  at  first  for  7  days^ 
at  the  end  of  which  time  B  would  have  been  indebted  to  A  £4000.  What 
was  the  daily  demand  for  cash  on  A  at  the  beginning  of  the  run  ? 

Ans.  £2000. 

45.  There  is  a  waggon  with  a  mechanical  contrivance  by  which  the 

difference  of  the  number  of  revolutions  of  the  wheels  on  a  joumey  is 

noted.     The  circumference  of  the  fore-wheel  is  a  feet,  and  of  the  hind- 

wheel  b  feet;   what  is  the  distance  gone  over,  when  the  fore-wheel  has 

made  n  revolutions  more  than  the  hind-wheel  ?  .      .    abn    ^ 

Ans.  T —  feet. 
6—« 
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46.  A  person  has  two  casks  containing  a  certain  quantity  of  wine 
in  each.  He  wishes  to  have  an  equal  quantity  in  each ;  and  in  order 
to  have  this,  he  pours  out  of  tfae  first  cask  into  me  second  as  much  as  the 
second  contained  at  first;  then  he  pours  from  the  second  into  the  first 
as  much  as  was  lefl  in  the  first;  and  then  again  from  the  first  into  the 
second  as  much  as  was  left  in  the  second.  At  last  there  are  exactly  a 
gallons  in  each  cask.     How  many  gallons  were  in  each  cask  at  first? 

.         IIa         ,  5a 
Ans.  — -,  and—. 

47*     A  person  rows  from  Cambridge  to  Ely  (a  distance  of  20  miles)  and 

back  again  in  ten  hours^  the  stream  flowing  uniformly  in  the  same  direction 

all  the  time ;  and  he  finds  that  he  can  row  2  miles  against  the  stream  in 

the   same  time  that  he  rows  3  miles  with  it.     Find  the  velocity  of  the 

stream,  and  the  times  of  going  and  retu^ning. 

5 
(1)  Ans.  7  of  a  mile  per  hour.     (2)  Ans.  4  hours.     (3)  Ans.  6*  hours. 

48.  The  Gas  Company  engage  to  light  a  shop,  for  six  days  in  a  week, 
with  5  large  and  3  small  bumers,  but  having  by  them  only  one  large 
burner,  they  supply  the  deficiency  with  5  small  ones.  The  shopkeeper, 
not  finding  this  bght  sufiicient,  procures  two  small  burners  more,  and  at  the 
same  time  agrees  for  the  iights  to  burn  double  the  usual  time  on  Saturday 
nights,  for  which  additional  gas  he  was  to  pay  £l.  Ms.  How  much  did 
he  pay  a  year  altogether?  Ans.  £5,  5s. 

49*  A  shopkeeper,  on  account  of  bad  book-keeping,  knows  neither 
the  weight  nor  the  prime  cost  of  a  certain  article  which  he  had  purchased. 
He  only  recollects,  that  if  he  had  sold  the  whole  at  30^^.  per  Ib.,  he  would 
have  gained  £5.  by  it,  and  if  he  had  sold  it  at  22s.  per  Ib.,  he  would  have 
lost  £15.  by  it.     What  was  the  weight  and  prime  cost  of  the  article? 

Ans.  Weight  50lbs.     Cost  28^.  per  Ib. 

50.  A  book  is  so  printed,  that  each  page  contains  a  certain  number  of 
lines,  aud  each  line  a  certain  number  of  letters.  If  we  wished  each  page  to 
contain  3  lines  more,  and  each  line  4  letters  more,  then  there  would  be  224 
letters  more  than  before  in  a  page ;  but  if  we  wished  to  have  2  lines  less  in 
each  page,  and  3  letters  less  in  each  line,  then  the  page  would  contain  145 
letters  less  than  at  first.  How  many  lines  are  there  in  each  page,  and  how 
many  letters  in  each  line  ?  Ana.  29  lines,  and  32  letters. 

51.  When  wax  candles  are  half-a-crown  a  pound,  a  composition  is 
invented  of  such  a  nature,  that  a  candle  made  of  it  will  burn  two-thirds 
of  the  time  in  which  a  wax  candle  of  the  same  thickness  and  one-fourth  as 
heavy  again  will  continue  burning.  Supposing  the  two  candles  give  an 
equally  bright  light,  what  must  be  charged  per  Ib.  for  the  composition 
tliat  it  may  be  as  cheap  as  wax?     {Comp.  p.  iiS.)  Ans.  2s,  Id. 

52.  A,  B,  C,  D,  E  play  together  on  the  condition  that  he  who  loses 
shall  give  to  all  the  rest  as  much  as  they  have  already.  First  A  loses,  then 
B,  then  C,  then  D,  then  E.     All  lose  in  turn,  and  yet  at  the  end  of  the 

28 
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fifth  game  they  all  have  the  same  sum^  viz.  £32,     How  rouch  had  each 
before  they  began  to  play? 

Ans.  A£S\,  B£^l,  C£21,  2>£ll,  E£6. 

5S.  A  man  at  bis  death  leaves  property  to  the  amount  of  £5850  to 
be  divided  among  three  sons,  four  daughters,  and  bis  widow^  in  manner 
following: — viz.  the  share  of  two  sons  is  to  be  equal  to  that  of  three 
daughters^  and  the  mother's  share  half  that  of  a  son  and  a  daughter  taken 
together.     Find  each  person's  share. 

Ans.  Each  son  £900,  daughter  £600,  motber  j£750. 

54.  A  and  B  engaged  to  reap  equal  quantities  of  wheat,  and  A  began 
half  an  hour  before  B.  They  stopped  at  12  o'clock,  and  rested  an  hour, 
observing  that  just  half  the  whole  work  was  done.  i^s  part  was  finiahed 
at  7  o'clock,  and  ^'s  at  a  quarter  before  10.  Supposing  them  to  have 
laboured  uniformly,  determine  the  times  at  which  they  commenced. 
{Comp.  p.  69-)  Ans.  ^  at  ^  past  4,  ^  at  5  o'dock. 

55.  A  cistern  can  be  ölled  by  three  difFerent  pipes;  by  the  Ist  in  1^ 
hours,  by  the  2nd  in  3^  hours,  and  by  the  third  in  5  hours.  In  what  time 
will  Ulis  cistern  be  filled  when  all  three  pipes  are  opened  at  once? 

Ans.  48  minutea. 

56.  IfA  and  B  together  can  perform  a  piece  of  work  in  a  days,  A  and 
C  together  the  same  in  b  days/  and  B  and  C  together  in  c  days;  find 
the  time  in  which  each  can  perform  it  separately?     {App,  p.  350») 

.  .  .         Qahc  „  .  Qahc  ^  .         2ahc  . 

Ans.  A  m  -. 5 ,  B  m  -j — -. ,  C  in  -r j-  ,  days. 

ac+oc-ab  ab+bc—ac  ab-^-ac—oc        ^ 

57*  In  a  tithe-coramutation  the  rent-charge  was  apportioned  so  as  to 
be  3s.  an  acre,  and  in  the  Ist  year  the  rates  payable  on  the  rent-charge 
wanted  £6  of  10  per  cent.  on  the  whole  receipts.  The  next  year  the 
rates  were  doubled,  and  amounted  to  15  per  cent.  on  the  receipts:  what 
was  the  number  of  acres?  *  Ans.  I6OO. 

58.  A  and  B  drink  frora  a  cask  of  beer  for  2  hours,  afler  which  A  falls 
asleep,  and  B  drinks  the  remainder  in  2  hours  and  48  minutes :  but  if  B 
had  fallen  asleep,  and  Ä  had  continued  tö  drink,  it  would  have  taken  him 
4  hours  and  40  minutes  to  ünish  the  cask.  In  what  time  would  each  singly 
be  able  to  drink  the  whole?  Ans.  A  in  10  hours,  5  in  6  hours. 

59.  There  is  a  number  composed  of  two  figures,  of  which  the  figure  in 
the  unit's  place  is  triple  ofthat  in  the  tens',  and  if  36  be  added  to  the  num- 
ber the  sum  is  expressed  by  the  same  digits  reversed.  What  is  the  number? 

Ans.  26. 

60.  The  fore-wheel  of  a  coach  makes  6  revolutions  more  than  the 
hind-wheel  in  going  120  yards;  but,  if  the  circumference  of  each  wheel 
be  increased  1  yard,  the  fore-wheel  will  make  only  4  revolutions  more  than 
the  hind-wheel  in  the  same  distance.  Find  the  circumference  of  each 
wheel.     (App.  p.  351.)  Ans.  4,  and  5,  yards. 

61.  The  mail-train  upon  a  railway  Starts  a  certain  time  afler  a 
luggage-train  from  the  same  terminus,  and  the  time  is  so  adjusted  that. 
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before  arriving  at  tbe  other  terminus,  the  trains  iiirill  exactiy  escape  col- 
lision  and  no  more.  It  happens^  hoiyever,  that  from  an  accident  to  the 
engine  the  speed  of  the  lu^ga^^e  train  is  suddenly  reduced  one-half  after 
performing  two-thirds  of  its  journey^  and  a  collision  takes  place  a  miles 
irora  the  end  of  it  The  proper  speeds  of  the  trains  being  m  and  n  roiles 
per  hour,  (m>ii)  find  the  length  of  the  railway,  and  the  difierence  of  times 
of  starting.     {Comp.  p.  6Q.) 

0)  An,.  s(2-£)«.       (2)  Ans.  3.'^«(2-£)a. 

62.  Three  persona  divide  a  certain  sum  of  money  amongst  them  in 
the  following  manner: — A  takes  the  »^  part  of  the  whole  together  with 

-f ;  ß  takes  the  n***  part  of  the  remainder  together  with  -£;  C  takes  the 

n*^  part  of  what  now  remains  together  with  -£;  and  then  nothing  remains* 
Find  the  sum. 

6s.  Find  two  numbers  whose  product  is  equal  to  the  difierence  of 
their  Squares,  and  the  sum  of  their  Squares  equal  to  the  difierence  of  their 
cubes.     (App.  p.  SbS.)  i    ._  1  ^ 

^  ^^  ^  ^  Ans.  1^5,    and  ^i^^+Jl). 

64.  A  pack  of  p -Cards  is  distributed  into  n  heaps,  so  that  the  num- 
ber  of  pips  on  the  lowest  cards>  together  with  the  number  of  cards  laid 
upon  them,  is  the  saroe  numbet*  m  for  each  heap,  and  the  number  of  cards 
remaining  is  found  to  be  r;  required  the  number  of  pips  on  all  the  lowest 
cards.     (Comp.  p.  70.)  Ans.  (OT+l)»+r-p. 

65.  If  tf  men  or  6  boys  can  dig  m  acres  in  n  days,  find  the  number 
of  boys  whose  assistance  will  be  required  to  enable  a—p  men  to  dig  nt+p 
acres  in  n^p  days.    {Comp.  p.  70.)  ^^^   ^fl+  '""'"", f.Y 

66.  Supposing  the  sum  of  51  cards  in  a  common  pack  to  be  lOis-f-^^ 
(where  a<10),  prove  the  value  of  the  last  card  to  be  10- a,  the  court- 
cards  reckoning  for  10,  and  the  others  for  as  much  as  is  the  number  of 
pips  upon  each.     Find  also  the  value  of  w.     {Comp,  p.  71.)       ^^s.  »=33. 

67.  If  a  oxen  in  m  weeks  eat  b  acres  of  grass,  and  c  oxen  eat   d 

acres  in  n  weeks,  how  many  oxen  will  eat  e  acres  in  p  weeks,  supposing 

the  grass  to  grow  uniformly?     {Comp.  p.  72.) 

.        fii-p  nee     n—p  mae 

Ans.  f-.—y ^. — -. 

iw-«  pd     m-n    ])b 

68.  The  distance  between  two  places  is  a,  and  on  the  first  day  ~  th 

^   m 

of  the  joumey  from  one  to  the  other  is  performed;  on  the  2nd  day  —  th 

28—2 
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of  the  remainder;  then  —  th  and  ~th  of  the  remainders  altemately  on 

tn  n  ^ 

succeeding  days.   Find  the  distance  gone  over  in  2p  days.   {Comp,  p.  7d0 

69'  Two  labourers  A  and  B,  whose  rates  of  working  are  as  S  to  5, 
were  eroployed  to  dig  a  ditch  ;  A  worked  12  hours  and  B  10  hours  a  day: 
B  being  called  away^  Ä  worked  one  day  alone  in  order  to  complete  the 
work :  when  they  were  paid,  B  received  as  many  pence  more  than  A  as 
the  number  of  days  thev  worked  together.  Now  had  B  been  called  away 
a  day  sooner^  A  would  nave  received  3s,  lld.  more  than  B  at  the  condu- 
sion  of  the  work.  What  are  their  respective  daily  wages  on  supposition 
that  each  is  paid  in  proportion  to  the  work  performed  ?     (App.  p.  35^) 

Ans.  ä'b  daily  wages  1^.  6d.     B's  2s,  Id, 

70.  To  complete  a  certain  work  A  requires  m  times  as  long  a  time 
as  B  and  C  together ;  B  requires  n  times  as  long  as  A  and  C  together ; 
and  O  reauires  p  times  as  long  as  A  and  B  together.  Compare  the  times 
in  which  each  would  do  it^  and  prove  that 

+  — -  +  — -  =1.    (Comp,  p.  73.) 


w+1     n+1     p+1 


71.  Si,  St,  Saj,,.St^^i  are  n+1  stones  placed  in  a  straight  line  a  yard 

from  each  other,  and  X  is  another  assumed  Station  in  the  same  line  pro. 

duced ;  two  persons  set  out  from  Si,  the  one  to  carry  the  stones  separately 

to  Si,  and  the  other  to  X ;  find  the  distance  from  S^i  to  X,  that  the  latter 

may  travel  exactly  twice  as  far  as  the  former.     (Comp,  p.  74.) 

.        «(«  +  2) 
Ans.  -^ — —'. 
2fi+l 

72.  A  steam-boat  sets  out  from  London  3  miles  behind  a  wherry^  and 
having  got  to  the  same  distance  a-head  it  overtakes  a  bärge  ßoating  down 
the  stream,  and  reaches  Gravesend  1^  hours  aflerwards.     Having  waited 

to  land  the  passengers  ^  th  of  the  time  of  Coming  down,  it  Starts  to  retum, 

/ind  meets  the  wherry  in  ^  of  an  hour^  the  bärge  being  then  5^  miles  a* 

head  of  the  steam-boat,  and  arrives  at  London  in  the  same  time  that  the 
•wherry  was  in  Coming  down.  Find  the  distance  between  London  and 
Gravesend,  and  the  rate  of  each  vessel.    (App.  p.  356.) 

(1)  Ans.  30  miles.    (2)  Ans.  9»  &nd  3,  miles  per  hour. 

73.  Two  clocks  are  striking  the  hour  together,  and  are  heard  to  strike 
19  times.  There  is  a  difference  of  two  seconds  in  their  time,  and  one 
strikes  every  three,  the  other  every  four,  seconds.  What  is  the  hour  they 
strike  ?  it  being  observed  that,  when  the  clocks  strike  in  the  same  seconcf, 
the  Sounds  cannot  be  distinguished^  so  as  to  determine  whether  one  or 
both  strike  in  that  second,  and  that  this  is  the  case  with  the  last  stroke  of 
the  faster  clock.    (Comp.  p.  75.)  Ans.  1 1  o'clock. 

74.  A  and  B  travelled  on  the  same  road  and  at  the  same  rate  to 
London.    At  the  50^^  mile-stone  from  London  A  overtook  a  flock  of  geeae^ 
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which  travelled  at  the  rate  of  3  miles  in  2  hours ;  and  2  hours  aflerwards 
he  met  a  sta^e-waggon  which  travelled  at  the  rate  of  9  miles  in  4  hours^ 
B  overtook  the  flock  of  geese  at  the  45^  mile-stone  from  London,  and  met 
the  stage-waggon  40  minutes  before  he  came  to  the  SV^  mile-stone.  Where 
was  B,  when  A  reached  London  ?     {App,  p.  357*) 

Ans.  25  miles  from  London. 

75.  The  hold  of  a  vessel  partly  füll  of  water  (which  Is  uniformly 
increased  by  a  leak)  is  furnished  with  two  pumps  worked  by  A  and  By  of 
whom  A  takes  three  strokes  to  two  of  ^s^  but  four  of  B's  throw  oat  as 
much  water  as  five  of  A's.  Now  B  works  for  the  time  in  which  A  alone 
would  have  emptied  the  hold.  A  then  pumps  out  the  remainder,  and 
the  hold  is  cleared  in  1 3  hrs.  20  min.  Had  they  worked  together^  the  hold 
would  have  been  emptied  in  3  hrs.  45  min.,  and  A  would  have  pumped 
out  100  gallons  more  than  he  did.  Required  the  quantity  of  water  in  the 
hold  at  first,  and  the  horary  influx  at  the  leak.    (Comp,  p.  76.) 

Ans.  Quantity  in  the  hold  1 200  gallons. 
Horary  influx  120  gallons. 


INEQUALITIES. 

1.  If  4jr-7<2j:+3,  and  3a:+l>lS-j:,  find  x.  Ans.  j?«4. 

2.  What  is  the  integral  value  of  x^  when  -(«+2) +  -«<-(« -4) +3, 
and  >-(«+l)  +  -?  Ans.  xs5. 

3.  Which  is  greater  «— ^  or  {Jx-J^y?      Ans.  The  former,  if  jp>y. 

4.  Shew  that  Ti+"i>~  +  r>  *^  ö  +  ^  be  positive.    (Comp.  p.  78.) 

5.  Which  is  greater  — --  or  ?  Ans.  The  latter. 

b-h- 
c 

6.  Shew  that  Ja'-b^+Ja^-^a-by^a,  if  a>b.    (Comp.  p.  78.) 

7.  If  «*=a*+6S   and  y*^(^-¥d^,  which   is  greater,  xy  or  ac-hbd? 
(Comp.  p.  79«)  Ans.  xy. 

8.  Which  is  greater,  n*+l  or  n*+n}     (Comp.  p.  79.) 

Ans.  it'+l,  unless  «»L 

9.  Which  is  greater,  3(l+a*+a*),  or  (l+a+a*)*?     (Comp.  p.  79-) 

Ans.    The  former>  unless  a^l. 
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10.  Which^ia  greater,  2(l+a'+fl*),  or  S(a+fl*)? 

Ans.     The  former,  unless  a=l. 

11.  Shew  that  b\ji+-+^)>  or  <^(~ä  +  r+2)>  «ccording  as  a>  or 
<i.     (Comp,  p.  79.) 

Ä*—  II  4>  1  1 

12.  Shew  that  ^ lies  between  3  and  -  for  all  real  values  of  m. 

n*+n+l  3 

(Comp.  p.  80.) 

IS.     Shew  that  abc:>(a-¥b'-c)(a-hc~b)(b'^C'-a),  unless  a^i^c. 
(Comp,  p.  80.) 

14.  Shew  that  a6c>(2a-6)(25-c)(2c-a),  unless  a^b^c,  eaeh  of  the 
factors  being  posUive,     (Comp,  p.  81.) 

15.  Shew  that    ab(a'^b)-k'ac(a+c)-^bc(b'^c)    is  between  6a6c,    and 
2(a*-h^+c^;  fl,  6,  c  being  positive  quantities.     (Comp,  p.  82.) 

16.  Shew    that  (a+b+cy>27abc,   and  'c9(a*+b*+c^^  unless  a=6sc. 
(Comp,  p.  82.) 

17.  If  a<j?,  shew  that  (j:+a)*-j:'<7fl*'»    (Comp,  p.  83.) 

18.  Shew  that  ^n>^»+l,    for  all    values   of  n  not  less  tban    3. 
(Comp,  p.  83.) 

19.  Shew  that  (a*+6*+l)(c'+(f+l)>(/ic+6rf+l)*,    unless  a^c^    and 
ft«rf.     (Comp,  p.  83.) 

20.  Shew  that  7 (a + 6 +c+  <i) >Jabcd,  unless  a^b^c^d.    ( Comp.  p.  84.) 

21.  If  ^1,  ^3,  a,^...£r.^  be  positive  quantities^  shew  that 
n-1 


2 


(«i + at+aj+  •••+««)  >v  aiaa+/v/«ia3+/s/aaflj+ &c.     (Comp.  p.  84^) 


22.  Shew  that  — — zr-r  <1>  for  all  rear/  values  of  a.     (Comp.  p.  85.^ 

23.  The  double  of  a  certain  number  increased  by  7  is  not  greater  tban 
19^  and  its  triple  diminished  by  5  is  not  less  than  13.    What  is  the  number  ? 

Ans.  6. 

KATIOS,  PROPORTION,  AND  VAJRIATION. 

1,  Which  is  greater,  3  :  5,  or  5:8.^  Ans.  The  latter. 

2.  Prove  that  a  :  6  is  a  greater  ratio  than  ax  :  &x+y,  and  a  less  ratio 
than  ax  :  bx—y, 

S.    Prove  that  o'+i*  :  a'-^b*^a*-\-b* :  ö+ä. 
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4.  Find  the  ratio  compounded  ofaix^  '  •  ^9  ^^<^  y  •  h.        Ans.  a  :  h, 

5.  Find  the  ratio  compounded  of  a?+a  :  ä+6,  and  fl(a?+6)  :  Ä(«+a). 

Ans.  a :  h, 

6.  What  quantity  must  be  added  to  each  of  the  terms  of  the  ratio 

a  :  6,  that  it  may  become  the  ratio  c  :  d?  .        ad-bc 

•^  Ans.  7-  . 

c-d 

7.  Prove  that,  if  a  :  6  is  a  greater  ratio  than  c  :  dy  a-^c :  b+d  ia  & 
less  ratio  than  a  :  b^  but  a  greater  than  c  :  d,     {Comp,  p.  85.) 

8.  What  is  the  proportion  deducible  from  the  equation  ab^a^—a^} 

Ans.  ai  a-{-x  ::  a—x  :  b, 

9.  What  is  the  proportion  deducible  from  the  equation  j:*+y'=2flfj?? 

Ans.  X  \  y  w  y  \  2a— x. 

10.  Four  given  numbers  are  represented  by  a,  b^  c,  d;  rcquired  the 
quantity  which  added  to  each  will  make  them  proportionals. 

*           bc-ad 
Ans. r 3  . 

11.  If  four  numbers  be  proportionals,  shew  that  there  is  no  number 
which,  being  added  to  each,  will  leave  the  resulting  four  numbers  pro- 
portionals. 

.  j     1        .L  .  2a+36     2c-^3d 

12.  If  a  :  b^ci  d,  shew  that w  =  7— ttj- 

4a+56     4c+5a 

13.  If  four  quantities  of  the  same  kind  be  proportionals,  prove  that 
the  greatest  and  least  together  are  greater  than  the  other  two  together. 

14.  If  {a  +  by  :  (a-by  ::  b  +  c  :  6-c,  shew  that  a  :  6  ::  J2a~c  :  Je, 

15.  If  «  :  y  ::  ä"  :  b%  and  a  :  b  :i  IJcTx  :  JdTy^  shew  that  cy^dx. 

16.  If  a  :  Ä  :;  c  :  rf,  shew  that  flr(a+Ä+c+rf)«(a+6)(a+c). 

17.  If  a  :  6  ::  c  :  d,    shew    that    Ja-b  :  Jc-d  ::  Ja-JS  :  Jc-Jl :: 

Ja+Jb  i  Jc^Jd, 

18.  If    (a+Ä+c+(/)(fl-^-c+^=(«-^+^-^(«+^-^-^,    shew    that 

a  :  6  ::  c  :  (/. 

19.  If  a  :  6  ::  c  :  rf,  shew  that 

l        \       'i       \       l     \a     b     c     d\       ,^ 
ma     no     pc     qd     oc    [q     p     n     m]       ^        '^    ^        ^ 

20.  If  47,  :  6|  ::  a, :  6,  ::  o,  :  ^f  ::  &c.>  shew  that    (Comp.  p.  86.) 

(ai'+öa"+a,'+&c.)(6,*+6/+63'+&c.)=(Äi5i  +  flrA+flrA+ &€.)*, 

and  /s/(ai+a,+a3+&c.)(6i+6a+6,+  &c.)=^ai6j+^aa6,+;yi7^j+&c. 
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21.  If  the  difiPerence  between  a  and  h  be  small  when  compared  with 
either  of  them,  shew  tbat  the  ratio  ija-'ijbi  i^a-jjb  is  nearly  equal  to 
rCja  :  »i^a.     (Comp.  p.  86.) 

22.  If  7^= ^  =  ^= ^-^»  8hew  that  X  :  ^  ::  l:^^^  :  2- 

{Comp,  p,  87.) 

23.  Find  the  number  to  which  if  1  and  3  be  successively  added,  the 
resulting  numbers  are  in  the  proportion  2:7«  ^  I 

5 

24.  Find  two  numbers  in  the  ratio  3  :  4,  and  of  which  the  sum  :  the 
sam  of  their  Squares  ::  7  :  50.  Ans.  6,  and  8. 

25.  Distribute  s  soldiers  among  t  towns  in  proportion  to  their  respec- 
tive  populations  p^^  p^  Pay'Pf 

Ans.   ^j,       ^j,      ^*>...p*,  where  P=Pi+j»a+Pa+...+pr. 

26.  If  m  Shillings  in  a  row  reach  as  far  as  n  sovereigns>  and  a  pile  of 
p  Shillings  be  as  high  as  a  pile  of  q  sovereigns^  coropare  the  values  of  equal 
bulks  of  gold  and  silver.    {Comp.  p.  87.) 

Ans.  Val.  of  gold  :  val.  of  silver  ::  20n'q  :  m*p. 

27.  A  person  in  a  railway  carriage  observes  that  another  train  running 
on  a  paraUel  line  in  the  opposite  direction  occupies  2  seconds  in  passing 
him — ^but,  if  the  two  trains  had  been  proceeding  in  the  same  direction,  it 
would  have  taken  30  seconds  to  pass  him.  Compare  the  speeds  of  the 
two  trains.  Ans.  7  :  8. 

28.  A  person,  having  travelled  56  niiles  on  a  railway  and  the  rest  of 
bis  journey  by  a  coach,  observed  that  in  the  train  he  had  performed  one- 
fourth  of  nis  whole  journey  in  the  time  the  coach  took  to  go  5  miles,  and 
that  at  the  instant  he  arrived  at  home  the  train  would  be  35  miles  farther 
than  he  was  from  the  Station  at  which  it  left  him.  Compare  the  rates 
of  the  coach  and  train.    {Comp,  p.  88.)  Ans.  1  :  3^. 

29.  Given  that  ifocx,  and  when  x^2,  ^=10,  required  the  equation 
between  x  and  y.  Ans.  y-Sx- 

30.  Given    that  y^oca'-x';    and   when   x^Ja*^b\  ^»  — ;   find   the 

Ans.  y^-Ja?^s^, 


equation  between  x  and  if.  ^^^    ^_6 

a 


31.     Given  that  socl*,  when  y  is  constant;  and  tccf,  when/  is  con- 
stant:  also  2s=/f  when  /»l.     Find  the  equation  between/,  Sj  and  /. 

Ans.  *=5//*. 
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32.  Given  that  y  is  equal  to  the  sum  of  two  quantides,  one  of  which 
varies  as  x,  and  the  other  varies  inversely  as  jr';  and  when  «=1»  2^  ^=6»  ^9 
respectively.     Find  the  equation  between  x  and  y.  4 

Ans.  ^=24P+p . 

33.  Given  that  y  is  equal  to  the  sum  of  three  quantities,  the  Ist 
of  ivhlch  is  invariable,  the  Snd  varies  as  jt,  and  the  third  varies  as  ;t'.  Also 
vehen  x^\,  9,,  S^y^ß,  11,  18,  respectively.    Express  y  in  terms  o£x. 

Ans.  y«S+2«+4?*. 

34.  Given  that  xoc—, ,  and  yoc--;  also  when  4P=a,  2=c;  find  the 

y*  ^2*  ' 

equation  between  or  and  2,    {Comp,  p.  89.)  Ans.  a!Br*=cr*x, 

S5>  If  y«r+«,  whilst  rocjt,  and  soc^Jx;  and  if,  when  «=»4,^=50,  and 
when  j:=9,  y=lO;  shew  that  6y—5(x+Jx),   {Comp,  p.  89.) 

S6.    If  a+6oca-i,   prove  that  a*+6'a:a6;   and  if  acc6,  prove  that 

X  t/ 

37.  If  -ocJT+y,  and  «^««-y,  shew  that  x'-y  is  invariable. 

38.  If  ax-^-hy^cx-^-dy,  prove  that  jrocy. 

39.  If  floc6,  and  6occ,  shew  that  (a'+6')*occ*. 

40.  If  AccB^  and  ÄocC,  shew  that 
mA^nB+pCccm'jAB+n'jBC+p'jAC.    {Comp.  p.  90.) 

41.  If  AocB,  and  BozJaC,  shew  that   Co^yÄ^B^yiS^y  and  that 

mtjAB-  njBCoopjA-k-  qjB,     (Comp.  p.  90.) 

42.  If  mA-^nBocpA--qB,  and  m'A-n'Coop'B+^C ;  shew  that 
{aijÄ-ß^^+y^y/Oyoca^A+ß^B-^y^C,     {Comp.  p.  91.) 

43.  A  sphere  of  metal  is  known  to  have  a  hollow  space  about  its 

centre  in  the  form  of  a  concentric  sphere«  and  its  weight  is  -  of  the  weight 

of  a  solid  sphere  of  the  same  substance  and  radius ;  compare  the  inner  and 
outer  radii«  having  given  that  the  weights  of  spheres  of  the  same  substance 
oc(radii)'.     {Comp.  p.  92.)  Ans.  1  :  2. 

44.  Two  globes  of  ffold  whose  radii  are  r,  r^,  are  melted  and  formed 
into  a  Single  globe:  find  its  radius,  having  given  that  the  volume  of  a 
globe «(radius)».  Ans.  IJr^^ht^. 

45.  A  locomotive  engine  without  a  train  can  go  24  miles  an  hour, 
and  its  speed  is  diminished  by  a  quantity  which  varies  as  the  Square  root 
of  the  number  of  wagffons  attached.  With  four  waggons  its  speed  is 
20  miles  an  hour.  Find  the  greatest  number  of  waggons  which  the  engine 
can  move.   {Comp.  p.  92.)  Ans.  143. 
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46.  The  value  of  diamonds  oc  the  Square  of  their  weight^  and  the 
Square  of  the  value  of  rubies  oc  the  cube  of  their  weight  A  diamond 
of  a  carats  is  worth  m  times  the  value  of  a  ruby  of  b  carats,  and  both 
together  are  worth  c£.  Required  the  values  of  a  diamond  and  of  a  ruby, 
each  weighing  n  carats.     (Comp.  p.  92.) 

Ans.     Value  of  diamond  = -^-- ;  value  of  ruby  = . 

(m+l)a«'  ^     (m+l)^l 

47*  If  the  prices  of  two  trees  containing  p  and  q  cubic  feet  of  timber 
be  a£  and  6£ ;  required  the  price  of  a  tree  containing  r  cubic  feet,  sup* 
posing  the  values  of  the  timber  and  bark  to  be  respectively  proportional  to 
the  tn^  and  «"^  powers  of  the  quantity  of  timber  in  the  tree.  {Comp.  p.  93.) 

Ans.   (¥"-^9")^"+(«9"'-^P"K 

ARITHMETICAL  PROGRESSION. 

1.  Find  the  64^  term  of  the  series  4,  6^,  9,  &c.  Ans.    161^. 

2.  Find  the  SO***  term  of  the  series -27, -20, -13,  &c.  Ana.    176. 

3.  Find  the  sum  of  50  terms  in  a.p.  of  which  the  first  is  3,  and 
the  last  199.  Ans.  5050. 

4.  Find  the  sum  of  100  consecutive  whole  numbers  beginning 
from  1.  Ans.    5050. 

5.  Find  the  7*^  terra,  and  the  sum  of  7  terms,  of  the  series-,  -,  ^^  &c. 

2    3    o 

(1)  Ans.  --,        (2)  Ans.   0. 

6.  Find  the  6^  term,  and  the  sum  of  6  terms,  of  the  series  - ,  —  . 

3*  15  * 

4  i 

— ,  &c.  (1)  Ans.  --,        (2)  Ans.    1. 

7.  Find  the  n"»  term  of  1+3+5+7+ Ans.   2if-l. 

and  of  2+2j+2|+ Ans.  ^(«+5). 

andof  13+121+12^+ Ans.   i(40«n). 

8.  Sum  the  foUowing  series  : 

(1)  1+2+3+4+...  to«  terms.  Ans.   ».^Ü-, 

(2)  1+S+5+7  +  ...  ton  terms.  Ans.  n'. 

(3)  2+2j+2|+....  to«  terms.  Ans.  g(n+li). 


ARITHMETICAL  PROGRESSION.  443 

(4)  5+4f-l-4i+&c.  to  21  terms.  Ans.   52^. 

(5)  .  13+12|  + 12 J+...  ton  terms.  Ans.  5(79-«)- 

(6)  2i+2j+3j+&c.  to  13  terms.  Ans.   58^. 

(7)  g-g— 6"- to«  terms.  Ans.  ^(i3-7«). 

13     1  n 

(8)  7+8+0+ to»  terms.  Ans.  t^(«  +  3). 

5  n 

(9)  =+!+!?+ to  n  terms.  Ans.   =(«  +  4> 

15     4  fi 

(10)  3  +  g+3+ ton  terms.  Ans.   — (3«+l). 

(1 1)  -9-7-5- &c.  to  20  terms.  Ans.  200. 

(12)  Q  +  Ig  +  ^  +  ^c.  ^  7  terms.  Ans.  -  2 J. 

(13)  =  +  5+&c.        to  101  terms.  Ans.  -2412 J. 

(14)  2i+SÄ+4A+&c.to  24  terms.  Ans.   297i. 

/.i-N     ö-^     Sa-Qb         ^       ^  A  »      f         »+1,1 

(15)  — r+ !-+•••  to  n  terms.  Ans.  i<<na ftl. 

^     '    a+6      a+6  a  +  6  \  2     / 

(16)    + + +...to  n  terms.  Ans.   . 

^     ^      n  n         n  2 

<")  (^-iH-'-r-H-'-r)* >»••«- 

Ans.   — n. .- . 

a  2     X 

(18)    (*+a)+(*+a+rf)+(*+a+2rf)+ to  »  terms,  where 

*=(2a+»-l.d)ö«  Ans.   (n+l)*. 

9.     Prove  the  following  fbrms  in  Arithmetical  Progression : 

^•U-1     n(ii-l)J'  «*-(/+«)  ' 

«-gg-(/-a+6);  «-- J-+1. 


ai 
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10.  Given  the  first  term  (a)  of  a  series  in  Arithmetical  Progreisioii, 
the  common  difierence  (b),  and  {s)  the  sum  of  the  series  to  fi  terms ;  find  s. 

Ans.  «=i-?-.y|  +  Q-j)'. 

Explain  the  meaning  of  the  two  signs  in  the  value  of  n, 

11.  How  many  terms  of  the  series  19,  18,  17^  &c,  amount  to  124? 

Ans.  Sy  or  31. 

12.  The  sum  of  a  series  in  Arithmetical  Prqgpression  is  72,  the  first 
term  17i  and  the  common  diflPerence  —2 ;  find  the  number  of  terms,  and 
exphiin  the  doul^le  answer.  Ans.  6  or  12« 

13.  Given  ^=40^  a~7,  and  6=2.     Find  n.  Ans.  n— 4^  or  -10. 

14.  In  any  Arith°.  Prog^  of  which  a  is  the  first  term^  and  2a  the  com- 
mon diflPerence,  prove  that  the  number  of  terms,  which  must  be  taken  to 

make  a  sum  s,  is  ^  - ,  s  being  assumed  such  that  -  is  anif  Square  number, 
but  no  other. 

15.  Find  the  series  in  a.p.  in  which  7  and  5  are  the  5^  and  7^  terms 
respectively.     {Comp.  p.  94.)  Ans.  11,  10,  9,  8,  7,  6,  5,  &c 

16.  Insert  40  Arith".  Means  between  0  and  20. 

Ans.  ^.^,   m.   m.   &c  19A. 

17.  Insert  15  Arith^  Means  between  3  and  47. 

Ans.  5f,  8i,  lli,  &c. 44i. 

18.  If  the  Arith^  Mean  between  a  and  b  be  twice  as  great  as  the 
Geom^  Mean,  shew  that  a  :  b  ::  2-\-Js  :  Z-Js.    {Comp.  p.  94.) 

19.  If  the  Arith*'.  Mean  between  a  and  6  be  m  times  as  great  as  the 

Harmonie   Mean,  shew  that  a  i  b  ::  Jm-^Jm-l  :  Jm-Jm^l.     (Comp. 
p.95.)  "^        ^ 

20.  Shew  that  if  the  same  number  of  Arith".  Means  be  inserted 
between  every  two  contiguous  terms  of  an  a.p.  the  whole  will  be  in  a.p. 
{Comp.  p.  g5.) 

21.  Find  the  series  in  a.p.  having  29  terms  of  which  the  first  is  3  and 
"^^  ^*'^  ^7.  ^  Ans.  3,  3i,  4,  4i,  &c . . .  17. 

22.  Find  the  series  in  a.p.  of  «+7  terms  of  which  the  sum  of  the  first 
n  terms  is  40,  the  sum  of  the  next  4  is  86,  and  that  of  Äe  last  3  is  96. 

Ans.  2,  5^  8  11,  14,  I7,  20,  23,  26,  29,  32,  35. 

23.  The  first  two  terms  of  an  a.p.  are  189^  and  103f ;  and  the  sum 
of  all  the  terms  is  -147f ;  what  is  the  last  term,  and  what  the  number  of 

^™'^  ri)  Ans. -238^.    (2)  Ans.  6. 
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24.  Divide  -(yt-f  4)  into  n  parts,  such  that  each  pari  shall  exceed 
the  one  immediately  preceding  by  a  fixed  quantity.     {Comp,  p.  96.) 

Ans.  -,    l,    If,    &c. 

25.  The  n***  term  of  an  Arith*.  Prog".  is  >(Sii-l),  prove  that  the  sum 
ofn  terms  is  T^(3n+1),  and  find  the  series.    {Camp.  p.  Q6.) 

A  ^  ^  *  ^^        Ar 

^"®'  3'   6'  3'    F' 

26.  The   sum   of  the  first  n  terms  of  a  series  in  Arith^  Prog".  is 
wa ;r--6i — 7,  find  the  series.  Ans.        ,-  + 5- +&c 

27.  There  are  two  series  in  Arith*.  Prog".,  the  sums  of  which  to  n 
terms  are  as  13-7^  :  3n 4-1;  prove  that  their  first  terms  are  as  3  :  2^  and 
their  second  terms  as  -4  :  ^.     {Comp.  p.  97.) 

.    ma—nb 


28.     The  «+1***  term  of  a  series  in  Arith*.  Prog".  is y  -  ,  required 


ma^nb 


the  sum  of  the  series  to  2»+l  terms.  Ans.  7— .(2it+l). 


29.  Shew  that  the  sum  of  the  m-n^  and  m+n^^  terms  of  any  Arith^ 
Prog".  is  equal  to  twice  the  wi***  term. 

30.  The  sum  of  a  certain  nuraber  of  terms  of  the  series  21>  19>  17> 
&c.  is  120.     Find  the  last  term,  and  the  number  of  terms. 

(I)  Ans.  3,  or  -1.        (2)  Ans.  10,  or  12. 

31.  In  the  two  series  127«  120,  113,  ...  I9  and  2,  5,  8,  ...  6&y  shew 
that  the  number  of  terms  is  the  same  in  both,  and  find  the  number. 

Ans.  19. 

32.  Determine  the  relation  between  o,  6,  and  c,  that  they  may  be  the 
p'**,  (f^y  and  r^  terms  of  an  Arithmetical  Progression.     {Comp,  p.  97.) 

Ans.  (q-r)a-h{r'-p)6+{p-q)c=^0. 

33.  In  an  Arithmetic  Progression,  if  the  p+qY^  term  =»1,  and  the 
p-q\    term  =«,    shew  that  the  />'*•  term  =*p(m+»),   and   the  g^  term 

=:iii-(ni-n)^.     {Comp.  p.  97.) 
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34.  If  the  wi***  terra  of  an  Arithmetic  Progression  =»n,  and  the  fi*^ 

tenn=m,  of  how  many  terms  will  the  sum  be  -(m+w)(m+«— 1),  and  irhat 

will  be  the  last  of  them  ?     {Comp,  p.  98.) 

(1)  Ans.  m  +  »,  or  m+«-l.      (2)  Ana.  O,  er  1. 

35.  The  sum  of  tn  terms  of  an  Arith^  Prog°.  is  n,  and  the  sum  dfn 
terms  is  tn;  shew  that  the  sum  of  m+n  terms  is  — m+ti,  and  the  sum  of 

m-u  terms  is  (»i-w)fl+ — J.     {Comp,  p.  99.) 

36.  In  an  Arithmetic  Progression  a  is  the  first  term,  b  the  common 
difference,  and  5,  the  sum  of  «  terms^  prove  that    {Comp,  p.  100.) 

^-+'^»+i+'^«+a+&c  to  n  terms=(3«-l)~  +(7»-2)(w-l)-^  . 

37.  Sx^  S3,  Ssy Sf  are  the  sums  of  p  Arithmetic  Progressions  to 

n  terms;   the  ^rst  terms  are  1,  2,  3,  Sic.  and  the  common  differences 

1,  3,  5,  7,  &c.     Shew  that  Ä',+5',+^,+...+Ä'p=(np4.1)'-^.    {Comp,  p.  101.) 

38.  How  far  does  a  person  travel  in  gatheriiig  up  200  stones  placed 
in  a  straight  line  at  intervals  of  2  feet  from  each  other — supposing  that  he 
fetches  each  stone  singly  and  deposits  it  in  a  basket  which  is  in  the  same 
line  produced  20  yards  distant  from  the  nearest  stone — and  that  he  Starts 
from  the  basket?  Ans.  19iitmiles. 

39.  In  the  two  series,  2,  5,  8,  &c.  and  3,  7,  H,  ^c.  each  continued  to 
100  termS;  find  how  many  terms  are  identical.     {Comp.  p.  101.)     Ans.  25. 


GEOMETRICAL  AND   HARMONICAL   PROGRESSION. 

15 


1.     Find  the  12***  terra  of  the  series  30,  15,  7i>  &c  Ans. 


1024' 


3  8 

2.  The  first  two  terms  of  a  series  in  Geom®.  Proc".  are  -  and  -  : 

b  7  9 

find  the  Common  Ratio,  and  the  third  terra.    (1)  Ans.  2^.    (2)  Ans.  1|25- 

3.  Find  the  Common  Ratio  and  the  fifth  terra  of  3|,  2j,  1^,  &c. 

(1)  Ans.  |.    (2)  Ans.?. 


4.     Sura  the  following  series : 

An». 
3 


(1)     1-2+4-8+.. .  to  n  terms.  Ans.  5{l-(-2)"}. 


<^)   5-Ä*Ä--*°  "*"■•""•  ^"'ÄM-i)"}' 
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(3)     ^~T+T^~--*  ^o  '*  terms.  Ans.  ^l^"-("-7)  [ 

113  2  (3"      \ 

(5)  5+---+-— +  ...  fii  iw/I  Ans.  8f 

5         3 

(6)  -  +1  +-  +  ...  i«  I w/I  Ans.  4 J 

(7)  s-Q  +  g-^-^^^nf'  ^"**  21 

(8)  2+v^+^2+&c.to  12  terms.  Ans. 


4-278 


(9)    ^= —  + =+-+...1«  »w/I  ^Ans.  4i+sJ% 

J2-1     2-JS     2  -^  ^ 

(10)  a'+a^+a'^+...to  n  terms.  Ans.  a'.-—— 

(11)  ar-^+«- — ^  +  ...to  «  terms.  Ans.  •k'"V~    )  i 

xV  2     V  a:     V  8  6i.(3fl)~;r  (2x)-^-(3a)i 

5.     Prove  the  following  forms  in  Geometrie  Progression : — 


*-a 


M-l 


6.     Of  each  of  the  following  series  find  the  n^^  terra^  and  the  sum  of 
n  terms : — 

(1)  1  +  5+13+29+61+.. .         (1)  Ans.  2"+'-3.     (2)  Ans.  4(2"-l)-3« 

(2)  2+6+14  +  30+.. .  (1)  Ans.  2"+»-2.     (2)  Ans.  4(2"-1)-2ji 

(3)  1+3  +  7+15+31  +  .. .  (1)  Ans.  2"-l.        (2)  Ans.  2(2"-.1)-m. 

(4)  3+6+11+20  +  .. .  (1)  Ans.  2"+w.  (2)An8.2"+'+i{«*+«-4} 

(5)  l-+i  +  i  +  f+-  (l)An8.  ^.    (2)  Ans. 2(1.-1) +1^ 

(6)  2  +  4+'i  +  ^  +  ^  +  ...    (l)An8.5-l^.  (2)An8.5a-|(l-^.) 
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7.  Sum   (j-fl)+(*-a+ar)+(*-a+ar+flr")+...  to  n  terms,    and  m 

r*— 1 
t«/I,  where  s=^a.  —  -  .     {Comp.  p.  102.) 

(l)An8.^-^-^^.(r--l).    (2)Ans.^.. 

8.  Find  the  sum  of  (lM)+(2*-2)+(3*-S)+&c  to  fi  terms. 

Ans.  ^(ii-l)ii(«+l)(ji+2). 

9.  Given  jr-l+2(«-2)+S(j?-3)+&c.  to  6  term8=14;  find«. 

Ans.  jrs5. 

10.  Find  the  sum  of  l  +  2'+3+4*+ö+6*+&c.  to  x  terms,  when  «  is 

an  odd  number.  .  1  /    . ,  v«  -■ .      .  4\ 

Ans.  —  (a?+lX2x"+x+S). 

1  Tu 

1 1 .  The  first  term  of  a  Geometrie  Series,  continued  tw  iw/I,  is  1,  and  sny 
term  is  equal  to  the  sum  of  all  the  succeeding  terms;  find  the  series. 

Ans.  1+.+-  +  -  + 


12.  Insert  three  Geometrie  Means  between  ~  and  9.  Ans.  ^,  1,  3. 

13.  Insert  seven  Geometrie  Means  between  2  and  13122. 

Ans.  6,  18,  54,  l62,  486,  1458,  4374. 

14.  Insert  two  Geometrie  Means  between  —  and  2.  Ans.  -,   -  . 

1 5.  The  sum  of  an  infinite  Geometrie  Series  is  3,  and  the  sum  of  its 

first  two  terms  is  2|;  find  the  series. 

A        ^    2     2  ,44 

Ans.  2  +  -  +  -+...,   or  4--  +  -- 

16.  There  are  four  numbers  in  a.p.,  which  being  increased  respeo- 
tively  by  1,  1,  3,  and  Q,  are  in  o.p. ;  what  are  the  numbers? 

Ans.  1,  3,  5,  7. 


17,  In  a  Geometrie  Progression,  if  the  p+9^  term  =w,  and  the 
p-q^^  term=?i,  shew  that  the  p^  term  =Jmn,  and  the  (f^  term=»#ff  —  n. 
Also,  if  P  be  the  p'*"  term,  and  Q  the  7"*  term,  shew  that  the  «***  term 
=(^)^.     (Com;i.  p.  102.) 

1 8.  Find  the  relation  between  fl,  ft,  and  c,  that  they  may  be  the  p'*, 
9'^  and  r***  terms  of  a  Geometrie  series.     {Comp,  p.  103.) 

Ans.  fl'-'fr'-'cM«!. 
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19.  Required  the  sum  of  the  first  p  terms  of  the  series  whose  n^  term 

is  na+a\  .         ,    ,      ,.  fl'— 1 

Ans.  i/)(p+l)a+a.-— -. 

20.  Given  -,  -,  the  first  two  terms  of  an  A.P.,  find  the  sum  of  15 

3     7 

terms ;  and  if  the  same  quantities  be  the  first  two  terms  of  a  g.p.  find  the 

sum  of  15  terms.  ^  ^^  28   rUI**     "i 

(1)  Ans.  15.     (2)  Ans.  y.{|||    -1  [• 

21.  If  a,  b,  c,  d  are  quantities  in  o.p.,  prove  that  fl*+6*+c*>(a-6+  c)*; 
and  that  (a+6+c+(/)*=(a+6)*+(c+rf)*+2(6+c)*.     {Comp.  p.  103.) 

22.  If  there  be  any  number  of  quantities  in  o.p.,  r  the  common 
ratio,  and  S^  the  sum  of  the  first  m  terms^  prove  that  the  sum  of  the 

producta  of  every  two«» — ^»S^.S^i,    {Comp,  p.  104.) 

23.  Prove  that  in  any  o.p.  the  sum  of  the  first  and  last  terms  is 
^realer  than  the  sum  of  any  other  two  terms  taken  equidistant  from  the 
beginning  and  end  of  the  series. 

24.  If  Si,  S^,  Si,..  ,S^  be  the  sums  of  n  terms  of  n  Geom*.  Prog"., 
of  whtch  all  the  first  terms  are  1,  and  common  ratios  1,  2,  3,. .  .»^  respec- 
tively,  shew  that 

^i  +  Ä,+2^,+35'4+...  +  (»-l)5'.=r+2-+3-+...+n". 

25.  The  first  two  terms  of  a  series  in  Harmonical  Progression  are 
a,  h ;  continue  the  series  to  three  more  terms. 

.  t       ah  ah  ah 

Ans.  a,  6,  — 7 ,   —- — —7  > tt  • 

2a-6     Sa-26     4fl-36 

26.  Given  a  and  h  the  first  two  terms  of  an  Harmonie  Progression, 
find  the  n^^  term.  .        06 

^"^-  (n-l>i-(«-2)6  • 

27.  Insert  two  Harmonie  Means  between  6  and  24.       Ans.  8^  12. 

28.  Insert  six  Harmonie  means  between  3  and  — . 

A        ^.    S      6      S      6       S_ 
Ans.  li,   -,  — >   7,   J7.   10" 

29.  If  a,  6^  c  be  three  terms  in  Harmonical  Progression,  they  being 
supposed  to  have  the  same  sign,  shew  that  a'+c'>26\     {Comp.  p.  105.) 

30.  The  sum  of  three  consecutive  terms  in  Harmonical  Progression  is 

1^,  and  the  first  term  is  >;  find  the  series.  Ans.  -,  ~  ,  7,  &c. 

z  2      3      4 

31.  Shew  that  the  Arith'.,  Geom^,  and  Harm^  Means  between  any 
two  quantities  are  themselves  in  Geom*.  Prog". 

29 
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38.     From  each  o£  three  quantities  in  h.p.,  what  quantity  matt  be 
taken  that  the  three  resulting  quantities  maj  be  in  o.p.  ? 

Ans.   Half  the  2"^  term. 
33,     If  a,  6,  c  be  in  a.p.^  and  a,  mb,  c  in  o.p.,  then  a,  w^b,  c  are  in  K.P. 


34.  If  between  any  two  quantities  there  be  inserted  Sji  — I  Aiitfa% 
Geom\,  and  Harm^  Means^  the  n^  Means  are  in  o.p.    {Comp,  p.  105.) 

35.  There  are  four  quantities,  of  which  the  1"^  three  are  in  Arith% 
and  the  last  three  in  Harm".  Prog^.,  prove  that  the  1"* :  2™* ::  3«*  :  4l^. 

36.  If  there  be  five  quantities  a„  a^  a^  a^  a»  such  that  a^,  a^m^wrt 
in  A.P.J  a»  a^  a«,  in  o.p.,  and  a^  a^  a^  in  h.p.,  shew  that  a^y  a^  a^tne 
in  o.p.    {Comp.  p.  106.) 

37.  Find  the  relation  between  a,  by  and  c,  that  they  may  be  the  ]/^, 
q*^y  and  r*^  terms  of  an  Harm"".  Pro^.     {Comp.  p.  107-) 

Ans.  {p-q)ab+ {r—p) flc+  {q — r)  bc^O, 

38.  If  a,  b,  c  he  in  o.p.,  shew  that  log^n,  log^fi,  log/i,  are  in  h.p. 
{Comp,  p.  107.) 

39.  Find  the  sum  of  2p  terms  of  the  series  whose  a*^  term  ia 
MC(-l)--Hl>+2}.     (Co«.;,,  p.  107.)  Ans.  ?P(2p4.1)(2p+5). 


PERMUTATIONS  AND   COMBINATIONa 

1.  The  number  of  Permutations  of  n  things  taken  four  together=six 
times  the  number  taken  three  together;  find  a.  Ans.    »»9. 

2.  The  number  of  Permutations  of  1 5  things  taken  r  together  m  ten 
times  the  number  taken  r-1  together;  find  r.  Ans.   r^^ß. 

3.  How  many  days  can  5  persons  be  placed  in  different  poaitions 
about  a  table  at  dinner  ?  Ans.   120. 


4.  The  number  of  Permutations  of  2n+l  things  taken  n^  together 
:  number  of  Permutations  of  2a-l  things  n  together  ::  3  :  5 ;  find  «. 

Ans.  Ms4. 

5.  How  many  different  sums  may  be  formed  with  a  guinea,  a  half- 
guinea,  a  crown,  a  half-crown^  a  Shilling,  and  a  sixpence  ?   {Comp.  p.  108.) 

Ana.  63. 

6.  In  the  Permutations  formed  out  of  a,  b^  c^  d,  e^  A  g,  taken  all 
together,  how  many  begin  with  ab  ?  How  many  with  abc  f  How  many 
with  abcd?    {Comp.  p.  109.) 

(1;  Ans.   120.      (2)  Ans.  24.     (3)   Ans.  & 
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7«  Of  the  Combinations  of  10  letters,  a,  b,  c,  &c.  taken  5  together,  in 
how  many  will  a  occur?     (jComp.p.  109.)  Ans.  126. 

8.  How  manv  difierent  Permutations  can  be  formed  from  the  letters 
of  the  Word  ^Algebra'  taken  altogether?  Ans.  2520. 

How  many  from  the  letters  of '  Propasilion'f  Ans.  1663200. 

9*  At  an  election«  where  every  voter  may  vote  for  any  number  of 
candidates  not  greater  than  the  number  to  be  elected,  there  are  4  candi- 
dates,  and  3  members  to  be  chosen  ;  in  how  many  ways  may  a  man  vote  ? 
(Comp.  p.  109.)  Ans.  14. 

10.  From  a  Company  of  50  police-men  4  are  taken  every  night  to 
guard  the  police-station.  On  how  many  different  nights  can  a  dinerent 
selection  be  made ;  and  on  how  many  of  these  will  any  particular  man  be 
engaged?  (1)  Ans,  2S0S00.     (2)   Ans.  18424. 

11.  How  many  combinations  are  there  of  52  things  taken  1 3  together; 
that  is^  how  many  different  hands  may  a  person  hold  at  the  game  of  whist? 

Ans.  635013559600. 

12.  Find  the  number  of  different  trimngles  into  which  a  polygon  of  n 
sides  may  be  divided  by  joining  the  angular  points.     {Camp.  p.  IO9.) 

Ans.   Tj»(«-l)(w-2). 

13.  Prove  that  the  total  number  of  different  combinations  of  n  things 
taken  1,  2,  3,  . . .  n  at  a  time  is  2"— 1. 

14.  The  total  number  of  combinations  of  2n  things  s:65xthe  total 
number  of  combinations  of  n  things ;  find  n.  Ans.  n=6. 

15.  Shew  that  the  total  number  of  combinations  that  can  be  formed 

out  of  n+l  things  is  more  than  twice  the  number  that  can  be  formed  out 
of  n  things. 

16.  If  there  be  any  unknown  number  of  beans  in  a  bag,  prove  that 
the  Chance  of  bringing  out  an  odd  number  taken  at  random  is  greater 
than  that  of  bringing  out  an  even  number,  exduding  the  case  of  bringing 
out  none  at  all.    {Comp,  p.  110.) 

17-  In  how  many  ways  can  8  pefsotis  be  seated  at  a  round  table,  so 
that  all  shall  not  have  the  same  neighbours  in  any  two  arrangements  ? 
(Comp.  p.  110.)  Ans.  2520. 

18.  Out  of  17  consonants  and  5  vowels>  how  many  words  can  be  made 
having  two  consonants  and  one  vowel  in  each?  (Comp.  p.  111.)  Ans.  4080. 

19.  Find  the  number  of  words  of  6  letters  which  can  be  formed  from 
an  aiphabet  of  19  consonants,  and  5  vowels^  each  word  containing  two 
vowels  and  no  more.  Ans.  27907200. 

20.  Find  the  number  of  combinations  that  can  be  formed  out  of  the 
letters  of  the  word  *  Nataium'  taken  S  together.   (Cemip.  p.  1 1 1 .)    Ans.  22. 

29—2 
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21.  If  there  be  two  dice,  one  of  which  has  n  and  the  other  n-k-r  faces> 
each  die  being  marked  in  the  usual  manner  from  1  upwards,  6nd  the 
number  of  different  throws  which  can  be  made  with  them.  {Comp,  p.  111.) 

Ans.  -n(ii+l)+jir. 

22.  Find  the  number  of  Permutations  with  repetitions  (that  is,  allow- 
ing  quantities  which  recur  to  be  combined  as  if  thej  were  different)  of  u 
thmgs  taken  r  together.  Ans.  n'. 

23.  Find  the  total  number  of  different  combinations  of  n  things  taken 
1,2,  8, . . .  n  to^ther,  of  which  there  are  p  of  one  sort,  q  of  another,  r  of 
another,  &c.    (Comp,  p.  112.)  Ans.  (p+l)(g+l)(r+l).&c-l. 


BINOMIAL  THEOREM,   ETC. 

1.  ExPAND  (a-¥b)\    (a-by,   QU-3y)\   (5-4a?)*,  and  (l-^)- 

(1)  Ans.  fl«+8a^Ä+28aW+56a»&»+70fl*ÄV56fl*6*+28fl"6*+8fl6^+6\ 

(2)  Ans.  a^-7a*^+21a*Ä*-S5a*Ä«+S5a«Ä*-21fl*6*+7aft*-Ä^ 
(S)    Ans.  32jr»-240jr*y+720jr»y-108aF"y+8104ry-24Sy. 

(4)  Ans.  625-2000x+2400jp'-128(Xr»+256x*. 

/.NA        ,7     21     35     85     21     7      1 

(5)  Ans.  1-  +  ^..^  +  -,-^+^-^. 

2.  Required  the  coefficient  o£a^  in  the  expansion  of  (x+a)'.  Ans.  56ci*. 
8.     Expand  (^/ö*^/^)^  Ans.  a*-\-6ah-¥h*^^{a'\-b)JaS. 

4.  Expand  U-gj  •  Ans.  | +x+ - «■+ - x»+ Ygx*+ 

5.  Find  the  5*  terra  of  the  expansion  of  (n'-J*)".         Ans.  495a' V. 

6.  Find  the  7^  term  of  the  expansion  of  (a'+3a6)*. 

Ans.  6l2S6a"i* 

7.  Find  the  5"»  term  of  the  expansion  of  (3ä*-7ä*)». 

Ans.  1S613670«V*, 

8.  Find  the  6^  term  of  the  expansion  of  {ax-k-h^ff^. 

Ans.  252a»6V^*. 

9.  Find  the  middle  term  of  the  expansion  of  (£!*"+ jc"*)". 

Ans.  924a**jf*". 

10.     Find  the  middle  terra  of  (a^^i)'.  Ans.  700^6^1 
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11.  Find  thetwomiddle  terms  of(a+«y».     Ans.  17l6flV,  17l6aV. 

1  1         1   *'     2  *?     14   x=* 

12.  Expand  -; >.  Ans.  — n +ö*"^  +  ;;*~^"*"^*nö+ 

^  ,  1  ^16«*    21«'    56x 

13.  Expand  777= — rr=^*  -Ans.  -•  +  — ^+ — r-+ — i-+ 

14.  Find^he  roiddle  tcrin  of  the  expansion  of  (1+jr)*". 

An..  ;.;;-(g"-i).av. 

A.äs.ft/  •  •  •      fi 

15.  Find  the  r***  terra  of  the  expansion  of  (Sa-2xy. 

16.  Expand  to  5  terms ;  and  find  the  &-¥r\  terra. 

.  1     1  jp»      S    x"      11    X»»      44    x** 

(i;    Ans.  -+T--»  +  ^.-n  +  TÖR-:j»"*'Ä^'T«T+ 


fl"5  fl»"25*a«     125'a»»    625'fl" 

,  .      .         1.6.11.16 (l6+5r)     1     X»**«' 

Q2)     ^"•'172.3.4 (4^i:^'5^*;?^* 

17<    Find  the  terra  which  involves  a^V  in  the  expansion  of  (a'+3a&)*. 

Ans.  787S2a'V. 

18.  Expand  (a+26— c)'  by  means  of  the  Binomial  Theorem. 

Ans.  fl*+6fl*6+12a6*+86'-3fl'c-12a5c-126'c+3flc"+66c'-c". 

19.  Find  the  terra  which  involves  a*6'  in  (7ß*-3fl6+4^*)*. 

Ans.  777a*6'. 

20.  Find  which  is  the  greatest  terra  of  the  expansion  of  (l+  ^)  • 

Ans.  The  2nd. 


it 


21.  Find  which  is  the  greatest  coefficient  in  (l+x)Vg.     Ans.  The  5th. 

22.  At  what  terra  does  the  series  for  ( 1+  Tq)   begin  to  converge.^ 

Ans.  The  3rd. 

23.  Find  an  approxiraation  to  the  cube  root  of  31  by  the  Binoraial 
Theorem.  Ans.  314138. 

24.  Find  an  approximate  vrine  of  <^lü8.    {Comp,  p.  112.) 

Ans.  l'9520a. 
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25.  Find  the  sum  of  1  +  ^  +  ^  +  2  + &c.   1,  a,  /?,  7,  &c.    being   the 

X      o      4 

coefficients  taken  in  order  of  the  expansion  of  (a+&)*.    {Camp,  p.  IIS.) 

Ans.   — . 

II -fl 

26.  Prove  that  the  coeffident  of  the  r+1^  term  of  (l+x)*^'  is  equal 
to  the  sum  of  the  coefficients  of  the  r^  and  r+1'^  terms  of  (1+«}*. 

27.  If  fl,  6,  c,  rf  be  the  6**»,  7*^,  8**»,  9'»*  terms  respectivdy  of  an 
expanded  binomial,  shew  that    .^,  ,  =  — .     (Comp.  p.  HS.) 

28.  Find  the  coefficient  of «"  in  the  expansion  of  y- — ^.  {Comp,  p.  1 1 4;) 

Ans.  Tj(«— ßX»'— 1). 

29.  If  r  be  the  greatest  whole  number  contained  in  ^,  {a+xy  has 
the  first  r+2  terms  of  its  expansion  positive,  and  the  r+m*^  of  the  same 

sign  as  (-l)";   but  (a-x)'  has  the  first  r+1   terms   altemately  positive 
and  negative,  and  all  the  rest  of  the  same  sign  as  (-l)'^^    (Comp.  p.  114.) 


30.    Given  that  the  coefficient  of  the  p+V^  term  of  the  expansion  of 

n 

2 


(!+«)■  is  equal  to  that  of  the  p+3^^  term,  shew  that  />  =  r--l»    (^Comp. 


p.  115.) 

31.  Whatis  the  meaning  of  (1+4?)^?     Has  the  Binomial  Theorem 
been  proved  in  any  sense  to  extend  to  such  a  quantity  ?   . 

32.  If  d?  >  fl,  prove  that  the  sum  of  all  the  terms  of  the  expansion  of 
(x+fl)",  afVer  the  first  two,  is  less  than  (2"-n-l)flar"*.     {Comp.  p.  II6.) 

T^  p(p-l)(p-2) (p-r+1),  ^   ,, 

33.  If  -,      09 — ^®  represented  by  p„  prove  that 

(P  ^q)r^Pr-^Pr-iqi+Pr-^^^ +/>l9rw  i+  ^f       {Coflip.  p.  1 16.) 

34.  If  ^^    g  ^  g — ^ ^  be  represented  by  .P„  shew  that 

,P,+^,P^,=^,P.    (Comp.  p.  117.) 

35.  Prove  that 

1.3.5...(2r-l)     1.3.5...(2r-3)  £     1.3.5...(2r-5)  3.5 

l£       ■"      liil      'U""      Llz^      'l«"" 

is  equal  to  2''(l+r).     {Comp.  p.  1 17«) 
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36.  Shew  that  if  /,  denote  the  middle  tcrm  of  (l  +«)*",  then  will 

<o+/|+/j+ «(l-4a)-i.     (Comp,  p.  118.) 

37,  If  d?  be  very  small  compared  with  l,  prove  that 

^IIlf±^l^^=l^L  nesily.    (C(mp.^.U9.) 
l+x+,yi+i  6  ^ 

38,  If  c^a—b,  and  is  very  small  compared  with  a  and  6,  shew  that 
j=a-2c+Sc**  nearly,    (Comp.  p.  II9,) 

39.  If  «  be  nearly  equal  to   1,  shew  that —  =  j^^  ncarly. 

(Comp.  p.  120.) 

40.^  If  a>&,  prove  that  «•-6">iiÄ*"*(«-ft)  *nd  <»a""*(a-6). 

41.  If  11»--+— Z — ^  and  jk  is  very  nearly  equal  to  1,  shew  that 

fi=6'.Ä        6*      very  nearly.     (Comp.  p.  120.) 

42.  If  -sl+A,  A  being  very  small,  find  the  value  of 

^  ?  ^   ■    (Cbmp.  p.  120.)  Ans.   l  + -9—^5  nearly. 

(a«+6*)*  fl+6  -^ 

43.  If  iV^  represent  the  n*^  term  of  the  expansion  of  o*,  find  n  when 
the  series  begins  to  converge  at  that  term  ;  and  shew  that  the  sum  of  all 

the  succeeding  terms  is  less  than -= .    (Comp.  p.  121.) 

44.  Required  the  term  involving  j^  in  the  expansion  of  (l+x+J^'. 

Ans.  45x*. 

45.  Required  the  term  involving  x*  in  the  expansion  of 
(l+2«+S4P*+4a!»+...)*.  Ans.  4368x*. 

46.  Required  the  term  involving  0*6*0*  in  the  expansion  of  (a+6-4-c)** 

Ans.  90fl*6*c*. 

47.  Required  the  term  involving  b*4^e*fin  the  expansion  of 
(a+2b+3C'k-4d+5e+6f)'\  Ans.   51030000006»c'ey: 

48.  Find  thecoefficient  ofxMn  (2  +  ^x-jr)*.   (Comp.  p.  122.)   Ans.  0. 

49.  Find  the  terms  which  involve  ^,   and  y«,  in  ( — +  — ). 

(Comp.  p.  122.)  (1)   Ans.  -— «^A,    (2)   Ans.  -60/ä. 

X 
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1  ,  f      h     c      rfV 

50.  Find  the  coeflT*.  of  -5  in  the  expansion  of  ( fl+-  +  p  +"3  )  •    {Comp. 

p.  12s.)  Ans.  66*rf  +  156V+120fl6"c</+60fl6V+90fl»^V+15a*c*+ 

51.  Find  the  coeff^  of  ;r^  in  the  expansion  of  (a+&r+cj:'+Src  tu  («/-}^ 
(Comp.  p.  124).  Ans.  4fl'Ä+12Ä*6g+12flV+12fl6y+46V+12a*ifc) 

+24<i6cc+12flC*rf+12fl6d"+4ic»+126*«/J  * 

52.  Find  the  coefficient  of  «*  in  (a+ftar+cx*)*.     (Comp.  p.  124.) 

.        S  hc       6* 

Ans.  T-— i i  • 

4  ai     i6al 

53.  Find  the  coefficient  of  x*  in  (l+6jr+cx*+dx*+&c.)-^.  (Comp.  p.  125.) 

Ans.  S56*-606*c+10c*+2OW-4e. 

54.  In  the  expansion  of  ^a  +  ÄJ?+cx*+££i'+eJ?*+...  find  the  coefiicients 
of  **  nnd  J?*.     {Comp,  p.  125.) 


(l)Ans.V5.|--^+— .|. 

/^N    A         ./-  f  e      2M      <?■      5b'c       lOb*  ) 
(2)  Ans.  ^.|_-_-_  +  ^^.-^^_,^, 


55.  In  the  expansion  of  (l+«+24r'+Sa:'+...)'  find  the  coefficient  of  «■. 
{Comp.  p.  126.)  Ans.  g(ii'+llii). 

56.  Find  the  coefficient  of  of  in  the  expansion  of  (l+2x+3jr*+...)'. 
{Comp.  p.  127.)  Ans.  g(r+l)(r+2)(r+S). 

57.  In  the  expansion  of  (a^-i'aiX-ha^-i-a^y,   find  the  number  of 
terms.     {Comp,  p.  128.)  Ans.  35, 

58.  Find  the  number  of  terms  in  the  expansion  of  (a-^b-¥c)\ 
(Comp.  p.  128.)  Ans.  36. 

59'     With  n  dice,  how  many  different  throws  can  be  made  P 

Ang    (n-<-i)(it.<-2)(n-h3)(ii-f4)(w.f5)  ^ 

\1 

Write  down  the  n^  term  of  each  of  the  following  series  which  proceed 
according  to  the  law  indicated  by  the  terms  given  :-— 


^-  '^^1:2^1:2:3+ l»El' 

2.     1+3+6+10+15+21+28+ Ans.  -«(n+l). 

«        ,       1    .    1  I  A  I 

^-  ^•^3^rio+ TT—" 

2«(«-+l) 
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4.     1.2.4+2,3.5+S.4.6+ Ans.  fi(ii+l)(ii+3). 

3x5       5x7_      7^  ^_    (2/i-fl)(2n+8) 

P^    2«x4*     S'xS«* ^     •        n'(ii+2)«       " 

r          ^6'^^     1.6.11.16.21  .        1.6.11. 16.. .(lOff-9) 

1.2.8  ■*■  1.2.3.  4.5  "*■ •  1.2.3.4...  (2n-l)   ' 

^     3    6  .  9      12  A  Sn 

7-    B-^s  +  iT-'u"*- ^"^•3Jrf2- 

6.7.8  "'"8.9.10*  10.11.12    (2»»+4)(2«+5X2«+6)* 

19     1.    «8     1  ,    39  ,,  1   ,  Ans   _OL!i)!ji_^  1 

^-     1Ä3  4 "'" 2.3.4  8*3.4.5   16* n(«+l)(a+2)  2=^* 

10.  1*<b1,  2*-S+5,  S*«7+9+I1,  &c    Write  down  n'after  the  same 
law,  and  verify  the  result    (Comp.  p.  128.) 

11.  Find  the  6r8t  three  tenns  of  the  series  wbose  n+l*^  term  is 
(«+7X''-5)  g.  .  -5        , 

12.  Find  the  n+l*^  term  of  the  series  whose  r"*  term  is 
>i(«-l)...(it-r-t-2)  /    *    Y"'  An.   f    '   \' 

13.  Find  the  6r8t  three  terms  of  the  series  whose  r*^  term  is 

f  IV«  »^   l.*.7...(3r-2)  ^         ,   -2*     X«H 

(-1J     -g«^- 1.2.8 r      *  '^""-  *  '     9  '   243-*    * 

EVOLUTION  OF  SURDS. 

« 

ExTRACT  the  Square  root  of  each  of  the  following  surds:-— 

1-     li-Sfx^i.  Ans.  |(>/S-1). 

2.  727+ 2^0.  Ans.  7^^2+7^. 

3.  ^/s2-V^'  -^**'-  i/^-'ß' 

4.  3^+Ji5.  Ans.  ^^Ö-^^l. 

5.  (a~j+Z^ (fh--Za*b\'^ .  Ans.  aJ{^-^  -ab-^Jü, 
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,_    • 


-     Sa         /12a'6'    *a*b*  ,„.   ab    .    /Sa     efV 

7.  ah+^''d^^^j4iab(f'-abd^.  Ans.  Jab-^Ji^^. 

8.  Prove  that  Jbc+2bJbc'-b^-i-JbC'-2bj6c-b*  in  equil  to  *26. 

9.  Extract  the  cube  root  o£  7-5^.  Ans.  1-^ 

10 45*29>/2.  Ans.  S*^. 

11 148+46^11.  Ans.  i^{24>/n}. 

12.  Extract  the  4***  root  of  14 +8Js.  Ans.  ^^^tf^ 

13.  Extract  the  5'^  root  of  41+29^2.  Ans.  l-hji. 

14.         228+182^.  Ans.  (l-^^)!JS. 

15.  Extract  the  ff*  root  of  2889-1292^5.  A^^  2-j5. 

16.  Extract  the  7*^  root  of  239+169^.  Ana.  1+^ 

17.  Extract  the  sqnare  root  of  9+2^-^-2  J 5 -^2  JTö. 

Ans.  l-K^d+^ys. 

18.  Extract  the  Square  root  of  6+21^+2^+2,75. 

Ans.  1+^+^3. 

,     19.    Shew  that  \—/y  "  «q»«!  to   -^^.    (Comp.  p.  129.) 

20.  If  x='!jr+Jr'-i' q*+llr-Jr^+  5",  shew  that  *'+3g«-2r-0. 

21.  Prove  that  Jz-k-Js  may  be  expressed  by  J  l-k-sj^+s/ 1-J^. 
Does  it  foUow  that  J^+Js  is  "impossible"? 

22.  Prove  that  Ja^jt  may  be  reduced  to  the  form  tß^tjß»  whcn 
1-^  is  a  complete  Square. 

23.  Prove  that  (20+^392)* +(20-^392)*  is  equal  to  4. 
that  the  values  of  j;  are  0  and  ^Jq*    {Comp.  p.  I29.) 
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25.  If  («-J).{Ä-^-(a-«)p}-c',  and  P-^££>  V^ove  that 
^/(6-y)a:-^(a-dp)y«c.     {Comp,  p.  129.) 

26.  Oiven  2{x'+y-x-^}+l»0;  find  die  rea/  values  of  x  and  y. 
(Comp.  Tp.  ISO.)  Ai«.*-i.,-l- 

27.  Given  (x-^tfj^y^a-^btj^;  fiind  the  real  values  of  4P  and  jy. 
(Comp.  p.  ISO.)  ^^^  *=yi(7«NT'+a).  y^JÜ^J^^a). 

28.  Given  ^j^"   « ==,  find  «  and  y.     (Cbmp.  p.  ISO.) 

Ans.  4?»1,  y=3« 

29.  Find  the  relations  subsisting  between  a,  b,  c,  d,  when  the  Square 

root  of  a-hjb+tjc-^tjd  can  Ue  expressed  in  the  form  Ja+Jß-^-Jy. 
{Comp,  p.  ISl.) 

Ans.    Each  of  the  quantities  k/  -j»  tu — >  vT  "^onal,  and  the 
sum  of  them  equal  to  2a. 

INDETERMINATB  COEFFICIENTa 

Br  the  method  of  Indeterminate  Coefficients  shew  diat, 

84-24P     S^^ll       7x11   .   7'xn  ,   7'xll    ^ 
5+7*"5     S*'"**    5»  5*  5*    *" 


2.     -l!:iL-l«+2*.«+8*.4P«+4*.x*+5\«*+ 

x-f3  4  1 

^'     (x-l)(«+2)'"8(x-l)~S(x+2)* 

X4»l  3  1 

*•     x(x-2)"2(x-2)    2x' 

.  1  -  l l__ 

^'    x*-(fl+6>p+a6    (fl-6)(x-a)     (a-6)(x-6)* 


6. 


7. 


x+l 
x"-7x+12 

X 

5 

f-4 

4 
"x-S 

■ 

1 

Sx-5 

7 

1 

1 

1 

«•-6x+8'"2*x-4     2*x-2' 
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8.     .     .''  ^,      'L,,-!,^      9 


{X'^\Xx+2){x+3)     S^JT+l)     Jr+2     2(x+S)* 


(x-l)*        (.r-1)»     (ar-iy  «-r 

1  1  1  1 

,      x*-x+l      1      2       S 
11.     -VT — ^=-5--  + 


jr'(x+l)     «*     X    *+! 

12.     I i T=x+(a-6V+(a'-fl&-c+rf)«*+ 

l-flx'+cx*  \       /-     \  / 

_l__^lfj 1_       x-2 x+2    \ 

•     x«-l"Stx-l     x+l"^x'-x+l     x'+x+lj* 

a^-k-px+q  a*+pa  ^q L^+pb+q 

(x-aXx-6)(x-c)  "  (a-A)(a-c)(i^  ■*■  (^-aXA-cX^-A) 


1       S 


15.      yr+X+x'+X* =:l+_x+^x'+  72X*+ 

^  2       8        jo 


16.  Resolve  7''~6x-l  into  two  factors  of  the  first  degree.     (Comp* 
P-  ^32.)  Ans.  (x-lX7*+l). 

17.  Resolve  2x'- 21x^-1  ly'-x+34y -3  into  Factors  of  the  first  de- 
gree.   (Comp.  p.  132.)  Ans.  (x-lly+lX2*+y-S). 

18.  Given  y=ax+6x'+cx'+(fxV...,  find  x  in  a  series  of  powers  of  y. 

Ans.  x=:-5f--.y'+-^r-y ^f 3^+-" 

19.  Given  y^-ax^-^'ssO,  find  y  in  a  series  of  powers  of  x. 

.  .     ax    «V     fl*x* 

111 

20.  Given  x=ii--ii'+-ii'--n*+...,  find  «  in  a  series  of  powers  of  x. 


X*  X*  X* 

Ans.  fi=x+  -—  + + + . 

1.2     1.2.3     1,2.3.4^ 


21.     Given  x«s--2'+-r2*-...,  andy^Äi^l-y,  find  y  in  «  series  of 
power,  ofx.  _     Am.  s^x-^  +  j^^. 


•  •  • 
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CONTINUED   FRACTIONS. 

1.  Find  a  series  of  fractions  converging  to  j:^;  also  to  -— . 

„.    .        1    22    23    114    .  ....         1    1    2      7    16     ^    - 

(1)  Ans.  -,  g^,  -,  — ,  &C.      (2)  Ans.   -,  ^,  -,  — ,  ~,   &c. 

2.  Express  ^--  in  a  continued  fraction^  and  find  the  convergents. 

Ans.  The  quotients  are     2^     ]>     2,     2,       1^       3^        2. 

The  convergents  .rel.  i.  f ,  X,   l?,  iL,  -?-. 
*  2'    3'    8'    19'    27      100'    227 

3.  Find  the  convergents  to  the  continued  fraction  whose  quotients 
Are,  1,  4,  9,  2,  1,  1,  4. 

A        1      5      46     97      143     240      1103 
^"^'  1'   4'   37'    78'    115'    193'     887  * 

4.  Find  a  series  of  fractions  converging  to  J2 ;  also  to  ^45. 

/,\  A        1      3     7      17     41      -         ,^.   .        67     20     47      114     ^ 
(1)  Ans.  -,   .,  5,   j^,  --,  &c.     (2)  Ans.  -,  -,   ~,  -,  — ,  &c 

3 +»77 

5.  Express  — ^^  in  a  continued  fraction. 

Ans.  The  quotients  are  2^  1>  4,  1,  1,  1,  4,  &c. 

6.  Find  the  convergents  to  0*2422638 

.^17       8       49       47      . 

^"*-4'  29\  33'   161'    194'  ^''' 

7.  From  the  last  example  deduce  an  explanation  of  the  Julian  and 
Gregorian  corrections  of  the  Calendar,  having  given  the  true  length  of 
the  year  to  be  365*2422638 days.     {Comp.  p.  133.) 

355 

8.  Prove  that  — -  differs  from  3*141 59  by  a  quantity  less  than  0*00001 . 

1 13 

9.  The  lunar  month,  calculated  on  an  average  of  100  years,  is 
27'32l66l  days.  Find  a  series  of  Vulgär  fractions  approximatefy  nearer 
and  nearer  to  this  decimal  fraction. 

27     82     765     3907     «^ 

10.     The  sidereal  revolution  of  Mercury  is  87*969255  days;  and  that 

of  Venus  224*700817  days.     Represent  these  quantities  approximately  by 

less  numbers. 

A        X»      TLT  87     88      2815     ^ 

Ans.  For  Mercury  -r>  T"»  ^5S~>  ^c. 

„     ,.  224     225     674      1573     ^ 

For  Venus  — ,   — ,   — ,   -^ ,  &c. 
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11.  Find  the  least  fraction  with  onlj  two  figures  in  eacli  term«  ip- 
proximating  to  — -.  Ant.  ^. 

12.  Given  £'•»6^  required  «  in  the  form  of  a  continued  fradioD; 
and  find  the  convergents. 

Ans.  «-2+ j^     Convergents  are  Y ,  j,   -,   — ,    —  t  *«• 

13.  If  r^J  =  |,  find  jp.    (Cbwp.  p.  1S4.)  Ana.  0-55. 

14.  If  S'-15,  find  X.  Ans.   S-465. 

15.  If  Q)"|>  findx.  Ana.  0737. 

16.  Approximate  by  continued  firactions  to  Ae  roots  of  the  equations, 

(1)   5*'-8-0,  (2)  **-5dP+3=a     (Cbmp.  p.  135.) 

...         34     27     31      213     244 

(i;  Ans.  j,  j,  — ,   — ,  — ,   — ,  &c 

.^.    .  4      13     43      142    .  j  ^      «      7       23      . 

(2)  Ans.   -,    -,   -,   — ,&c  and  y,  -,   j^,  -,  &c 

17*    Shew  that  J5  is  greater  than  — -  and  less  than  t^^;  and  that 

it  differs  fW>m  the  latter  firaction  by  a  quantity  less  than  ^  «^^  ,^^^  • 

^   ^    ^        2x305x1298 
(Comp.  p.  136.) 


INDETERMINATE  EQUATIONS  AND  PROBLEMa 

1.  14dr-5y»7;  find  the  least  positive  integral  values  of  4r  and  y. 

Ans.  jp-S,  ^-7. 

2.  27*+l 6y«l600;  Ans.  x-48,  ^»19. 

3.  19Jf-n7y=ll;      Ans.  x^^SG^  ^«9. 

4.  3x4- 5^ 'S  26;  find  a//  the  values  of  x  and  ^  in  positive  integert. 

Ans.  x-i7,  2.    5f-l,  4. 

5.  I]x+13ysi90;         Ans.  x^g^  y^l* 

6.  13x-i-l6y897;  Ans.    x^5,  y^st. 
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?•     1  l«+7y  "108 ;  find  all  the  values  of  a  and  if  in  positive  integers. 

Ans.  x=6i  y-6. 

8.     Shew  that  there  is  no  Solution  in  whole  numbers  for  the  equation 
49*- S5y  «11. 

9.*  Given  ««»4,  ^«9,  one  Solution  of  2jr4-8yB35,  find  all  the  Solu- 
tions in  positive  int^ers. 

Ans.  {'-]'  i  I'  ^J  'l>  ^6. 
Cy-ii#  a  7,    5,    3,    1. 

|««l,  2,  S, 
Jf=5,  3.  1, 
«=8,  4,  5. 

11.  Given  &c-f7tf+4z-lS3')     ., 

and  ll«+8y-fe=.145)'  '^'*  ''  ^'  '* 

Ans.  «»9,  y-8,  z^S. 

12.  Find  all  the  positive  integral  Solutions  of  20x-Sly«  88,  and 
Sy+4««S4.  Ans.  «=4,  ^=2,  £"7. 

18.     Find  all  Ae  positive  integral  Solutions  of  xy4-a;'~2«+8y+29. 
(Comp.  p.  187.)  Ans.   «=4,  5.    ^«21,  7. 

14.  Find  all  the  positive  integral  Solutions  of  ^gy^Ss^Sy-^Sg. 

l^«ll,  8,  2,  1. 

15.  Find  the  number  of  Solutions  of  llx+15yal081  in  positive  inte- 
fir^rs.  Ans.  7. 

16.  Find  the  number  of  Solutions  of  8x  +  7y+17'»100  in  positive 
integers.     {Camp.  p.  137.)  Ans.   12. 

17*     Find  the  number  of  Solutions  of  20j;+15y  + 62^171  in  positive 
integers.  Ans.   6. 

18.  Find  two  firactions  having  7  and  9  for  their  denominators,  and 

.u  •  57  .48 

their  sum  g^r.  Ans.  =»2* 

19.  Find  three  fractions  with  denominators  8,  4,  and  5,  of  which  the 

.188  .284 

sum  IS  -^.  Ans.  5,  j,  5. 

401  2     8     4 

20.  Find  the  three  fractions  whose  sum  is  — -  .  Ans.  -,  - ,  -  * 

21.  Find  a  number  which  upon  being  divided  by  89  gives  a  re- 
mainder  l6,  and  by  56  a  remainder  27-  Ans.   1 147,  er  8881,  &c. 
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22.  Find  a  number  consisting  of  two  digits  which  shall  be  equal  to  foor 
times  the  sum  of  the  digits.  Ans.  12,  or  24,  or  36,  or  48. 

23.  Find  the  least  number  which,  upon  being  divided  hy  11,  IQ^  and 
29,  gives  the  remainders  3,  5,  and  10,  respectively.  Ans.  4128. 

24.  Find  a  number  less  than  400  which  is  a  multiple  of  7«  aUd  opoa 
being  divided  by  2,  3,  4,  5,  6,  alway s  leaves  1  for  a  remainder.     Ans.  501. 

25.  Shew  that  the  Solution  of  ax-hby^c  in  positive  integers  is  alwayi 
possible,  if  a  be  prime  to  b,  and  c:>ab—(a  +  b),    (Comp.  p.  138.) 

26.  In  how  many  diflferent  ways  is  it  possible  to  pay  £20  in  half- 
guineas  and  half-crowns?  Ana.  7. 

27.  A   certain    sum   consists   of   £x»  y  Shillings,   and   its    half  <^ 
£y.  X  Shillings;  find  the  sum.    {Comp,  p.  139.)  Ans.  £13.  6f. 

28.  Find  two  numbers  such  that  their  sum  shall  be  equal  to  the  sum 
of  their  Squares.  .15      3 

13'    13 

29*    What  value  of  x  will  make  aa^+bx+c^  a  complete  Square? 
{Comp.  p.  139.)  *  bn*^2cmm 

30.  Wha(  integral  values  of  x  will  make  2j^+«+8  a  complete  Square? 
{Comp.  p.  139.)  Ans.  8,  -4,  -1,  and  23. 

31.  What  value  of  6  will  make  6'- 4ac  a  complete  Square?     (Comp, 
p.  140.) 


c 


Ans.  b^am-h", 

m 

32.    Find  three  sqnare  numbers  which  are  in  Arithmetic  Progression« 
(Comp.  p.  140.)  Ans.  (m*-»*-2mii)',  (wi'+n*)*,  (m*-«*+2siii)*. 


SCALES  OP  NOTATION. 

1.  17486  is  in  the  denary  scale,  find  the  equivalent  number  in  the 
senary  scale.  Ans.  212542. 

2.  215855  is  in  the  denary  scale,    find   the   same  number  in  the 
duodenary  scale.  Ans.  i4it€. 

3.  3/4e2  is  in  the  duodenary  scale,    find   the  same  number  in  the 
denary  scale.  Ans.  80J98. 

4.  Transform  1534  from  the  senary  to  the  denary  scale.      Ans.  418. 

5.  Divide  14332216  by  6541  in  the  septenary  scale.  Ans.  1456; 
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6.  Divide  95088918  by  //4  in  the  duodenary  scale.  Ans.  Uiee. 

7.  Multiply  64ft.  6 in.  by  8ft.  9iin.  Ans.  565  ft  8'.  7".  6'". 

8.  The  difference  between  any  number  (in  the  denary  scale)  and  that 
formed  by  reversing  the  order  of  the  digits  is  divisible  by  9*     Prove  it. 

9*     Extract  the  Square  root  of  25400544  in  the  senary  scale. 

Ans.  4112. 

10.  Extract  the  Square  root  of  S2e75721  in  "the  duodenary  scale;  and 
then  verify  the  result  by  squaring  it.  Ans.  62/e. 

11.  The  number  124  in  the  denary  is  expressed  by  147  in  another 
scale,  required  the  radix  of  the  latter.  Ans.  9. 

12.  In  what  scale  of  notation  will  a  number  that  is  double  of  145  be 
expressed  by  the  same  digits  ?     (Comp.  p.  141.)  Ans.    Radix*  15. 

13.  Find  the  scale  to  which  24065  belongs,  its  equivalent  in  the 
denary  scale  being  6221.  Ans.    Radix -7. 

14.  The  area  of  a  rectangle  is  29ft.  4in.,  and  its  length  is  12 fl. 
8  in.;  find  iU  breadth.  *  Ans.  2ft.  3in.  G. 

15.  The  area  ofa  rectangle  is  971^  120 in.,  and  breadth  24ft.  9  in*; 
find  ite  length.  Ans.  S9ft.  Sin.  2'.  3'\  &c. 

16.  The  area  of  a  Square  is  17ft.  54in.,  what  is  the  length  of  the  side  ? 

Ans.  4ft.  2  in.  O'.  2".  lO'''.  &c. 

17.  What  is  the  cube  of  6ft  6in.?  Ans.  274fl.  1080in. 

18.  Prove  that  anv  number  of  4  digits  in  the  denary  scale  is  divisible 
by  7,  if  the  first  and  last  diffits  be  the  same,  and  the  digit  in  the  place  of 
hundreds  be  double  that  in  the  place  of  tens, 

19.  Any  number  is  divisible  by  4,  if  the  last  two  digits^  taken  in 
order  to  form  a  number,  be  divisible  by  4. 

20.  Any  number  is  divisible  by  8^  if  the  number,  consisting  of  the 
last  three  digits  in  order,  be  divisible  by  8. 

21.  There  is  a  certain  number  consisting  of  two  digits,  which  Is  equal 
to  four  times  the  sum  of  its  digits ;  and  if  to  the  number  18  be  added,  the 
digits  will  be  reversed.     What  is  it  .^  Ans.  24« 

22.  There  is  a  certain  number,  a  multiple  of  10,  which  exceeds  the 
sum  of  its  digits  by  99;  find  the  number.  Ans.  100. 

25.  Prove  that  the  sum  of  all  the  numbers  which  are  composed  of  the 
same  digits  is  divisible  by  the  sum  of  the  digits,  when  the  digits  are  all 
differeht 

30 
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24.  Find  the  greatest  and  the  least  numbers  of  4  digits  in  the  fcnvj 
Scale,  as  expressed  in  tbe  denary  scale.  Ans.   ISpS,  Sl6. 

2.5.  A  certain  number  consists  of  two  digits  such  that  when  the  digiti 
are  reversed  the  number  is  divisible  by  S,  and  is  to  the  former  number  u 
23  :  32.     Required  the  number.     {Comp,  p.  141.)  Ans.  9& 

26.  Any  number  consisting  of  an  even  number  of  digits,  in  a  systcD 
whose  radix  is  r,  is  divisible  by  r+l>  if  the  digits  equidistant  from  eidi 
end  are  the  same. 

27.  If  iV,  jY'  be  any  two  numbers  in  tbe  denary  scale  composed  of 
the  same  digits  differently  arranged,  prove  that  N'^-N' is  divisible  by9* 
{Camp.  p.  1410 

28.  The  Square  of  any  number  which  has  less  than  10  digits,  (in  the 
denary  scale)  each  of  which  ia  1,  will,  when  reckoned  from  either  end, 
form  the  same  Arithmetic  Progression  whose  common  difference  is  1«  and 
greatest  term  the  number  of  digits  in  the  root. 


PROPERTIES  OF  NUMBERS. 

1.  Proyb  that   n'  divided   by  4  cannot  leave  2   for  a  remainder, 
n  being  any  of  the  natural  numbers.    {Comp,  p.  142.) 

2.  No  number  can  be  a  Square  which  has  any  one  of  the  numbers 
2,  3,  7,  8  for  its  last  digit. 

3.  Prove  the  following  properties  of  a  Square  number  :•— 

(!)  A  Square  number  cannot  terminate  with  an  odd  number  of  ciphen. 

(2)  If  a  Square  number  terminate  with  5,  it  must  terminate  with  25. 

(3)  If  a  Square  number  terminate  with  an  odd  figure,  the  last  figure 

but  one  will  be  even ;  and  if  it  terminate  with  any  even  figure 
except  4,  the  last  figure  but  one  will  be  odd. 

(4)  No  Square  number  can  terminate  with  two  figures  the  same,  except 

they  be  two  ciphers,  or  two  4's. 

4.  Any  number  divided  by  6  leaves  the  same  remainder  as  its  cube 
divided  by  0. 

5.  If  m  be  any  odd  square  number  greater  than  1,  prove  that  (m  «f  S)x 
(m+7)  is  divisible  by  32. 

6.  If  each  of  the  quantities  ä,  b,  nhe  &  whole  number,  shew  that 
{2fl  +  («-l)Ä}-  is  always  a  whole  number.     {Comp,  p.  142.) 

7.  Shew  that  every  perfect  cube  number  is  of  one  of  the  forma  4a, 
or  4w«fcl. 
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8.  Shew  thot  «'-AiiH^r  is  diTiftblebjr  1£0^  whäteycr  positive  Wbole 
number  x  maiy  be«     (Comp,  p.  143.) 

x+1 

9.  Shew  that  --^(2«*+a?+S)  is  a  whole  number,  i£x  be  odd. 

IS 

{Comp.  p.  143.) 

10.  The  difference  of  the  Squares  of  any  two  odd  numbers  is  divisible 
by  8;  and  the  difference  of  tbs  Squares  of  anj  two  prime  numbers,  of 
which  the  less  exceeds  5,  is  divisible  by  24. 

11.  If  9t  be  any  whole  number,  otie  oi  the  three  n*,  n*+l,  n'— 1,  is 
divisible  by  5. 

12.  If  fi  be  an  odd  number  not  divisibie  by  7>  either  n'+l,  or  n'-l 
is  divisible  by  14. 

13«  Shew  that,  when  m  is  any  even  mimber  greater  than  2,  f9t'(fii'-4) 
is  divisible  by  192;  and,  wheti  m  is  any  odd  number  greikter  taan  S, 
fn(m*-l)(tn*-g)  is  divisible  by  1920. 

n'— 1 

14.  If  ra  be  a  prime  number  greater  tba«  3,  -^r-  h  an  integer. 

(Comp.  p.  143.) 

15.  If  a  and  b  be  prinfe  numbers,  the  number  of  numbers  prime  to 
ab  and  less  than  ab  is  equal  to  (a-l)(&-l)— 1. 

1 6.  If  there  be  two  binomials  each  of  which  is  the  snra  of  two  Squares, 
their  product  is  the  sum  of  two  Squares.     (Comp,  p.  144.) 

1 7.  Neither  the  sum  nor  the  difference  of  two  irredacible  fractions, 
whose  denominators  are  different,  cAn  bean  integer.    (Comp.  p.  144.) 

18.  If  n  be  any  number,  and  a  the  diference  between  n  and  the  next 
greater  Square  number,  and  b  the  difference  between  n  and  the  next  less 
Square  number,  shew  that  n— a&  is  a  Square.     (Comp,  p.  144.) 

19.  Prove  that  the  product  of  two  different  primes  cannot  be  a 
Square.     (Comp,  p.  145.) 

30.  Decompose  831 6OO  into  its  prime  factors;  and  find  the  multipUer 
which  will  make  it  a  perfect  cube. 

(1)  Ans.  Ilx7x5«x2*x3'.       .(2)  Ans.  118580. 

21.  Find  the  number  of  divisors  of  1000.  Ans.  I6. 

22.  Find  the  number  of  divisors  of  300S0.  Ans.  64. 

23.  If  ^-is  a  number  of  the  fbrm  fl"*i%  where  a  and  b  are  prime 

numbers,  shew  that  N, .— ^  is  the  number  of  integers  not  greater  than 

a       0 

N  and  prime  to  it.    (Comp,  p.  145.) 

How  many  numbers  are  there  not  greater  than  100  and  prime  to  it? 

Ans.  40. 

How  many  less  than  360  and  prime  to  it?  Ans.  96, 

30—2 
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24.     If  one  number  (A)  have  exactly  as  many  |>laoea  of  fiffuret  u 
another  (B),  and  also  have  more  than  the  first  half  of  its  fignres  identiol 

with  the  corresponding  figures  in  B,  sbew  that  the  difference  between  !jÄ 
and  ^B  will  be  less  than  - ,  if  it  be  any  whole  number  not  less  than  2. 
{Camp,  p,  146.) 

VANISHING  FRACnONa 

1.  Find  the  value  of  '^ — ;       ^  ~  .  when  «=«.  Ana.  —==  . 

2.  Find  the  value  of  -=— n  when  ö«6.  Ana.  —  • 

a  — o  z 

ö**—  &**  iif 

S.    Find  the  value  of  ■  ,    ,,  when  a^b.  Ans.  —  «T*. 

fl*-©"  n 

a»'+»_Ä»+»  r+1 

4.  Find  the  value  of  -7777 — r%  when  11=6.  Ana.  -—r  . 

a^bXa-b)  if 

\_ 

5.  Find  the  value  of ^— ^^^ — -  when  or-O.  Ans.  — -t  . 

*■  —•-1 


6.    Find  the  value  of 7=^^^ —  when  ar-n.  Ans.  5«. 


a—jax 


7.  Find  the  value  of  ; — i when  x^a.  Ans.  ~ . 

8.  Find  the  value  of  '^ — ^  f~" when  x«0. 

Ja-¥x^Ja^x 

Ans.  ^^a. 

9.  Find  the  value  of  J^+^-^f^'J^'-'^  ^hen  *-«. 


CONVERGING  AND  DIVERGING  SERIEa 

1.  Pbovb  that  1+7  +  7-^+7-3-^+ will  begin  to  converge  at 

8ome  point  for  any  value  of  j;^  however  great. 

2.  Shew  that  the  series  for  (1+jr)",  given  by  the  Binomial  Theorem, 
will  always  be  "convergent"  when  x<:\\  and  determine  after  how  many 
terms  the  convergency  will  begin.    {Comp.  p.  147.) 

Ans.  After  r+1  terms,  r  being  the  next  whole  number  which  > • 

1+* 
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S.    Shew  that  both  the  foUowing  seriea  mre  convergent,  (Comp.  p.  1 48.) 


0)    »-(|+i4-[6*- 


*•     «•     X^ 


and  if  «-S64,  at  which  term  will  the  former  series  begin  to  converge? 


Ans. 


«~ 


UM- 

4>.     In  the  expressjon  £rj:"-f^'*~'+cx"~*+ if  a  be  any  fixed  quan- 

>tity  however  sinall^  and  b,  c,  d^  &c.  any  fixed  quantities  however  great,  shew 

that  X  niay  be  taken  so  great  that  asT  shall  contain  6x^'+c«b*^+ as 

many  times  as  we  please.    (Comp,  p.  148.) 

5.     How  small  must  x  be  taken,  so  that  the  third  term  of  the  infinite 
series  1  +  3jr-t-5«'+7^+ may  contain  the  sum  of  all  that  foUows  500 


times  at  least?  (Comp,  p.  149.) 


Ans.  x< 


1 
702 
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Apfly  the  Logarithmic  Tables  to  find, 


1.     2«*. 


2. 
3. 
4. 


6. 

7. 

8. 

9. 
10. 


239x827x548 
76x17 

^235-78. 
8. 


'•    V5^- 


y!32x(7'356)' 

(105)^-1 
(1 -057x0-05  * 


7( 


23  Y 
4"l7r 


£15.  7*.  3id.x(V0S)''. 
Given  20*^100,  find  «; 


11.    Given  c""««.»*"»,  find  jp. 


Ans.  18446750000000000000. 


Ans.  83069*32. 


Ans.  X 


Ans.  2*4855^2... 


Ans.  11-86322... 


Ans,  1*295695... 


Ans.  144-5972... 


Ans.  5*79... 


Ans.  0'17577... 

Ans.  £67.  7*%  Id. 

Ans.  x»  1*537244. 

log  a- log  5 
mlogc-nlogA^ 
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12.     Given  a^-¥ä^^a^i  find  x.  An«.  x»=       ^  i 

IS.    Given  fl'+  —  =s6,  find  x.  Ans.  jt«  i 

a'      '  log  a 

14.  Give.  (7?)-.«^,  find  ,.  An,.  ^-^^^^^^ . 

15.  Given  a^^y't  and  x'^y,  find  o?  and  y.    (Comp.  p.  150.) 

16.  Given  S"'.5"^=7'-Ml'^,  find  x.     (Comp.  p.  151.) 

Ans.  xsl*242073... 

17.  Given  (a^-2fl«6V6^'-' «  f^"  M«  >  ^"*^  *'    (^^^'  ^'  ^^^'^ 

.  log  11—6 

Ans.  «e    °  . 

log  a  4-6 

18.  Given  5'*'-5*^+14J«47S9-5'-*+|-5'-*,  find  x.    (Comp.  p.  151.) 

Ans.  4*25. 

19.  Given  5xS'-Sx2''-S0000,\  -    ,  .  ,^  ,^^. 

and    Sx3'+6x2'-20000:f  ^"^  ' '"^  ^-     (Comp.  p.  152.> 

Ans.  f'-J-94^ 

20.  Given  3'*-*'+*= 1200,  find  x.     (Camp.  p.  152.) 

Ans.  x-4'3S,  er  -0-33. 

21.  Given  a\t^,a^,d',Sic.^p,  find  the  number  o(  Factors  a\  e^,  a',  &c. 
(Comp.  p.  152.) 

INTEREST   AND   ANNUITIES. 

1.     Wh  AT  principal  put  out  at  simple  interest  for  S  years,  at  the  rate 
of  5  per  Cent,  per  annum,  will  amount  to  ^828  ?  ^ns.  £720. 

2*    A  person  borrows  £450  at  5  per  cent.  simple  interest,    and  re« 
tums  for  it  i£517«  lO'*;  for  what  time  was  it  lent?  Ans.  3  years 
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3.  A  person  returns  £6lO  for  the  loan  of  £600  for  one  month, 
vhat  Is  the  rate  of  interest  allowed  ?  Ans.  20  per  cent. 

4.  What  vill  a  capital  of  ^12000  amount  to  in  10  years^  at  6  per 
Cent  per  annum  Compound  interest,  the  interest  being  paid  half-yearly  ? 

Ans.  £21673.  6s.  Sd. 

5.  Prove  that  the  amount  of  £l  in  n  yeart  at  Compound  interest  is 
given  within  less  than  a  farthing  by  the  first  four  terms  of  the  expansion 
of  (l+r}*£,  the  rate  of  interest  being  not  greater  than  4  per  cent,  and 
n  not  greater  than  10.     {Comp.  p.  153.) 

6.  Find  in  what  time  a  sum  of  money  will  double  itself,  put  out 
at  5  per  cent  per  annum,  reckoning  Compound  interest.     Ans.  14*2  years. 

7*  Find  in  what  time  at  Compound  interest,  reckoning  5  per  cent' 
per  annum,  iSlOO  will  amount  to  £1000.  Ans.  47*193  years. 

8.  What  18  the  amount  of  one  farthing,  for  500  years,  at  3  per  cent. 
per  annum,  Compound  interest?  Ans.  £2731.  2j.  5\d. 

9*  Shew  that  the  common  rule  for  determining  the  equated  time  of 
payment  of  several  sums  due  at  different  times  is  in  favour  of  the  payer. 

10.  Required  the  discount  on  £l60  for  a  quarter  of  a  year,  reckoning 
interest  at  the  rate  of  5  per  cent  per  annum.  Ans.  £l.  igt.  6tL 

11.  What  will  be  the  amount  of  £1212  per  annum  left  nnpaid  for 
76  years,  reckoning  4  per  cent  per  annum  Compound  interest  ? 

Ans.  £566702.  17*.  ^ 

12.  What  will  an  annuity  of  £250  amount  to  in  7  years,  paid  half- 
yearly,  allowing  6  per  cent  per  annum  simple  interest?      Ans.  i£2091.  5s. 

13.  What  annuity  improved  at  the  rate  of  8  per  cent  per  annum, 
Compound  interest,  will  at  the  end  of  10  years  amount  to  £3000  ? 

Ans.  £207.  1**  9d. 

14.  What  is  the  present  value  of  an  annuity  of  £20  to  continue  for 
40  years,  reckoning  interest  at  the  rate  of  6  per  cent  per  annum  ? 

Ans.  £300.  18*.  6d. 

15.  An  annuity  of  £20  for  21  years  is  sold  for  £220;  required  the 
rate  of  interest  allowed  to  the  purchaser.  Ans.  £6.  l6*.  5d.  per  cent 

16.  If  a  lease  of  55^  years  be  purchased  for  £100,  what  rent  ought  to 
be  received,  that  the  purchaser  may  make  5^  per  cent  per  annum  for  bis 
money  ?  Ans.  £5.  l6s. 
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1 7.     An  anniiity  Ä  is  to  commence  at  the  end  of  p  years,  and  to  con- 

tinue  q  years ;  find  the  equivalent  annuity  %o  commence  immediatelj  and 

to  continue  q  years.    (Comp.  p.  154.)  A 

Ans 


Ci+ry- 


18.  The  discount  on  a  promissory  note  of  £100  amounted  to  J&7«  lOff. 
and  the  interest  made  by  the  banker  was  £5 '405405... per  cent.  ;  find  tbe 
interval  at  the  end  of  which  the  note  was  payable.  Ans.    1^  yearSi 

19.  A  person  puts  out  P£  at  interest,  and  adds  to  his  capital  at  the 
end  of  every  year  —  th  part  of  the  interest  for  that  year ;  find  the  amount 

at  the  end  of »  years.     (Comp,  p.  154.)  -        p  (mr+m-^ry 

20.  The  lease  o£  an  estate  is  granted  for  7  yean  at  a  pepper-com 
rent,  with  the  condition  that  the  tenant  at  the  expiration  of  the  lease  may 
renew  the  same  on  paying  a  üne  off  100.  What  is  the  value  of  the  land- 
lord's  Interest  in  the  estate  immediately  after  any  such  renewal«  allowing 
Compound  interest  at  the  rate  of  5  per  cent.  per  annum  ? 

Ans.  £245.  12#.  lOd. 

21.  A  person  spends  in  the  first  year  m  times  the  interest  of  his  pro- 
perty;  in  tnc  second  2m  times  that  of  the  remainder;  in  the  third  3m 
times  that  of  what  remained  at  the  end  of  the  second ;  and  so  on.  At  tbe 
end  of  2p  years  he  has  nothing  lefl.  Shew  that  in  the  y*  year  he  spends 
as  much  as  he  has  left  at  the  end  of  that  year.     (Comp.  p.  155.) 

22.  The  reversion  of  an  estate  in  fee  simple  producing  £60  a  year  is 
made  over  for  the  discharge  of  a  debt  of  £577.  4f*  5d,  How  soon  ought 
the  creditor  to  take  possession^  if  he  be  allowed  5  per  cent.  per  annum 
interest  for  his  debt?  Ans.  15  years. 

23.  A  person  puts  his  whole  fortune  P£  out  at  interest^  at  the  rate  of 
r£  per  l£  per  annum,  and  requires  for  his  annual  expences  p£  more  than 
the  whole  interest  of  P£,  In  how  many  years,  at  this  rate,  will  he  have 
spent  the  whule?  and  if,  when  he  has  spent  half  his  capital,  he  dimi- 
nishes  his  expenditure  one  half,  how  much  longer  on  this  than  on  the 
former  supposition  will  he  continue  solvent?     (Comp.  p.  155.) 

log  ivT}7-  log  p  yj  -^Pj-^^SP 

(1)  Ans. — =^  — .     (2)  Ans.  log  • 

^^  logl+r  ^^  ^        logl+r 

24.  Find  the  present  value  of  an  annuity  of  £20  a  year,  to  commence 
in  10  years,  and  then  to  continue  11  years,  reckoning  4  per  cent.  per 
annum  Compound  interest.  Ans.  £ll8.  7s.  S|</. 

25.  What  sum  ought  to  be  paid  for  the  Reversion  of  an  annuity  of 
£50  for  7  years  ader  the  next  14,  that  the  purchaser  may  make  6  per  cent 
per  annum  of  his  money?  Ans.  £\23.  9s.  U. 
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26/  If  a  person  purchase  the  Reversion  of  an  estate  after  20  years  for 
£500,  what  rent  ought  it  to  produce  that  he  may  make  6  per  cent  per 
annum  of  bis  money  ?  Ans.  £gß.  4*.  Sd. 

27.  A  debt  of  a£,  accumulating  at  Compound  interest  is  discbarged  in 
n  years  by  annual  payments  of  — £;  prove  that  »—  ^     (\ — ^  * 

28.  If  M,r  Mc  rcpresent  the  sums  to  which  an  annuity  would  amount 
in  n  years  at  simple  and  Compound  interest  respectively,  prove  that 

M,^nr  (ii-l)r+2 
Ml'Y'  (l+r)--l  • 

29.  If  two  joint-proprietors  have  an  equal  interest  in  a  freehold 
estate  worth  p£  per  annum,  but  one  of  them  purchase  the  whole  to  himself 
by  allowing  the  other  an  equivalent  annuity  of  9^  for  n  years,  shew  that 

30.  If  P  represent  the  population  of  any  place  at  a  certain  time,  änd 

every  year  the  number  of  deaths  is  -  th,  and  the  number  of  births  -  th,  of 

the  whole  population  at  the  beginning  of  that  year;  required  the  amount 
of  the  population  at  the  end  of  n  years  from  that  time.     {Comp,  p.  157.) 

Ans.  ph^P^V. 

\     vqi 

31.  In  the  last  problem,  if  pego,  and  9= 45,  shew  that  the  popu- 
lation will  be  doubled  in  125  years,  nearly.     {Comp,  p.  157.) 

32.  What  must  be  the  annual  increase  in  the  population  of  any 
country,  that  it  may  double  itself  in  a  Century  ? 

Ans.  Between  ——  rd  and  —  th. 

143  J44 

CHANCES,  AND  LIFE  ANNUITIES. 

1.  What  is  the  chance  of  drawing.  the  four  aces  from  a  pack  of  cards 
in  four  successive  trials  ?     (Com/?,  p.  158.)  1 

Ans«  _„^_ _  ^  • 
270725 

2.  There  are  4  white  balls  and  3  black  placed  at  random  in  a  line, 
find  the  chance  of  the  extreme  balls  being  both  black.     {Comp.  p.  158.) 

Ans.  — . 
7 

3.  Of  two  bags  one  contains  9  balls«  and  the  other  6,  and  in  each  bag 
the  balls  are  marked  a,  hy  c,  d,  &c  If  one  be  drawn  from  each  bag,  what 
is  the  chance  that  the  two  will  have  the  same  letter-mark?   {Comp,  p.  158.) 

Ans.  - . 
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4.  A  plays  one  game  with  B,  and  another  with  C;  th#  odda  that  he 
does  not  wm  both  games  are  4  to  1 ;  the  odds  that  he  beaU  JB  are  3  to  S. 
What  are  the  odds  in  bis  game  with  C?     (Comp,  p.  1590 

'    Ans.   Odds  against  him  S  to  !• 

5.  From  a  common  pack  of  cards  12  are  dealt  to  as  man y  peraoiut, 
one  to  each»  the  cards  collected^  shuffled,  and  the  same  repeated.  what  it 
the  Chance  that  a  given  person  will  on  both  occasions  have  the  eame  cntl 
dealt  to  bim  ?  What  is  the  chance  that  the  two  cards  dealt  to  him  will 
have  the  sum  of  their  numbers  equal  to  3?     {Comp.  p.  159*) 

(1)  Ans.  — .     (2)    An«,    j^. 

6.  Two  dice  are  placed  together  at  random  so  as  to  form  a  paralUo- 
piped :  determine  the  chance  that  two  or  mofe  adjacent  faces  will  have 
the  same  marks.    (Comp.  p.  l60.)  ^  7 

84 

7«  From  a  bag  containing  2  guineas«  3  sovereigns,  and  5  diillings,  a 
person  is  allowed  to  draw  3  of  them  indiscriminately  :  what  is  the  valoe  of 
bis  expecUtion  ?     [Comp.  p.  l60.)  Ans.  S2A  •hillingt. 

8.  A  Shilling  is  thrown  upon  a  chess-board>  a  Square  of  whicfa  will 
just  include  4  Shillings,  find  the  chance  of  its  falling  clear  of  a  divisioo. 
(Com;;,  p.  I6l.)  ^^   1 

9*  -  Three  men,  A,  B,  C,  in  succession  throw  a  die,  on  conditiovi  that 
he  who  first  throws  an  ace  shall  receive  £l;  what  are  the  values  of  their 
several  expectations  ?     (Comp.  p.  l6l.) 

Ans.   A'8  =  7s.  lOjf  rf.    i?'s-&.  7H^-     C"8=5*.  S^d. 

10.  There  are  5  persons,  out  of  which  4  are  going  to  play  at  whist 
They  all  cut,  and  the  lowest  sits  out.  What  is  the  chance  that  two  speci- 
fied  individuals  will  be  partners?     (Comp,  p.  l6l.)  .         1 

ö 

11.  There  is  a  lottery  containing  black  and  white  balls,  from  eadi 
drawing  of  which  it  is  as  likely  a  black  ball  shall  arise  as  a  white  one, 
what  is  the  chance  of  drawing  11  balls  all  white?     (Comp.  p.  l62.) 

Ans.     r^r— ;.  . 

S048 

12.  There  is  a  lottery  of  10  green,  12  white,  and  14  red  balls.  Let  2 
have  been  drawn,  what  is  the  probability  that  they  will  be  green  and 
white  ?     (Comp.  p.  l62.)  Ans.   17  to  4  against  it. 

13.  A  die  is  thrown  time  afVer  time :  in  how  many  times  have  we  an 
even  chance  of  throwing  an  ace?     (Comp.  p.  l62.) 

Ans.   Not  quite  an  even  chance  in  3,  but  more  than  even  in  4,  times. 
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H.  Two  witnesses^  on  each  of  whom  it  is  8  to  1  that  he  speaks  truth^ 
agree  in  affirming  that  a  certain  event  did  happen^  which  of  itself  is  equally 
likely  to  have  happened  or  not.  •  What  is  the  chance  that  the  event  did 
happen?     {Comp.  p.  l6S.)  Ans.  9  to  1. 

15'  A  speaks  truth  S  times  out  of  4,  B  4  times  out  of  5,  C  6  times  out 
of  7 ;  what  IS  the  probabilitj  of  the  truth  of  what  A  and  B  agree  in 
asserting,  Imt  which  C  denies?     {Comp.  p.  ]63.)  Ans.  2  to  1. 

16.  Thirteen  persona  wre  required  to  take  their  places  at  a  round 
table  by  k>t ;  shew  that  it  is  5  to  1  that  two  particnlar  persons  do  not 
occupy  contiguous  seats.     {Comp.  p.  l63.) 

17.  P  bets  Q  ^10  to  £590  that  three  races  will  be  won  by  the  three 
horsea  A^  B,  C,  against  which  the  betting  is  4  to  1,  3  to  1,  and  2  to  1« 
respectively.  The  first  race  having  been  won  by  Ay  and  it  being  known 
that  the  second  race  was  won  either  by  B^  or  by  a  horse  F  against  which 
the  betting  was  6  to  1,  find  the  value  (h  P's  expectation.    {Comp.  p.  164.) 

Ans.  £117.  5s.  5^d, 

18.  Supposing  the  House  of  Commons  composed  of  m  Tories  and  n 
Whigs,  find  the  probability  that  a  Committee  of  p-\-q  selected  by  ballot 
will  coiisist  of  p  Tories  and  q  Whigs.     {Comp*  p.  I64.} 

Ans.  5^k^.* 

19*  There  are  3  balls  in  a  bag,  of  which  one  is  white  and  one  black, 
aod  the  third  white  or  black ;  determine  the  chance  of  drawing  2  black 

one^  if  2  be  taken.    (Comp.  p.  165.)  .         1 

/Vns.   j(  m 

20.  In  a  lottery  all  the  tickets  are  blanks  but  one :  each  person  draws 
a  ticket,  and  retains  it.  Shew  that  each  has  an  equal  chance  of  drawing 
the  prise.    {Comp.  p.  165.) 

21.  A  coUection  k  made  of  ten  letters  taken  at  random  from  an  alpha^ 
bet  consisting  of  20  consonants  and  5  vowels ;  what  is  the  probability  that 
it  will  contain  3  vowels  and  no  more  ?     {Comp,  p.  l65.)  .  60 

Ans.     r-r-r  • 

253 

22.  At  the  game  of  whist,  what  is  the  chance  of  dealing  one  ace  and 
no  more  to  a  specified  person  ?  And  what  is  the  chance  of  dealing  one  ace 
to  eadi  person  ?    {Comp,  p.  166.) 

/t\  A  9IS9  32         ,  ,^.    .         2197  1         , 

(^>  ^"'-   2Ö825'  ^'  TS  """^y-         (^^  ^''''  2Ö825 '  ^"^  9  °"*'^^- 

23.  There  are  two  bags  each  containing  4  white  and  4  black  balls. 
Four  are  taken  at  a  venture  from  one  of  them  and  transferred  to  the  other. 
Then  8  bein^  drawn  from  the  ktter,  6  of  them  prove  white  and  two 
black;  what  is  the  chance  that,  if  another  be  drawn,  it  will  be  white? 
(Comp.  p.  167.)  ^^^     91_^ 

457  * 
*  mC,  signifies  the  Nurober  of  Combinations  of  n  thiogs  taken  r  together. 
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24.  At  the  game  of  whist  what  is  the  chuice  of  the  dealer  and  hii 
partner  holding  the  four  honours?    {Comp.  p.  I67.) 

25.  In  dealing  a  pack  of  Cards,  what  is  the  chance  that  all  the  henti 
will  be  found  in  the  first  20  cards  dealt,  first  without  regard  Xo  order,  and 
secondly  in  the  order  of  their  valiie?     (Comp.  p.  168.) 

CO  Ans.  i=^.  (2)  An«,  j^g^- 


26.  A  person  puts  his  hand  into  a  bag  containing  12  balls,  drawi  out 
a  certain  nufnber  at  random,  and  transfers  thera  without  ezaminatiaa  to 
a  second  eropty  bag.  He  then  puts  his  hand  into  this  aecond  bag,  and 
draws  out  a  certain  nuniber  in  the  same  way  as  before.  Sheir  tfaat  the 
odds  in  favour  of  his  drawing  out  an  odd  nuniber  trom  the  aecond  htig 
are  nearly  341  to  340.     {Comp.  p.  169.) 

27-  Supposing  it  an  even  chance  that,  on  Ä  aged  46  marrying  B 
aged  36,  they  will  both  be  alive  at  the  end  of  x  years ;  find  x,  wben, 
according  to  De  Moivre's  hypothesis,  of  86  persons  bom  togeUier  ooe 
dies  annually  until  all  are  extinct    {Comp.  p.  I69.) 

Ans.  X  =13,  nearly. 

28.*  A  person  35  years  of  age  wishes  to  buy  an  annoity  fbr  whit 
may  happen  to  remain  of  his  life  after  50  years  of  age.  What  is  the 
Present  Value  of  the  annuity  reckoning  interest  at  4  per  cent.  and  iiaiiig 
Dr.  Halley's  Table  t?    {Comp.  p.  170.)        Ans.  4J  years*  porchase  nearly. 

29.  An  annuity  of  ^10,  for  the  life  of  a  person  now  30  years  dd» 
is  to  commence  at  the  end  of  1 1  years,  if  anotner  person  now  40  shooU 
he  then  dead.  Required  the  Present  Value  of  the  annuity,  reckoning 
interest  at  4  per  cent,  and  using  Dr.  Halley's  Table.    {Comp.  p.  170.) 

Ans.  £17.  i6l 


SO.     An  estate  or  annuity  of  XlO  for  ever  will  be  lost  to  the 

of  a  person  now  34,  if  his  life  should  fail  in  1 1  years.  What  ought  he  to 
give  for  the  Assurance  of  it  for  this  term  according  to  Dr.  Halley's  Table, 
reckoning  interest  at  4  per  cent?     {Comp,  p.  171*)  Ana.  £48-8. 

31.  A  person  now  40  is  wilUnff  to  pay  £200  down,  besides  an  annoal 
payment  for  10  years,  to  entiUe  him  to  a  life-annuity  of  JC44  afler  he 
attains  the  age  of  50.  What  ought  the  annual  payment  to  be,  reckoning 
interest  at  4  per  cent.  and  using  Dr.  Halley's  Table?    {Comp.  p.  I71.) 

Ans.  X8*55. 

*  This  and  the  three  following  quentions  are  taken  from  Pf%ee*i  Anmdii€9. 
t  See  Page  399. 
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Ist  Serdes. 

1.  Find  the  o.c.m.  of 

(aj:+6y)'-(fl-6)(x+zX<'*+^^)+(«.-*)**** 

and   (aj:-^^)'-(Ä+6)(«+z)(aj:-6y)+(fl+6)'ja.     (Comp.  p.  172.) 

Ans.  6(4;  4-^). 

2.  There  are  four  numbers  in  Arith^  Prog".  The  sum  of  the  two 
extremes  is  8^  and  the  product  ofthe  means  is  15.  What  are  the  numbers.^ 
(App.  p.  358.)  Ans.  1,  S,  5,  7- 

S.  There  are  three  numbers  in  Geom^  Prog*.,  whose  product  is  64>« 
and  sum  14.     What  are  the  numbers?     {App.  p.  354.) 

Ans.  2,  4j  8,  or  8,  4,  2. 

4.  In  what  proportion  must  substances  of  '' specific  gravity"  a  and 
b  he  mixed,  so  that  the  "specific  gravity"  of  the  mixture  may  be  c? 

(App.  p.  348.)  Ans.  — r  cubic  feet  of  the  latter  to  1  of  the  former. 

5.  From  a  vessel  of  wine  containing  a  gallons  6  gallons  are  drawn  off*, 
and^the  vessel  is  filled  up  with  water.  Find  the  quantity  of  wine  remain- 
ing  in  the  vessel,  when  this  has  been  repeated  n  times.     {App.  p.  349.) 

(a^by 


Ans. 


fl^ 


~  • 


6.  The.advance  of  the  hour-hand  of  a  watch  before  the  minute-hand 
is  measured  by  15|  ofthe  minute  divisions;  and  it  is  betwecn  9  and  10 
o'clock.    Find  the  exact  time  indicated  by  the  watch.    {App.  p.  349.) 

Ans.  28  min,  before  10  o*clock. 

7.  In  comparing  the  rates  of  a  watch  and  a  clock,  it  was  observed 
on  one  moming,  when  it  was  12^.  by  the  dock,  that  the  watch  was  at  1 1^. 
5Sr.  49'.;  and  two  momings  after,  when  it  was  9**.  by  the  clock,  the  watch 
was  at  8^.  SST.  5S\  The  clock  is  known  to  gain  O'V.  in  24  hours,  find  the 
gaining  rate  of  the  watch.    {App.  p.  350.) 

Ans.  4-9000055*....  in  24  hours. 

8.  The  product  of  two  numbers  Isp,  and  the  difference  of  their  cubes. 
is  equal  to  m  times  the  cube  of  their  dinerence.    What  are  the  numbers  ? 

{App.  p.  352.)  1   V(4m-l)p-fV3J;  1   J{4^fi^^-Js^ 

Ans.  -. T==  ,  ana  -. ;  • 

9.  Shew  that  «■-na*"*x+(»-l)a"  is  divisible  by  («-«)%  if  «  be  a 
whole  number«    {Comp.  p.  172.) 

10.    Shew  that  4f-y  is  divisible  by  x+y,  when  p  is  an  even  num- 
ber.    {Comp.  p.  173.) 
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11.  I(  N  and  n  be  nearly  equal  to  each  other,  shew  that 

ZW      N      1   N+n 

N              1    N-^n 
Also  if  -TT—«,  and-. have   their   first   p  dedmal   plaoea   the 

same,  this  approximation  for  a/"  ™*y  ^^  relied  on  up  to  2/>  decimal 
places  at  least    {Comp.  p.  173.) 

12.  Find  the  value  of  x  which^  when  z  is  indefinitely  increased, 
makes  (4x+l)(2r+l)*=5(Sjr+l)(Ä+S)*;   also  find  the  valuea  of  *  aiid  jr 

which  make  l^^Zt^lsafjl^)  indcpendent  of  s.    (Camp.  p.  174.) 

(1)  Ans.  x«K    (2)  Ana.  M^a-h2c,  ^s^i+Sc. 

13.  Shew  that  x^+pj^+qx^-^rx-k-s  can  be  resolved  into  two  rational 

quadratic  factors,  if  — ^  be  a  perfect  Square,  and  eqjual  to  ^     ■  •     (Camp» 

p.  175.) 

Hence  solve  the  equation  **-6x*+5j:*+8jf-4=0.     (Comp.  p.  175.) 

Ans.  x=2,  or  -1,  or  3(5*^/i7)- 

14.  Prove  that  the   Square  root  of  Ix — )+(^ — )    '^   <^  raiiamäl 
function  of  a  and  6,  if  '"t(t+~)>  •"'^ y«  _,    .     (Comp.  p.  175.) 

15.  In  what  cases  can  aj^-^hxy^ea^^dy-^-ex-^f  be  resolved  into  ra- 
tional factors  of  the  first  degree?     (Comp.  p.  176.) 

Ans.  When  ae^+cd'-hfV'mbde'^^arf. 

16.  A  number  consists  of  n  figures;  what  is  the  number  of  figurea  in 
its  r***  root?     (Comp.  p.  176.) 

Ans.  Not  less  than  -,  and  not  more  than        ^'^ 


r'  r 


17.     In  the  year  1843  January  ]  was  a  Sunday;  when  will  thia  hap- 
penagain?     (Comp.  p.  177)  Ans.  1854,  1860,  1865,  1871,  &c 


18.  What  day  of  the  week  was  Sept  14,  1752?  given  that  the 
day  of  the  month  a.D.  1846  was  a  Monday.     (Comp.  p.  1770 

Ans.  Thunday. 

19.  How  oflen  are  there  five  Sundays  in  Febmary;  and  when  doef 
this  happen  in  the  present  Century  afler  the  year  1844,  the  first  day  of  that 
year  being  a  Monday.     (Comp.  p.  177.) 

(1)  Ans.  Once  in  28  years.    (2)  Ans.  a.d.  1852,  And  ajk  188a 
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20.  If  9  be  the  inte^a]  pari  of  ^,  and  r  the  remainder  when  p+9+4 

is  divided  by  7,  shew  that  in  the  p^  year  of  this  Century  Advent  Sunday 
is  generally  7—r  days  aßer  Nov.  27;  but,  wheir  r=0,  it  falls  on  Nov.  27. 
{Comp.  p.  178.) 

21.  It  was  caiculated  that,  if  the  gross  revenue  of  a  State  were  in« 
creased  in  the  proportion  of  24  :  l,  after  dedueting  the  interest  of  the 
national  debt  and  the  cost  of  coUection^  (the  latter  of  which  varies  as  the 
Square  root  of  the  sum  CoUected),  the  available  income  would  be  increased 
in  the  proportion  of  8^  :  1.  If>  on  the  other  hand,  the  gross  revenue  were 
diminished  in  the  proportion  of  If  :  1,  the  available  income  would  be 
reduced  in  the  proportion  of  7f  :  I9  and  would  in  fact  amount  to  only 
4  millions.  Find  the  amount  of  the  revenue»  and  the  interest  of  the  debt. 
{^pp.  p.  555.)  (1)  Ans.  64  millions  £.     (2)  Ans.  29  millions  £. 

22.  Fine  gold  chains  are  manufactured  at  Venice»  and  are  sohl  at 
so  much  per  braccio,  a  braccio  being  a  measure  containing  about  two 
feet  English.  When  there  are  QO  links  in  an  inch,  the  value  of  the 
workmanship  of  a  braccio  is  equal  to  the  whole  value  of  a  braccio  when 
there  are  but  80  links  in  an  inch ;  and  the  whole  value  of  the  braccio  in 
the  former  case  is  equal  to  three-times  the  difference  between  the  eost  of 
the  material  and  workmanship  of  a  braccio  in  the  latter,  together  with 
4$  francs.  Supposing  that  the  workmanship  in  each  braccio  varies  as  the 
number  of  links  in  an  inch»  and  the  weight  of  metal  varies  in  versely  as  the 
Square  of  that  number,  find  the  values  of  the  material  and  workmanship 
in  a  braccio  of  each  of  the  chains.     {App.  p.  858.) 

(1)  Ans.  40  francsl        (2)  Ans.  4|  francs^ 
20  /•  60  J' 

28.  A  steam  vessel  leaves  Oban  for  Staffa  with  a  supply  of  whisky  b 
above  proof,  (which  is  assumed  to  mean  that  a+h  gallons  of  spirit  are 
raixed  with  c  gallons  of  water)  sufficient  for  two  days'  consumption  pro- 
vided  it  receive  no  addidon  to  its  crew.  On  arriving  at  Tobermory  tn  of 
its  passengers  remain  behind,  but  by  reason  of  contrary  winds  its  progress 
to  Staffa  the  following  morning  is  retarded»  so  that  on  its  return  to  Oban 
it  is  with  difficulty  enabled  to  reach  lona  by  midnight  It  here  receives 
n  additional  passengers,  and  also  p  gallons  of  whisky  d  above  proof.  On 
an  average  each  passenger  dilutes  bis  whisky  with  water  tili  it  is  e  below 
proof,  and  consumes  q  pints  of  the  mixture  daily.  The  vessel  arrives  at 
Oban  on  the  evening  of  the  third  day  afiter  its  departure,  by  which  time 
the  supplies  of  whisky  are  both  exhausted.  Required  the  number  of 
passengers  on  board  when  it  lefl  Oban,  and  the  number  of  gallons  of 
whisky  in  the  first  supply.     (Comp.  p.  178.) 

(1)  Ans.  2w-n+-— . . 5 — . 

^  ^  q    a-e  a+a-^c 

(Q\    An«    ^9«,     «^y    ^""^    ?±^x9n   ^'^^  a-k-h^^C 

fz)  Ans.  fziif— n;^. — 7. \-xp, 7, — ,. 
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24.  A  pack  of  np  cards  is  dealt  regularly  round  to  p  persons  with 
their  faces  uppermost,  eveiy  card  dealt  to  each  person  being  placed  apon 
that  previously  dealt  to  him ;  the  hands  are  then  taken  up,  tumed  ao  at 
to  have  their  backs  uppermost,  and  placed  upon  one  anotner ;  that  haod 
which  contains  a  particular  card  {A)  being  always  placed  below  r  other 
hands.  The  cards  are  then  dealt  again,  the  hands  taken  up,  tumed,  and 
placed  upon  one  another  as  before ;  and  so  on  : — Shew  that,  if  nt  and  q  be 

the  whole  numbers  next  greater  than  —^ — ^  and  — ^  respectively,  the 

card  A  iivill^  at  the  end  of  the  m*^  and  every  succeeding  Operation,  occnpj 

the  q^  place,  or  be  restricted  to  the  q^  and  q--V^  places  from  the  top, 
according  as  rn  is  indivisible  or  divisible  by  p-U    {App,  p.  SSQ.) 
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2nd  Sebies.* 

[The  SoluHont  of  the  whole  series  will  be  found  in  the  Companion.i 

SoLVE  the  following  equations; 

1.  2'^*+4'=80.  Ana.  x«S. 

2.  «*+3xs=a* — =.  Ans.  jr=a — ,  or  &c, 

ar  a 


:} 


3.  7^*»^=2401,1  Ans.  «=4, 

4.  («-S)(«-4)(jf-5)(«-6)-:lx2x3x4. 

Ans.   «=2,  or  7,  or  ^(9*^-15)- 

•        6.    Reduce  to  »impll  fo,^('-'0('-*')(l-c')-(c-f«^Xft^ac)(a^M. 

'^  l-a*-6*-<r-2fl6c 

Ans.    l+nfic. 

7.     Find  «,  when  (x+fl)(x+6)(x+c)(x+d)-(x-Ä)(«-Ä)(x-c)(x— rf)« 

(fl+6+c+rf)K*+o)(*+^){*+0+('~^)(*-^)(*-^)}  "  ■"  'Equation'/  and 
shew  that  tnere  are  three^  and  only  three,  relations  between  a,  b,  c,  any 
one  of  which  will  cause  it  to  be  an  ^  ideniiiy', 

(1)  Ans.  x=0.      (2)  Ans.   a+6=0^  or  ii+c=0,  or  b+c^O. 

m 

*  ThU  series  is  intended  to  present  the  marrow  of  the  Cambrid^  Ezamination  Pmpcn 
for  the  last  few  jears,  the  greater  portion  being  due  to  the  present  able  Lfectiirer  of  St 
John*f  College,  Mr  Reyner. 
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8.  If  (fl«+&cy(Ä'+flcy(c»+fl5)'=(a'-Äcy(Ä'-flc)*(c*-iiÄ)*,  prove  tlmt 
either  a*+Ä*+c*+Ä6c=0,  or  £i~*+6"*+<r*+fl"*ft-*<r*=0. 

9«  Four  bells  commence  tolling  together,  and  toll  at  intervala  of 
18,  45,  81,  105,  seconds,  respectively ;  what  tlme  i^ill  elapse  before  they 
again  toll  simultaneously  ?  Ans.    Ihr.  34^  min. 

10.  A  number  of  wheels  commence  rollinff  at  the  same  moment  from 
the  same  place  in  the  same  direction^  travelling  at'  the  same  rate,  the 
number  of  feet  in  their  circumferences  being  a,,  o,,  af,,,,a,,  iKrhich  are 
n  different  prime  numbers.  How  far  wiU  they  have  travelled,  when 
they  have  all  first  completed  simultaneously  numbers  of  entire  revolu« 
tions,  and  how  many  revolutions  will  each  have  completed  ? 

(1)  Ans.  aia,a,...a,.  (S)  AnS.  a^^..,a^  for  the  Ist;  aia^^.,^,,  for 
2nd;   &c. 

1 1 .  Find  the  sum  of  n  such  fractions  as 

1  9x         J^         8x' 

1+«'      1+«»'      1+**'      !+«•'  *^ 

Ans.   ' — -^,  where  iii=2". 

12.  Find  the  product  of  n  such  binomials  as 

1—«** 

Ans.   j- — 5r-=r-f  where  iii«2". 

15.  If  a  number  contain  n  digits^  prove  that  its  Square  root  con- 
tains  -JI+- --(-!)"  digits. 

14.  On  June  21,  a.D.  1851  the  Duke  of  Wellington  had  lived  exacUy 
50,000  days.     Find  die  day  and  year  of  bis  birth. 

Ans.   May  1,  a.d.  1769. 

15.  Apply  the  method  of  proof  called  *^  demonstrative  induction"  to 
prove  that 

l'+2"+S'+...+n*=(l+2+3+... +!»)•. 

16.  If  «  be  real,  prove  that  jr'-&r+22  can  never  be  less  than  6. 

17-  Prove  that  the.  volume  of  a  sphere  whose  radius  is  6  inches  is 
equal  to  the  sum  of  the  volumes  of  three  spheres  whose  radii  are  3,  4, 
and  5  inches;  given  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  radius. 

18.  Standard  gold  being  coined  at  the  rate  of  £3.  17'.  I0|^.  per  oz. 
what  is  the  least  integral  number  of  ounces  that  can  be  coined  into  an 
integral  number  of  sovereigns  ?  Ans.   16O. 

31 
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10.     Find  tn  and  n  in  terms  of  a  and  &,  so  that  may  be  tbe 

Arith^  Mean  between  tn  and  it,  and  the  Geom^  Mean  between  a  and  6. 

9,hja  Stajb 

20.  A  vessel  contains  a  gallons  of  wine»  and  another  h  ^llons  of 
water;  c  gallons  are  taken  out  of  each  and  transferred  to  the  other;  and 
this  Operation  is  repeated  any  number  of  times«  She  w  that»  if  o  «  a6  -i-  (a-k'V^ 
the  quantity  of  wine  in  each  vessel  will  always  remain  the  same  aftar  the 
first  Operation. 

21.  In  tbe  last  problem,  shew  tbat^  if  c  be  general  in  value,  tfae  quan- 
tity of  wine  in  the  second  vessel  after  r  Operations  will  be 

■^il-f),  where  c-^(l-p). 

22.  Divide  an  odd  number,  2if+l,  into  two  whole  numbers,  so  that 
their  product  may  be  a  maximum.  Ans.  n,  and  a-l-l. 

2x— 7 

23.  If  jr  be  real,  prove  that  -  ,  ^ can  have  no  value  between 

-—  and  1. 

24.  Eliminate  a  and  b  from  the  equations 

Ans.  ai+yima^* 

25.  Eliminate  m,  it,  p,  q,  from  the  equations 

Ans,  -+V—aÄ. 
a     6     ^ 

26*  If  the  roots  of  the  equadon  a^^+bx+c^O  are  in  the  ratio  of  m 
to  «,  shew  that  — -^ 


ac        mn 


27.     Find  the   sum  of  all  the    numbers  of   the  form  121,  12381, 
1234321,  &c  in  the  scale  whose  radix  is  r. 


.  1      frV-1)    a^  r"-I      ^ 

Ans.(j3i7l-Wr-''-^-7=r-^9}. 


28.  Shew  that  12345654321  is  divisible  by  12321  in  any  scale  of  whicfa 
the  radix  >  6. 

29.  Find  the  series  in  a.p.  of  which  the  sum  of  the  first  n  terms  is 
equal  to  n',  whatever  be  the  value  of  n,  ^ng,  i,  s   5  7   ftc. 
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SO.  From  the  last  Ex«  deduce  the  integral  Solutions  of  the  equation 
x'my'+i^.  Ans.  '»5,1      «=1S,1      4P«25,] 

j(=4,l     3f=12,i     J(«24,>  &c. 

2«S.)         2s    5.1         JBT-    7.' 

31.  Shew  that  "'""V^^^  ^ic>  betwecn  the  greatest  and  least  of 
the  quantities  ^a,  Jjb,  [Jc^  j/d, 

32.  The  sum  of  two  numbers  is  45^  and  their  l.c.m.  is  l6S;  what 
are  the  numbers?  Ans.  21,  and  24., 

33.  The  o.c.M.  of  two  numbers  is  ]6>  and  their  l.c.m.  is  19^;  what 
are  the  numbers?  Ans.  64  and  48. 

34.  Find  x  when  18«-3j:^>24.  Ans.  ;r»3. 

35.  Find  the  values  of  «  which  satisfy  the  inequaliiy  «'<10x-l6. 

Ans.  xmS,  4f,  5,  6,  ?• 

36.  Find  the  greatest  value  of  ^     — |^ .  Ans.  4. 

jr*+S4*— 71 

37.  If  X  be  real,  prove  that       .  og_7     ^^^  ^*^*  ^®  value  between 

5  and  9. 

(II  ■IV« 

39.  Two  smiths  begin  to  strike  their  anvils  together.  The  one  (A) 
gives  12  strokes  in  7  minutes,  the  other  (^).17  strokes  in  9  minutes.  What 
strokes  of  each  most  nearly  coincide  in  the  first  half  hour  ? 

Ans.  The  1  Ith  of  A,  and  the  lOth  of  B. 

40.  There  are  n  points  in  a  plane^  no  three  of  which  are  in  the  same 
straight  line,  with  the  exception  of  p  which  are  all  in  the  same  straight 
line :  find  the  number  of  triangles  which  result  from  joining  them. 

Ans.  i{it(«-l)(«-2)-p(p-l)(/>-2)}. 

In, 4-11« 

41.  Prove  that  ,' ~    is  an  integer;  and  deduce  that 


[«,  +  11,  +  «,+  ... +  11,.      , 

I«    I«.    i>       — i^  "  *"  mteger. 

|K|.  [II,.  in, ....••  [Wy 

42.    Prove,  without  the  aid  of  the  Binomial  Theorem,  that,  if  ^C,  re- 
prcsent  the  number  c^  combinations  of  n  things  r  togeüier, 

,Ci+,C,+,C+. .  .+«(7«=2"— 1. 

31—2 
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43.  Along  a  straight  line  are  placed  n  points.     Tbe  distanoe  betwecn 
the  first  two  points  is  one  inch ;  and  in  general  the  distance  beCween  the 

r*^  and  (r+iy*  points  exceeds  one  inch  by  —  th  of  the  distance  between 

the  r*^  and  (r-I)***  points.     Find  the  distance  between  the  last  two  pointi^ 
/ind  between  the  first  and  last  points, 

Ex.     If  m=it=10,  shew  that  the  distance  between  the  extreme  pointi 

18  9*87654321  inches. 

(1)  Ans.  — r-.  (2)  Ans. r<ii-l-ifi  \-t r-  >. 

44.  Two  straight  rods^  each  c  inches  long,  and  divided  into  f»  and 

n  equal  parts  respectively,  where  m  and  n  are  prime  to   one   anothcr, 

are  placed  in  longitudinal  contact   with   their  ends  coincident.      Prove 

c 
that  no  two  divisions  are  at  a  less  distance  than  —  inches ;  and  that  two 

tnn 

pairs  of  divisions  are  at  this  distance. 

Ex.     If  m^250y   and  it=243,  find   those   divisions  which  are   at  the 
least  distance. 

45.  Two  bells  toll  together  for  an  hour :  one  toUs  244  dmes,  and  the 
other  251  times,  the  first  and  last  tolls  of  each  taking  place  at  the  be- 
ginning  and  end  of  the  hour  respectively.  Of  the  strokes  (excluding 
the  first  and  last)  find  those  which  are  most  nearly  simultaneous ;  and 
determine  a  person's  Station  in  the  straight  line  joining  the  bells  that 
those  which  are  most  nearly  simultaneous  of  all  may  appear  to  him  ab- 
solutely  coincident;  given  that  sound  travels  at  the  rate  of  1080  feet  per 
second^  and  the  bells  being  a  miles  asunder. 

,       .        JThe  105th  of  I,     Talso  the  140th  of  I, 
(1)  Ans.  1^^^  ^^g^  ^^  jj  .|^^^  ^^^^^  ^^jj 

(2)     Ans.    See  Oompamhn. 

46.  Three  bells  commenced  tolling  simultaneously,  and  tolled  at 
intervals  of  25,  29>  33  seconds  respectively.  In  less  than  half  an  hour 
the  first  ceased,  and  the  second  and  third  tolled  18  seconds,  and  21 
seconds,  respectively  after  this,  and  then  ceased.  How  many  times  did 
each  bell  toll?  Ans.  49,  43,  and  38. 

47.  Two  particles,  a,  h,  Start  simultaneously  from  the  same  point,  and 
move  in  the  same  direction,  along  the  same  straight  line;  a  moves  with  the 
uniform  speed  of  2  feet  per  second,  whilst  the  speed  of  b  is  such  that  it 
moves  over  1  foot  the  first  second,  and  the  number  of  feet  described  by  it 
in  any  time  varies  as  the  Square  of  the  time.  Prove  that,  durinff  the 
motion,  the  particles  will  be  three  times  at  any  given  distance,  less  &m  a 
foot,  from  each  other:  and  interpret  the  fourth  result  obtained  in  the 
algebraical  Solution  of  the  problem. 
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48.  Supposing  the  receipts  on  a  railway  to  vary  as  the  increase  of 
speed  above  20  miles  an  hour,  whilst  the  cost  of  iivorking  the  trains 
varies  as  the  Square  of  that  increase,  and  that  at  40  miles  an  hour  the 
expenses  are  just  paid ;  find  the  speed  at  which  the  profits  will  be  the 
greatest  Ans.  SO  miles. 

49.  Determine  whether  the  infinite  series  + — -+ — -  + . . . 

m+jü     m+Sp     OT+Sp 

IS  convergent  or  divergent.         Ans.  Convergent  or  divergent  as  a<or>l. 

50.  Prove  that  every  quadratic  surd,  supposing  the  unit  to  be  a  line, 
may  have  an  exact  geometrical  representation. 

51.  A  person  continually  walks  at  an  uniform  speed^  and  always  in 
the  same  direction,  round  the  boundary  of  a  Square  field :  and  another 
continually  walks^  at  the  same  uniform  speed,  from  one  end  to  the  other  of 
a  diagonal  of  the  field.  Prove  that  according  to  their  relative  initial  posi« 
tions,  they  will  either  (1)  never  meet  at  all,  or  (9)  meet  once;  but  they  can 
never  meet  more  than  once  however  long  they  continue  to  walk. 

52.  A  sum  of  money  in  £,  s,  d.  is  multiplied  by  a  certain  number ; 
the  pence  are  now  half  what  they  were  before,  and  the  Shillings  and  pounds 
each  what  the  Shillings  were  at  first.  What  is  the  sum,  and  the  multi« 
P^er?  (1)  Ans.  £9.  19*.  8c/.     (2)  Ans.  2. 

NN  a 

53.  If  —,  yy  are  any  two  consecuti ve  couvergents  to  t  9  shew  that 

the  error  in  taking  y^  for  t<  f^-rT  but  >  tx  y  >^ — ftt- 

®  A       ^    AA         A(A+A) 

54.  If  p^Ja*+ß^  be  defined  to  be  the  'modultu'  of  a  binomial  of  the 

form  a'\rßj--it  where  a,  ß  are  rational;  and  oj,  p,,  i>,,...p,  be  the 
moduli  of  n  such  binomials;  prove  that  the  moaulus  of  the  symbolical 
product  of  these  n  binomials  is  pipipf-p». 

55.  Explain  the  notation  of  'functions' ;  and  shew  that,  if  F(x)sa', 
/•{4:)xF(y)=F(x+y). 

56.  If  Fin,  «1)=  i-n.  —  +  ^^^ .  — L— &c.  shew  that 

and  thence  deduce  the  sum  of  the  series  for  F(it,  m)  when  n  is  a  positive 
integer.  .  1.2.3. ..n  ^ 

m{tn  +/>).. . (w + np)  '  ^  ' 
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57.  The  Julian  Period  consista  of  7980  years;  the  cycles  of  the  «an, 
moon^  and  the  Indictions,  of  28^  ig,  and  15«  years  respectivelj.  If  any 
particular  year  be  the  n^  of  the  Juh'an  period,  the  remainders  after  tlie 
division  of  n  hy  28,  IQ,  15,  are  the  years  of  the  Solar  and  Lunar  cydei^ 
and  of  the  Indictions,  respectively.  Prove  the  following  Rule  Ibr  deter- 
mining  the  year  of  the  Julian  period  when  the  years  of  the  Solar  and  Liintr 
cycles  and  of  the  Indictions  are  given. 

Multiply  the  number  of  the  year  in  the  Solar  Cyde  hy  4^45,  in  the 
Lunar  by  4200,  and  in  the  cycle  of  Indiction  by  6916;  divide  the  anm  at 
these  producta  by  7980,  and  the  remainder  is  the  year  of  the  Julian  pcricd 
sought. 

58.  If  an  Import  duty  of  r  Shillings  a  quarter  be  laid  on  foreign  coro 
yrhen  the  price  of  com  in  the  English  market  is  0  Shillings  a  quarter,  and 
e^f,  are  the  numbers  of  quarters  of  English  ancl  Foreign  corn  consnmed 
In  a  year ;  and  if  the  imposition  of  such  a  duty  causes  rae  price  to  rise  to 

p+~  Shillings  a  quarter,  and  the  consumption  to  sink,  so  that  the  aame 

sum  of  money  is  still  expended,  the  English  produce  remaining  constant; 

find  the  value  of  r  most  productive  of  revenue.        Ans.  np 


(y;;?-.}. 


59«  A  Square  sign-board  is  divided  into  I6  equal  Squares  by  vertictl 
and  horizontal  lines.  In  how  many  ways  can  4  of  these  Squares  be  painted 
white,  4  black,  4  red,  and  4  blue,  without  repeating  the  same  colour  in  the 
same  vertical  or  horizontal  row  ? 

Ans.  576. 

60.  Shew  that  the  greatest  coefficient,  formed  from  the  index  n,  in  the 
ezpansion  of  (ßi+flrt+af...+a*,)"  is  77-^\r — rr^,  where  q  is  the  quodent 
and  r  the  remainder,  when  n  is  divided  by  m. 
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[Sohuiam  of  «U  tha  following  Equationt  and  Problems  will  be  foond  in  tfae 

CampoMum.'] 


I. 

St  John's  College.    June^  1848. 

?_1    9a_,)_|(i._4)    9+19 

1. 5— g-;find,.  An..x=g^. 

4 

mmmmmmmmmmmmmmm 

2.  ^ya+x+i^fl-Ä-w^ J-;  find  «.  Ans.  x^^J^ah-t^. 

y«Siy-4wr»;J  ^ 

fj:«30,  or  15,  or  27,  or  ^(3A^/si). 
Ans.  J 

|y=15,  or  SO,  or  27,  or  |(SifV^)- 

(«»+y)*+(^-y)*-fl*;i 

Ans.  J  . 

5.  A  railway  train  travds  from  A  io  C  passing  throngh  B  where  it 
stops  7  minutes;  two  minutes  after  leaving  B  it  nieets  an  express  train 
vhich  Started  from  C  when  the  former  yrsLS  28  miles  on  the  other  side  of 
B :  the  express  travels  at  double  the  rate  of  the  other,  and  performs  the 
journey  from  C  to  ^  in  1^  hours;  and  if  on  reaching  A  it  returned  at 
once  to  C  it  iivould  arrive  S  minutes  after  the  first  train.  Find  the  dis- 
tances  between  A^  B  and  C,  and  the  speed  of  each  train. 

Ans.  ^^B 31^  miles,  BC^6S  miies:  speed  of  the  ordinary  train  21  miles, 

express 42 

6.  To  meet  a  deficiency  of  m  millions  in  the  revenue  of  a  country, 
an  addilumal  tax  of  a  per  cent  was  laid  upon  articles  exported,  and  the  tax 
upon  Imports  was  diminished  c  per  cent.:  in  consequence  of  these  alter« 
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atioiis  the  value  of  the  Imports  was  increased  so  as  to  be  »  times  ab  ffrett 

as  the  exports,  and  the  deficiency  was  made  up.     It  was  afterwards  round 

that  if  the  additional  tax  upoii  the  exports  hstcl  been  a^  per  cent.,  and  the 

tax  upon  imports  diminished  c*  per  cent,  the  values  of  the  artides  being 

altered  as  before,  the  deficiency  would  not  have  been  made  up  by  vi  nail- 

lions.     Find  the  values  of  the  exports  and  imports  after  the  alteration  of 

the  tax. 

m' 
Ans.  Val.  of  exports = -, jz 7-j — r  x  1 0Q£ ; 

^  (fl-fl')  +  «(c'— c) 

Val.  of  imports»  7 5;- — r-i — rxlOOJß. 


(a-fl')+ii(c'— c) 

7.  Fifl^  thousand  voters^  who  have  to  retum  a  member  to  an 
bly^  are  divided  into  sections  of  eaual  size,  and  each  section  chooses  an 
elector,  the  member  being  retumed  by  the  majority  of  such  electors. 
There  are  two  candidates,  A  and  B.  In  those  sections  wbich  retum  elec- 
tors favourable  to  A^  the  majority  is  double  the  minority,  while  in  those 
favourable  to  B,  the  minority  forms  only  a  tenth  of  the  whole.  After  the 
primary  elections  a  third  candidate  C  comes  forward,  and  is  joined  by  so 
many  electors  of  each  party,  that  he  is  returned  by  a  majority  of  3  over  if, 
and  14  over  B.  If  C  had  not  corae  forward,  A  would  have  been  retumed 
by  a  majority  I9  less  than  the  whole  number  of  votes  actually  poUed  bj  C, 
and  if  the  elections  had  been  by  the  50,000  voters  directlu  between  A  and 
B,  B  would  have  had  a  majority  of  6OOO.     Find  the  number  of  sections. 

Ans.  100. 
II. 
St  John's  College.    June^  1849. 

1.     26{^x+fl-6}+2c{<yx-a+c}=a;  find  x. 

Ans.*.(6*c)«+1.^,. 

j2x-l^JSx-9,  =  J^ - 3  +^5j:-4 ;  find  jc.  Aus.  «s] . 

8x*+81=184j4+45«i;  find  x.  Ans.  «^S*,  o>f  u)  »  ®*'  f-^- 


2. 


3. 


4. 


5^-2x  "    '(2y-3«)*-art  * 


i4,{'-J-'-t)'U'-'^-Sy. 


i  find  X  and  y. 


Ans. 


'-^»*^/l*♦^/8)^ 


i 
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5.  The  distance  between  the  two  termini  Ä  and  Z  of&  railway  is  100 
miles.  A  train  starting  from  A  runs  up-hill  during  the  first  30  miles  of  its 
journey,  the  next  50  miles  are  on  a  level>  and  the  remaining  20  are  up-hill. 
The  train  may  be  supposed  to  travel  5  miles  an  hour  faster  on  the  hori- 
zontal road  than  when  it  is  ascending  a  hill.  There  are  to  be  stoppages 
at  stations  B,  C,  D,  and  j^,  at  distances  20,  42^,  ßJi,  and  90  miles  re- 
spectively  from  A,  and  each  stoppage  may  be  supposed  to  cause  a  deten- 
tion  of  3  minutes.  Find  the  time  of  arrival  at  B^  C,  D,  and  £,  of  the  train 
which  Starts  from  A  at  8**.  0°".  and  arrives  at  Z  at  12\  42°*. 

Ans.  At  B  9^  C  10\  S",  D  11*».  6",  E  12\  ST. 

6.  A  number  of  vessels  ^i,  A^,  A^,  •••-^o  ^r+if-^m  Are  arranged  in  a 
row.  A^  contains  a  quantity  of  wine^  A^  a  quantity  of  water,  and  the  re- 
maining vessels  A^  ..»A^,  A^i, . ..A^  contain  any  quantity  of  any  other  fluids. 

-  of  the  wine  in  Ai  is  taken  from  Ai  and  added  to  the  contents  of  A^,  -  of 
?i  n 

the  mixture  is  taken  from  A^  and  poured  into  J,,  -  of  the  contents  of 

It 

^,  is  poured  into  A4,  and  so  on  to  the  end  of  the  series  of  vessels.     Again, 

-  of  wine  remaining  in  A^  is  poured  into  A^^  -  of  the  contents  of  J,  into 

A3,  and  so  on.  A^  is  supposed  never  to  receive  any  addition.  It  is  found 
that  60  times  the  quantity  of  wine  in  the  vessel  A^  after  r-1  abstractions 
of  fluid  from  that  vessel  =31  times  the  quantity  of  wine  in  the  same  vessel 
after  r  abstractions.  Also  59  times  the  quantity  of  water  in  A^  after  r— 1 
abstractions  of  fluid  from  that  vessel  »31  times  the  quantity  of  water  in 
the  same  vessel  afler  r  abstractions.    Find  the  numerical  values  of  r  and  n. 

Ans.  r=n=»31. 

7.  Two  points  P  and  Q  are  connected  by  a  wire  (Ä\  ^th  of  an  inch 
in  diameter  and  50  miles  in  length^  which  is  used  for  transmitting  a 
galvanic  current.  It  is  required  to  replace  the  wire  {Ä)  by  three  others 
(a),  {b),  and  (c),  composed  of  different  metals^  and  of  lengths  50,  60  and 
70  miles  respectively.  These  new  wires  must  be  of  such  diameters  that 
the  current,  which  previously  passed  along  (A)  may  be  divided  so  that 
the  quaiitities  which  pass  along  (a),  (b),  and  (c)  may  be  as  3,  4,  and  5. 
The  quantity  of  galvanic  fluid  that  will  pass  along  a  wire  is  supposed 
to  vary  iuversely  as  the  resistance,  and  the  resistance  to  vary  directly 
as  the  length  of  wire  to  be  traversed»  inversely  as  the  sectional  area  of 
the  wire,  and  inversely  as  the  conductibility.  Also  the  sectional  area  of 
a  wire  varies  as  the  Square  of  its  diameter.  It  is  found  by  experi« 
ment  that  the  quantity  of  galvanic  fluid  which  will  pass  along  a  portion 
of  the  wire  (^),  ^th  of  an  inch  in  diameter  and  15  yds.  long,  may  be 

denoted  by  1000  k.     Also  pordons  of  wire  —th  of  an  inch  in  diameter, 

composed  of  the  same  metals  as  (d),  (b),  and  (c),  of  lengths  20>  10,  and 
40  yds.  respectively,  are  capable  of  transmitting  quantities  of  galvanic 
fluid  750  k^  5400  k,  and  3500  k  respectively.  Find  the  least  possible 
diameters  of  wires  (a),  (6),  and  (c),  m  order  that  the  above  conditions 
may  be  satisfied.  a        JL       ^        ^ 

^""-  20'   30'  40' 
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III. 

St  John's  College.    June^  1850. 


1.  ('+«)0+p6W*K»-?^')-*'  ^  '' 

Ans.  «alikj^a^. 


2.    >-r-= — s+,^  .   ,^ — ^=8**-64P+l;  find  x. 

Ans.  «9 


H-v/^- 


8.    («'+if'+c')*+(«-^+c)*-2(4*y)*n 

]     }     j  >  find  X  and  jf. 


y    X    c 


Au. 


«-kI*^/5).e, 


l-k- 


l*^/5).< 


4.  2(Ä«+*y+y-a«)+7s(«»-y)-0, 
2(ar«-XÄ+Ä*-6»)+7s(x"-«^=0,^  find  «  and  jf. 

y-c»+3(j^a'-c»)«0;i 

Ans.  < 

^3+1  * 

5.  if  lends  one  half  of  his  money  Xjo  B  Bt  5  per  cent  per  annum 
simple  interest,  and  the  remaining  half  he  invests  in  the  three  per  cents. 
at  90«  B  pays  the  interest  regularly  during  the  first  five  years,  bat 
afterwards  neglects  to  do  so  tili  other  five  years'  interest  is  dne,  when 
A  calls  in  all  his  money^  and  B  becomes  a  bankrupt  paying  10».  in  the 
pound.  A  sells  out  when  the  fiinds  are  at  81,  and  then  he  finds  that  the 
whole  sum  he  has  received  as  principal  and  interest  in  the  ten  years  ex- 
ceeds  the  sum  that  he  originally  possessed  by  £S^  l$s.  4d,  How  mach 
did  he  lend  B?  ^ns.  £52a 

6.  A^  B  and  C  are  three  villages.  The  road  from  if  to  JEf  is  level, 
and  C  is  on  a  hill  above  A  and  B,  The  distances  AB^  BC,  and  CA  are 
respectively  24,  14*4  and  28*8  miles.  P  walks  up  hill  4th  slower  and 
down  hill  ^rd  faster  than  when  the  road  is  level.     Q  walks  up  hill  ^ 
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slower  and  down  hill  4th  faster  than  when  the  road  is  level.  P  travels 
round  in  the  direction  AGB  in  30  minutes  less  than  Q  requires  to  go  round 
in  the  oppoeite  direction.  Q  travels  round  in  the  direction  AGB  in  1  bour 
48  minutes  more  than  P  takes  to  make  the  circuit  in  the  opnosite  direc« 
tion ;  find  the  rates  of  each  on  a  level  road.  Also  supposing  tnem  both  to 
Start  from  A  in  opposite  directions,  find  their  points  of  meeting. 

(1)  Ans.  Ps  rate  12  miles^  Q*s  10  miles^  per  hour.  (2)  Ans.  At  C,  or 
between  B  and  C  at  a  dist.  5^  miles  from  C,  according  as  P  or  Q  takes  the 
direction  ABG. 

7.  Suppose  that  in  the  course  of  any  one  year  the  number  of  births 
in  Ireland  is  on  an  average  82  for  1000  living  in  the  island  at  the  com« 
raencement  of  that  year,  the  number  of  deaths  and  emigrations  to  the 
colonies^  21  in  1000,  and  of  migrations  to  England  1  in  100.  In  England 
suppose  the  number  of  births  m  the  course  of  any  one  year  to  be  8  for 
every  100  inhabitants  living  at  the  beginning  pf  the  year,  the  number  of 
deaths  and  emigrations  to  the  colonies  289  in  10,000,  and  of  migrations 
to  Ireland  1  in  10,000.  If  the  number  of  inhabitants  in  Englimd  was 
twice  the  number  in  Ireland  at  the  beginning  of  1850,  in  what  year  will 
the  population  of  the  former  be  three  times  that  of  the  latter,  according  to 
the  law  above  stated?  Ans.  a.d.  I957. 


IV. 

St  John's  College.    June^  1851. 


1. 


8. 


a;*+24r+2     «'+8«+20     «'+4« +6    «'+6x+12     ^    , 

+ : — ■■ — + — ;  find  X. 


dP+1 


x+4 


«+2 


x+8 


Ans.  x«0,  or  — 2|» 

(5x»+x+10y+(«"+7x+l)'-(S«'-x+5)'+(4*»+Äx+8/;  find  x. 

Ans.  x^^^Ji^  or  S^Js. 

(x»+4x-2)*+S-4x(Sx'+4);  find  x. 

Ans.  «»5{2+V2*n/i6-7^}. 


4.     Sx+S^-2=S, 

-■    j    -Ä    «  17«+44 


;  find  X,  y^  and  2. 


Ans.  ; 


*=li,  or  -, 
y=2>  or   li. 


,z^S. 
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5.  A  derives  his  income  from  a  fixed  rental,  B  from  bis  profetdon, 
C  from  both.  In  the  first  year  A  pays  as  much  income-tax  as  B  and  C 
together^  but  in  the  second  year  B's  and  C's  professional  iDcomes  hang 
doubled,  B  pays  as  much  as  C,  which  is  ^ths  of  what  A  pays ;  also  the 
total  amount  of  their  incomes  in  the  two  years  is  £5500.  Assuming 
that  the  income-tax  is  higher  for  a  fixed  rental  than  for  professional  in- 
come in  the  ratio  8  :  2>  find  the  incomes  of  A,  B^  C  in  the  first  jrear. 

Ans.  A'b  £1000,    -B's  £600,     (Tn  £700. 

6.  A  and  B  start  at  the  same  time  in  a  boat-race;  A  has  100  yards 
Start  and  has  to  row  to  a  post  D,  B  to  a.  post  C.  At  first  A'b  rate  :  Bm 
::  40  :  39,  but  when  the  distance  between  A  and  B  is  4th  of  tlie  remaining 
distance  A  has  to  row,  ^'s  speed  is  diminished  in  Uie  ratio  79 :  80,  so 
that  two  minutes  aflerwards  the  distance  between  them  is  three  yards 
more  than  half  the  remaining  distance  B  has  to  row.  At  this  point  of 
B's  course,  his  rate  which  has  hitherto  been  uniform  is  increased  eigiit 
yards  a  minute,  while  A's  is  still  further  diminished  six  yards  a  minute; 
and  in  one  minute  more  B  arrives  at  the  post  C,  A  being  then  tinee 
yards  from  the  post  D.     Find  the  distance  between  C  and  Z>. 

Ans.  Il6  yards. 

7.  Three  men,  A,  By  C  walk  in  the  same  direction  in  the  drcum« 
ferences  of  three  concentric  circles,  starting  simultaneously  from  points 
where  they  are  at  their  least  distances  from  each  other.  A  walka  his  circnit 
in  an  even  number  of  hours,  (greater  than  four),  B  and  C  their  drcuits  in 
one  hour  and  two  hours  less  respectively.  Whenever  A  and  B  are  st  their 
greatest  distance  from  each  other,  they  alter  their  rates  in  such  a  manner, 
tiiat  the  times  they  would  take  to  walk  their  circuits  at  the  ratea  they  are 
then  going  are  interchanged ;  and  whenever  A  and  C  are  again  at  their 
least  distance  their  times  are  interchanged  in  a  similar  manner.  When  A 
and  B  are  at  their  greatest  distance  the  first  time,  A  has  walked  a  distance 
equal  to  twenty-two  times  Cs  circuit ;  and  when  they  are  at  their  greatest 
distance  the  third  time,  B  has  walked  a  distance  equal  to  forty-two  times 
A*%  circuit,  and  C  has  then  walked  ten  miles  less  than  forty  times  ^s 
circuit,  and  is  at  his  least  distance  from  B,  Required  the  rates  of  Ay  B» 
C  at  first.  Ans.  S,  4,  and  5  miles  per  hour  respectively. 

V. 

St  John's  College.    June^  1852. 

.                 Sab  -^ab 

Ans.  4p=7 jTt*  or  , — 7—; , 

2.     («+2^)i-(«-2yi)i=2(4:'-4jr)*;   find  «. 

Ans.  4P-0,  or  2(1*,^). 
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3.     (I2«-l)(6x-l)(4«-l)(Sx-l)=i;  find  «. 

Ans.  «=—(5^5*2^). 


4       4P+^     2 


.         f  *=ö,   or  2, 
find  *  and  y.  ^ns.  j^^^^  ^^  g^ 


5.  Ä  and  B  set  out  at  the  same  time  froro  the  same  place,  and  walk 
in  the  same  direction.  Whenever  the  distance  between  tnem  is  an  even 
number  of  miles,  Ä  increases  bis  speed  ^  mile  per  hour^  and  when  it  is  an 
odd  number  of  miles,  B  increases  bis  speed  ^  mile  per  hour.  When  Ä  is 
4  miles  in  advance^  B  has  walked  30|  miles,  and  A  has  walked  1|  miles 
morc  than  he  would  have  done  in  the  same  time,  had  he  walked  uniibrmly 
at  bis  first  rate.     Required  the  rates  of  Ä  and  B  at  starting. 

Ans.  A  4  miles,  B  3  miles,  per  hour. 

6.  Three  vessels,  A,  B,  C  contain  liquids  in  the  proportion  3:2:  1, 
and  their  prices  per  gallon  are  as  1  :  2  :  3.  A  certain  quantity  is  poured 
from  A  into  B,  and  the  same  quantity  from  the  mixture  in  B  intb  C;  the 
same  quantity  is  now  poured  from  the  mixture  in  C  into  B,  and  from  the 
new  mixture  in  B  into  A,  The  value  of  the  liquid  in  Ä  is  thereby  in« 
creased  in  the  ratio  of  35  :  27 ;  but  had  the  quantity  poured  out  each  time 
been  one  gallon  more  than  it  was,  its  value  would  have  been  increased  in 
the  ratio  of  3  :  2.     Find  the  quantity  of  liquid  in  each  vessel. 

Ans.    Quantity  in  A^  B,  C,  3>  2,  1,  gallons  respectively. 

7.  Reckoning  meat  by  the  stone,  wheat  by  the  quarter,  and  hay  by 
the  load,  the  price  of  hay  at  first  was  equal  to  Uiat  of  wheat  together  with 
4  times  that  of  meat     The  rise  or  fall  of  meat  is  (th  of  the  rise  or  fall  of 

wheat,  together  with  --^th  that  of  hay,  except  during  the  first  month,  when 

from  scarcity  of  fodder,  hay  rose  Ss,,  and  the  effect  on  meat  from  this  cause 
alone  was  a  fall  of  6d,  The  varialion  in  hay  was  8s.  each  month,  and 
wheat  rose  2s,  a  month  from  the  first,  until,  afler  a  certain  number  of 
months,  there  was  the  same  relation  between  the  price  as  at  first ;  wheat 
being  now  50s.  and  remaining  stationary.  Afler  as  many  months  more,  hay 
was  12  times  the  price  of  meat.  Required  the  prices  of  wheat  and  hay  at 
first,  that  of  meat  being  6s.  Ans.  Wheat  44*.     Hay  68*. 
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VI. 

St  John's  College.    May^  1853. 

1  (jT-HX^-S)     1  (x+8X*-5)      g   (jt+5)(x-7)      9g 
'     5  (x+2X4r-4)     9  (4?+4)(4r-6)     13  (x+6X*-8)     585' 

Ans.  M^l^Jig. 

8.    (f±|)(f=*)%('j:D(£±£)=8.f^6 
\«-6/vr+4/     \x+0/VP-9/         Jr'-S6 

Ans.  «-0,  or  -zil^JiB). 

S.     (x-l)'+(a-l)'=:2(ajr+l)+7s(x+a)'+4aa?. 

Ans.  ««(a+2)*^8ä+S. 

4.  «•+a*+y+6*=^.  {«(fl+^)-&(a-^)}. 

Ans.  /'««>^+*- 

5.  A  rectangular  field  is  divided  by  two  lines  parallel  to  two  of  its 
adjacent  sides  into  four  parts,  of  which  the  least  has  its  lonffer  aide  in 
the  shorter  side  of  the  field.  The  ratio  of  the  periraeters  of  äe  ^p-eatett 
and  least  parts  is  4  :  1  •  and  that  of  the  other  two  is  3  :  2.  Had  however 
the  sides  of  the  least  part  been  double  their  present  lengths,  the  ratio  of 
the  areas  of  those  parts  which  would  then  have  been  greatest  and  least 
would  have  been  4:1,  and  of  the  other  two,  one  would  have  contained  an 
acre  more  than  the  other.     Find  the  number  of  acres  in  the  field. 

Ans.   5i. 

6.  Four  points  A^  B,  C,  D  move  uniformly  with  velodties  in  Geo- 
metrical  Progression  in  four  equidistant  and  equal  parallel  lines,  whose 
extremities  are  situated  in  two  parallel  lines,  from  one  of  which  they 
Start  together,  and  when  they  reach  the  other  extremities,  they  retum,  and 
so  on  continually.  After  a  certain  interval  B,  C,  D  are  in  a  straight  line 
for  the  first  time ;  after  twice  that  interval  A,  B,  C  are  in  a  straight  line 
for  the  first  time;  S6  seconds  after  this,  Ay  C,  D  are  in  a  straight  line 
for  the  second  time,  and  the  space  that  has  been  passed  over  by  jB  is  14 
inches  more  than  that  passed  over  by  Ä  when  A^  B,  C,  D  are  again  in 
a  straight  line.     Required  the  velocities  of  A^  B,  C,  D, 

Ans.  1,  2,  4,  8  inches  per  second  respectively« 
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7*  A  town  18  supplied  with  gas  at  a  stated  price  per  thousand 
cubic  feet  whenever  the  annual  consumption  and  pnce  of  coals  are  cer- 
tain  fixed  quantities ;  but  it  is  agreed,  that  in  anv  jear  when  they  differ 
from  these  values,  a  Variation  in  the  former  at  the  rate  of  (nt)  per  cent. 
shall  cause  an  opposite  Variation  in  the  stated  price  of  gas  at  the  rate  of  (n) 
per  cent  (n  <  m)  and  a  Variation  in  the  latter  at  the  rate  of  (p)  per  cent. 
shall  cause  a  like  Variation  in  the  stated  price  of  gas  at  the  rate  of  (g) 
■per  Cent.  After  (r)  years  the  average  annual  consumption  and  average 
price  of  coals  have  accorded  with  their  assigned  vaiues,  and  yet  the 
town  has  paid  £P  more  than  it  would  have  done,  had  there  been  no 
Variation  from  the  assigned  values  of  the  annual  consumption  and  price 
of  coals.  But  if  the  above-mentioned  relative  variations  in  the  consump« 
tion  and  price  of  gas  had  been  (p)  and  {q)  per  cent,  and  those  of  the 
prices  of  coals  and  gas  (m^  and  (n)  per  cent.  the  town  would  have  paid 
£Q  less.  Supposing  that  in  any  vear  (the  :^)  there  is  a  Variation  in  the 
consumption  and  price  of  coals  from  their  fixed  values  of  (»)  per  cent. ; 
find  the  greatest  sum  the  town  could  pay  for  the  gas  it  consumed  in 
any  given  year. 

Ans.  The  greatest  cost  of  gas  in  the  ^^  year 

100«  ^'^-^Qp  (      ±\   L(n^i\J\ 

p»  «• 

where  iS-l*+2*+8*+ +r*. 


vn. 


St  John's  College.    June,  1854. 


,      jr+1     jr-2    «-S    «+4    ^  .  ,/  ^     /Eg\ 

2.  (a+«)*+(a«+j:»/«cV. 

Ans,  ««|{m-l*VC'^+iX«-'S)},  where  *«*(v  ®+^r-3J  . 

3.  (4r+l)(««+l)(«*-l)-pji?^x-l). 

Ans.  jr-1,  or  i(«*^iii*— 4),  where  m«i(-l*v5*4^p+l). 
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Ans. 


*    -    y     - 


971 


+a»     III+6*     m  +  c»     ^3tn*+2mp^+p/ 


5.  A  pcrson  starte  to  walk,  at  an  uniform  speed,  without  stopping^ 
from  Cambridge  to  Madingley  and  back,  at  the  same  time  that  another 
starte  to  walk,  at  an  uniform  speed,  without  stopping,  from  Madinglej 
to  Cambridge  and  back.  They  meet  a  mile  and  a  half  from  Madinglej ; 
and  again,  an  hour  afler,  a  mile  from  Cambridge.  Find  their  rates  of 
Walking  and  the  distance  between  Cambridge  and  Madingley. 

Ans.   Their  rates  are  4  and  3  miles  an  hour:    the  distance  is  3^  miles. 

6.  Sovereigns  in  number  equal  to  four  hundred  times  the  number 
representing  the  ratio  of  the  weight  of  pure  gold  to  the  weight  of  dross 
in  a  Sovereign  contain  as  much  pure  gold  as  133  Napoleons  together 
with  Napoleons  in  number  equal  to  six  hundred  times  the  number  repre- 
senting the  ratio  of  the  weight  of  pure  gold  to  the  weight  of  dross  in 
a  Napoleon:  also  there  is  as  much  pure  gold  in  400  Soverei^s  as  in 
503  Napoleons:  and  11 000  Sovereigns  weigh  as  much  as  13581  Napoleons. 
How  much  of  (1)  a  Sovereign  (2)  a  Napoleon  is  pure  gold? 

Ans.  (1)   Jlths.         (2)  ^ths. 

7.  Suppose  that  each  of  the  University  Presses  at  Cambridge  and 
Oxford  has  a  fixed  demand,  every  new  year's  day,  for  5000  copies  of  an 
edition  of  the  Bible  conteining  30  sheete,  the  price  of  the  paper  for 
which  is  12^.  6d.  per  ream  of  500  sheete,  the  expense  of  setting  ap  the 
type  £l40,  and  the  cost  of  press  work  5s*  for  every  thousand  sneets 
printed.  The  custom  is,  at  Oxford  to  keep  the  type  continually  Stand- 
ing, at  Cambridge  to  teke  it  down  as  soon  as  the  printing  of  what  ii 
thought  proper  at  any  particular  time  is  completed :  in  consequence  it 
is  necessary  to  purchase  (suppose)  twenty  times  as  much  type  at  Oxford 
as  at  Cambridge.  Assuming  that  at  Oxford  the  5000  copies  are  alwayt 
printed  just  before  they  are  wanted,  and  that  at  Cambridge  a  supply  it 
printed  at  one  time  for  the  most  advantegeous  possible  number  of  years 
(simple  interest  being  reckoned  at  the  rate  of  5  per  Cent  per  annum  on 
all  raoney  laid  out  in  the  material  and  workmanship  of  any  stock  kept 
on  band  one  or  more  years)  the  capitel  required  for  the  above  purpoee 
at  Oxford  is  £211.  \3s.  4d,  less  than  the  average  capitel  requirea  for 
the  same  purpose  at  Cambridge.  What  is  the  cost  of  the  type  for  this 
edition  of  the  Bible  at  Oxford  and  at  Cambridge  ? 
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vm. 

St  John^s  Colleqe.    Jwm,  1855. 


V  «*+2«+4     V  «*-2«+S      '  '        3' 


24r+Sy+5r=29  >•  Ans.  <y^3,  or  &c. 

15«*+10y+6«*=:12jrar+12^2+297  j  l«^2. 

5.  A  person  who  copied  a  manuscript  in  a  regulär  manner  found 
that  the  number  of  lines  copied  in  the  first  half  hour  was  less  by  ten  than 
tbe  Square  root  of  the  whole  number  of  lines  in  the  manuscript :  and 
that  the  Square  of  the  number  of  lines  copied  in  the  first  49  minutes  was 
equal  to  twice  the  number  of  lines  then  remaining  to  be  copied.  How 
many  lines  were  there  in  the  manuscript  ?  Ans.  4900* 

6.  Ay  B,  C  walk  uniformly  in  three  roads,  starting  at  the  same 
tnoment  from  their  point  of  intersection.  The  roads  in  which  A  and 
B  walk  are  at  right  angles,  and  the  road  in  which  C  walks  lies  some- 
where  between  them«  A  line  joining  the  positions  of  A  and  C  at  any 
time  is  parallel  to  the  road  in  which  B  walks;  and  a  line  joining  the 
positions  of  B  and  C  at  any  time  is  parallel  to  the  road  in  which  A 
walks.  When  C  has  walked  8  miles  more  than  A  he  begins  to  return, 
and  when  he  has  walked  5^  miles  more  than  B,  all  three  are  in  the 
same  straight  line.     Find  the  relative  speeds  of  A,  B,  and  C. 

Ans.   3:4:5. 

7.  A  farmer  has  between  270  and  280  quarters  of  wheat,  which 
he  agrees  to  seil  to  a  milier  on  the  foUowing  terms.  Not  less  than 
20  and  not  more  than  30  quarters  (the  exact  number  being  at  the  optioii 

32 
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of  the  farmer)  are  to  be  delivered  at  the  beginning  of  each  month  of  the 
year,  for  which  the  farmer  is  to  be  paid  according  to  the  market  price  of 
wheat  at  the  time  of  each  deh'very.     The  price  of  wheat  at  the  beginning 
of  June  18  the  same  as  the  price  at  the  beginning  of  July  ;  and  the  price 
increases  uniformly  a  certain  nuniber  of  Shillings  per  quarter  each  month 
during  the  first  six  months  of  the  year,  and  decreases  uniformly  the  aame 
number  of  Shillings  per  quarter  each  month  during  the  last  Bix  months  of 
the  year.     The  farmer,  by  making  the  most  of  bis  wheat  under  thia  con- 
tractu receives  £?•  8^.  more  for  it  than  he  would  have  done  had  he  deli- 
vered the  same  average  quantity  each  month.     If,  however»  the  number 
of  quarters  to  be  delivered  each  month  had  beeh  not  less  than  20,  and  not 
greater  than  25  (the  exact  number  being  at  the  Option  of  the   miller), 
the  milier,  bv  arranging  the  delivery  in  the  way  most  advantag^eons  to 
himself,  would  have  paid  £ll.  12^.  less  than  he  actually  paid:  and  the 
amount  paid  in  April  and  September  together  in  the  latter  case  woald 
have  been  £3S.  I2s.  less  than  the  amount  paid  in  May  and  August  toffe- 
ther  in  the  former  case.     How  much  wheat  had  the  farmer^  and  wSat 
did  he  receive  for  it? 

Ans.  276  quarters,  for  which  he  received  £766.  8f. 


IX. 


St  JonN's  College.    May,  1856. 


1.     -i_+-iL+^==-A.  +  --L  +  -?L.       Ans.  x=*7ä,  or  *7s. 
x-l     x+a     x-S     x+l     x-2     x+S  ^  '^ 


Ans.  xs6  or  -8,  or  9^Jft\. 


^*     (^fl  +  c)*+(x+6+d)*"  (a-6+c-d/' 
Ans.  x=-^(a+&+c+rf).  or  -'-(^a-¥h+C'^d)^tj^S{a+b-c--dy(ß^b-hc-^\ 


4. 


(flC+l)(4r'+l)^(a'-H)(xy 


x+l 


i)(*.y+i)  ] 

,    )  Ans. 


(/ic+l)(^»-H)^(c'+lXxy+l) 
y+1  x+l 


]+a 


=.fcV-^,  or  — 


]-ff 


-9  or  - — , 
a  1+« 


/— -         1+c  1-c 

y-*^,  or  j-^,  or 


1+c 


5.  Each  of  three  cubical  vessels  Ä,  B,  C,  whose  capacities^  are  as 
1  :  8  ::  27  respectively,  is  partially  611ed  with  water,  the  quanti^es  of 
water  in  them  being  as  1  :  2  ::  3  respectively.  So'much  water  is  now 
poured  from  Ä  into  n  and  so  much  from  B  into  C  as  to  make  the  depth 
of  water  the  same  in  each  vessel.    After  this,-  128f  cubic  feet  of  water  it 
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poured  from  C  into  B,  and  then  so  much  from  B  into  A  as  to  leave  the 
depth  of  water  in  A  twice  as  great  as  the  depth  of  water  in  B.  The 
quantity  of  water  in  A  is  now  less  by  100  cubic  feet  than  it  was  originally. 
How  much  water  did  each  of  the  vessels  originally  contain? 

Ans.  500,  1000,  and  1500  cubic  feet  respectively. 

6.  A  fraudulent  tradesman  contrives  to  employ  his  false  balance  both 
in  buying  and  selling  a  certain  article :  thereby  gaining  at  the  rate  of  1 1 
per  Cent  more  on  hia  outlay  than  he  would  ^n  were  the  balance  irue. 
If  however  the  scale-pans,  in  which  the  article  is  weighed  when  bought 
and  sold  respectively,  were  interchanged,  he  would  neither  gain  nor  lose 
by  the  article.     Determine  the  legitimate  gain  per  cent  on  the  article. 

Ans.  10  per  cent. 

7«  A  metallic  lump  m^  is  compounded  of  the  metals  a  and  b,  another 
lump  m,  of  the  metals  o  and  c.  Tne  ratio  of  the  weight  of  a  in  m i  to  that 
of  c  in  fit,  is  three  times  the  ratio  of  the  weights  of  b  in  m,,  m^  respectively; 
and  three  times  the  weight  of  m,  is  ten  times  the  weight  of  m,.  In  two 
other  lumps  /ii,  /i,  of  the  same  volumes  and  compounded  of  the  same 
metals  as  m,,  m,  respectively,  the  ratio  of  the  weights  of  a  and  b  in  /ii  is 
equal  to  the  ratio  of  the  weights  of  b  and  c  in  m^;  the  ratio  of  the  weights 
of  b  and  c  in  /m,  is  equal  to  the  ratio  of  the  weights  of  a  and  6  in  m, ;  and 
five  times  the  weight  of /ii  is  eighteen  times  the  weight  of/i,.  Having 
given  that  the  weights  of  equal  volumes  of  a,  b,  c  are  as  8:2:1  respec- 
tively, determine  the  proportions  in  which  each  of  the  lumps  is  com- 
pounded. 

Ans.  m,  and  m^  are  compounded  of  equal  volumes  of  the  metals :  Hi  is 
compounded  of  volumes  of  a  and  b  in  ratio  4  :  3,  and  /i,  of  volumes  of  b 
and  c  in  ratio  3:4.  In  tit„  weight  of  a  :  weight  of  6  ::  3  :  2 ;  in  in,, 
weight  of  b  :  weight  of  c  ::  2  :  1 ;  is  /m,,  weight  of  a  :  weight  of  6  ::  2  :  1 ; 
and  in  /;„  weight  of  6  :  weight  of  c  ::  3  :  2. 


X. 

St  John's  College.    June,  1857. 

1.  (x+l)»+(«-l)»-19{(«+l)'+(*-l)*}.  _ 

Ans.  «-0,  or  «fc^l3,  or  •fc2V-l. 

2.  (x+l)(df+2)(x+S)(x+4)-(x+l)*+(«+2)*+(ar+3y+(jr+4)'. 

Ans.  dp«--A^i|*^i5. 


s.    (x-+i)Cy'+i)=io.|  ^^^ 

(*+^)(*y-i)-  8  J 


*=0,  1,  *2,  -S,  i(l*>/=^). 

y— 8,  *2,  1,  0,  |(l'p^/^). 

82—« 
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4.     4r*+y*-2"«(x4'^-2)*+  2,] 
a:*+y-r*=(«  +^  -  ar)*+  29.  j 


Ans. 


5  1 

1  5 

3 


5.  Alfred,  Edward,  and  Herbert  come  each  with  his  pail  to  a  well ; 
when  a  question  arises  about  the  quantity  of  water  in  the  well :  but  none 
of  them  knowing  how  muoh  bis  pail  will  hold  they  cannot  settle  the  dis- 
pute. Luckily  Mary  comes  up  with  a  pint  measure»  by  aid  of  which  they 
(liscover  that  Alfred's  pail  holds  half  a  gallon  more  than  £d ward's  and  a 
gallon  more  than  Herbert's:  but  before  the  precise  content  of  any  pail  is 
found  out  an  accident  happens  and  Mary's  measure  is  broken.  They  are 
now  however  in  a  position  to  ascertain  the  quantity  of  water  in  the  well: 
for  they  find  that  it  fills  each  pail  an  exact  number  of  times;  and  that  the 
nuniber  of  times  it  fills  Edward's  is  greater  by  eight  than  the  number  of 
times  it  fills  Alfred's,  and  less  by  forty  than  the  number  of  times  it  fills 
Herbert's.     How  much  water  was  there  in  the  well? 

Ans.  15  gallons. 

6.  Seven-ninths  of  the  stronger  of  two  glasses  of  wine  and  water  of 
equal  size  is  mixed  with  two-ninths  of  the  weaker,  and  the  remainder  of 
the  weaker  with  the  remainder  of  the  stronger.  The  stronger  of  these  two 
new  glasses  is  a  certain  number  of  times  stronger  than  the  weaker;  and  the 
stronger  of  the  two  original  glasses  was  twice  the  same  number  of  times 
stronger  than  the  weaker.  Compare  the  strengths  of  the  two  original 
glasses:  the  strength  of  a  glass  of  wine  and  water  being  defined  to  be  the 
ratio  of  the  quantity  of  wine  to  the  quantity  of  the  whole  mixture  in  the 

«^»«8-  Ans.  4:1. 

7*  Two  Tyrolese  Jäger  agree  to  shoot  at  a  mark  on  the  following 
terms:  each  is  to  shoot  an  even  number  of  times  fixed  for  each  beforehand, 
and  for  every  time  that  either  hits  he  is  to  receive  from  the  other  a  number 
of  kreuzers  equal  to  the  whole  number  of  times  that  he  misses.  They  have 
two  matches  without  varying  the  conditions.  In  the  first  match,  the 
second  Jager  misses  as  oflen  as  the  first  hits  in  the  second  match,  and  the 
first  Jager  misses  twice  as  oflen  as  the  second  hits  in  the  second  match; 
and  the  second  Jager  has  to  pay  to  the  first  a  balance  of  4  kreuzers.  In 
the  second  match,  each  hits  exactly  the  number  of  times  most  favourable 
to  him,  and  the  second  has  to  pay  to  the  first  a  balance  of  S6  kreuzers. 
How  many  times  did  each  hit  and  miss  in  each  match? 

Ans.  In  the  first  match,  the  first  Jager  hit  4  times  and  missed  ]6; 

and  the  second  Jager  hit  6  times  and  missed  10. 
In  the  second  match,  the  first  Jager  hit  and  missed  10  times  ; 

and  the  second  Jager  hit  and  missed  8  times. 


MISCELLANEOUS  EXAMPLES. 
Thtrd  Series. 


[Solutions  will  be  found  in  the  Companian.] 


SoLVE  the  following  equations: — 

1.  j?*-^6^=l.  Ang.  of«^-^-    . 

2.  4r'-Sj:=a*+-i.  Ans.  «=a+-,  or  &c. 

tr  a 

3.  (x+fl)(a?+2a)(«+Sa)(«+4fl)^c*. 

Ans-  *=-y*V^V^*+ß*- 

4.  j:*+p«"+[p-l+ — YJx+l=0.  Ans.  a?«l-p,  or  &c. 

5.  (p-l)V+p«*+fp-l+-— jx+l«0.  Ans.  *"Yr~'  0*"^^. 


whcrc  jR"=- 


(Ä+0(Ä-a») 


V+6»-*-c*  • 


7.    *'(i^+*)-fl', 


Ans   ^>  (f!i£>!^!l£l) 
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8.     a?yÄ=:a*(^+2)=6'(a5+4r)=c*(x+^). 


1      1 
Ans.  »'->2. 


and  similar  expressions  for  y  and  jar. 

4 
Ans.  «•-  ■        ^     ji  v^     ^     j    ,  and  similarly  ^  and  x. 

\ä~J    cj\a     6     c/ 

10.  (j?+y)(4r+Ä)=aV 

(y+z)(y+*)=6«,| 
(Ä+«)(ir+j()=c»J 

Ans.  «=*-o  ( — i  +  I«  +  Ii)'  *"^  similarly  y  and  z. 

^    -^  «t  «  f        Ans.  x=a-o,  y^o-c,  z»e-a. 

3fl-x+Ä=S6-y+a?«Sc-£r+^J  -^^ 

12.  Obtain  in  the  simplest  form  the  value  of  x  which  satisfies  the 
equation 

(or+a-Ä-c— (i)(«-a+6-c-(i)(«— a— 6+c-ci)(«-a-6-c+rf) 

=(x-2fl)(jf-26)(x-2c)(x-2rf), 

and  investigate  three  equations  independent  of  x  which  include  all  those 
relations  betwen  a^h,c,  d,  for  any  one  of  which  the  equation  becomes  an 
identity.  (2)  a+Äsc+A 

Ans.  (1)  jr«=i(a+6+c+(f).  a+c^b-t-d^ 

13.  Two  numbers  are  as  3  :  5,  and  their  o.o.m.  is  555:  what  are 
thenumbers?  Ans.  1 665  and  2775. 

14.  Each  of  two  points  moves  uniformly  in  the  circumference  of  a 
circle :  one  goes  round  5  times  while  the  other  goes  round  twice ;  and  at 
the  end  of  21590  days  they  retum  for  the  first  time  to  the  place  from 
which  they  started.     How  long  does  each  take  to  go  round  ? 

Ans.  4318  days,  and  10795  days. 

15.  Four  Chronometers,  which  gain  6,  15,  27,  35  seconds  a  day 
respectively,  shew  true  time.  After  how  many  days  will  this  happen 
again  ?  Ans.  43200  day s. 

16.  Two  points  revolve  in  the  circumferences  of  two  circles.  At 
starting  they  are  in  a  common  diameter  of  the  circles ;  and  before 
arriving  again  simultaneously  in  their  initial  positions,  they  have  been  in 
common  diameters  n  times  or  m  times,  according  as  they  have  revolved  in 
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the  saroe  or  in  opposite  directions.  Prove  that  m-k-n  and  m-n  must  have 
a  common  divisor  4,  and  no  higher  common  divisor,  and  that  the  ratio  of 
the  periods  of  revolution  of  the  points  is  m+n  :  m-n. 

1 7.  Three  particles  Start  at  the  same  point  to  move  uniformly  in  the 
circumference  of  a  circle,  and  the  period  of  the  first :  that  of  the  second  : 
that  of  the  third  ::  a  prime  number  :  a  second  prime  number  :  a  third 
prime  number.  The  first  and  second  arrive  together  at  the  starting  point 
6  min.  before  the  first  and  third,  and  28  min.  before  the  second  and 
third  arrive  there  together ;  also  when  the  first  and  second  arrive 
there  together,  they  have  been  together  as  many  times  as  the  second 
and  third  when  they  arrive  there  together;  and  all  three  arrive  there 
together  1  h.  55  min.  30  sec.  afler  starting.  Determine  the  periods  of  revo.. 
lution.  Ans.  l^min.,  d^min.,  5^min.y  respectively. 

18.  If  the  o.o.M.  of  m+n  and  m-n  be  4:  prove  that  the  o.c.m.  of  m 
and  n  will  be  either  2  or  4 ;  and  that  when  It  is  2,  each  of  ~  ,  ~  is  odd, 

X       X 

and  when  it  is  4,  one  of  -- ,  7  is  odd,  and  the  other  even. 

4     4 

19.  From  the  longer  of  two  rods  a  piece  equal  to  the  sfaorter  is  cut 
off:  with  the  shorter  and  the  remainder  of  the  longer  a  similar  Operation 
is  performed;  and  so  on^until  the  rods  are  of  equal  length.  Prove  that 
if  this  last  length  be  taken  for  the  unit  of  measurement,  the  lengths  of  the 
original  rods  will  be  represented  by  numbers  prime  to  each  other. 

Ezplain  that  there  are  many  relative  lengths  of  the  original  rods  for 
which  the  cut  rods  will  never  become  equal,  however  long  the  Operation 
be  continued. 

20.  Define  commensurable  magnitudes;  and  prove  tibat  magnitudes 
which  are  commensurable  with  the  same  magnitude  are .  commensurable 
with  one  another. 

21.  The  adjacent  sides  of  a  rectangular  parallelogram  are  respec- 
tively equal  to  the  hypothenuses  of  two  right-angled  triangles  whose  sides 
are  commensurable  with  the  unit  of  linear  measureroent  Prove  that  its 
area  will  be  commensurable  or  incommensurable  with  the  corresponding 
unit  of  Square  measurement  according  as  its  sides  are  or  are  not  commen- 
surable with  each  other« 

22.  Shew  how  to  find  geometrically  lines  equal  to  the  o.c.m.  and  the 
L.c.M.  of  two  given  commensurable  straight  lines. 

23.  Prove  that 

«*(6»-.c»)+6V-ö')+cXfl'-6«)    ,      .,,,      ^,       , 

\,,     \    ,;, A-i7 — 7r^=(a+6)(i+c)(c+fl). 

<r(o-c)+6*(c-a)-*-c^(a-6)       v        /v       /v        / 

24.  Obtain  the  continued  product  of 

fl+6+c+d|,     a+b-c-d,     a-6-c+rf,     a-6+c-c?; 
also  of 

-a+6+c+rf,    fl-6+c+rf,    a-hb^c+d,    a+6+c-cf: 

and  shew  that  the  sum  of  these  produdamlßabcd. 
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25.  Find  the  continued  product  of  n  such  trinomials  as 
j^-ax-ha\     j:*-aV+a*,     «"-aV+a",     x**-aV+a'%  &c. 

-^'^s.  — = -= — ,  where  m^T. 

26.  Find  the  sum  of  n  such  fractions  as 

x*-ax+a"'  JP*-aV+a*'  «•-aV+a»'  *^' 


27.  Prove  that 

28.  For  what  unit  of  time  will  the  durations  1157V.  and  36036(f.  be 
represented  by  numbers  prime  to  each  other  ?  Resolve  the  same  question 
for  S'6  hours  and  2*76  hours. 

Ans.    (1)  18  seconds.     (2)  452  secondi. 

29.  Divide  1+2«*^+**»»*  by  l+2a;+«':  writing  down  the  (Än-w+l)^ 
and  (2n+m+l)^  terms  in  the  quotient;  the  (2n-m)^'  and  (2ii+ifi)^  remain- 
ders;  and  the  complete  quotient. 


•  •  • 


• .  • 


Ans.  (1)  (-l)*.(2«-m+l).i 

(2)  (-l)".(2ii-m+l).x* 

(3)  (-ir{(2»-OT+l)«*^+(2«-m)i*'^»}+2«^*+*^. 

(4)  (-l)'"{(2»-m+l)*^+(2»-m+2)j;*»^»}+**-^. 
...     (5)  l-2«+Sap*-...+(2«+l)«*'-2«x*^'+...+«*'. 

80.  Eliminate  x,  yy  z  Crom  the  equations 

Ans.  4c«*472p"-aV«{6**72?r?}«. 

81.  Eliminate  x  from  the  equations 


k.7  /\  y  '     I 

'+8*)(2«+**)=p".J 


32 


5  =  ©-^°a-<9.  An.  l-(£.fy-(i.fV 

a    /a\*       a      /«V  \fl    c/     \a    cj 
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32.     Eliminate  «,  ^,  z  from  the  equations 


X    y    z 
y    z    X      ' 

^    y    ^    n 


(,-*De*j)e%^- 


Ans.  a/9sl+y. 


SS.    A  symmetrical  form  of  the  condition  that  the  equations 

may  be  simultaneous  is 

a'(6-c)+6Xc-a)+c'(a-6)=0; 
and  a  symmetrical  fonn  of  the  value  of  x  is 

fl6'-a'6        ic'-yc       ca'-'c'ii 


Vy-^alV    bi/'-b'^c'    dal'-'d'a' 
and  s  each  of  the  former ;  and  each  of  these  six 


(a+6+c)-(a'-fy.fO 


85.     Prove  that  the  six  equations 

«i(6«c,-6,c,)+a,(6/?,-V,)+a,(6,c,-i,Ci)«0, 

c,(aA-ö  A) +gt(«,6i-fli6i) +c,(ai6,-aj5i)=0, 

are  equivalent  to  only  two  independent  equations :  and  find  them  in  the 
most  simple  symmetrical  shape.  n,     a,    6      6      c      c 

Ans  i!_i«£L3=iI5 

^•-f!»   ff^^»    f«-& 
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36.  There  are  p  coins  Ci,  c,,  c,. .  .c^  If  uti  of  the  coins  c,«>if,  of  c,; 
fWt  of  c,=»,  of  c,;  WI3  of  c,=M4  of  C4,  &c. ;  m^,  of  Cp.,«»,  of  c,:  how  manj 

of  C,-  »I  of  Ci  ?  «j.JI^If , . . .  Jl^ 

Establish  the  ^'chain  rule". 

37.  There  are  two  amalgams  of  the  same  bulk,  each  compoaed  of 
mercury  and  gold,  in  the  ratios  of  2  :  9  and  3:19  respectively.  If  thej 
were  fused  together,  what  would  be  the^ratio  of  mercary  to  gold  in  die 
resulting  amalgam?  Ans.  7  :  37. 

38.  At  noon  on  a  certain  day  a  dock  and  a  watcb»  each  of  which 

goes  uniformly,  are  set  to  true  time.    It  was  calculated  that  the  dock 

would  be  as  much  wrong  when  it  shoald  shew  any  time  as  the  watch 

would  be  when  it  should  come  to  shew  the  same  time,  and  that  it  woold 

be  midnight  by  the  dock  one  second  before  it  would  be  midnight  by  the 

watch.     Find,  in  fractions  of  a  seoond,  the  daily  gaining  and  losing  rates 

of  the  dock  and  the  watch. 

.  86400        ^         .    86400 

^T^^»  ^x?^^^    •  Beer,,  and-^— -- — -  sccP. 
86400-1  86400+1 

39»  A  shilling's  worth  of  Bavarian  kreuzers  is  more  numeroua  by  6 
than  a  shilling's  worth  of  Austrian  kreuzers,  and  15  Austrian  kreuzers 
are  worth  a  penny  more  than  15  Bavarian  kreuzers.  How  many  of  them 
respectivdy  make  a  Shilling?  Ans.  30  Austrian,  36  Bavarian. 

Enunciate  the  problem  indicated  by  the  negative  result 

40.  From  a  vessel  which  will  contain  a  gallons,  fiUed  with  a  fluid  a,, 
a  ffallon  being  drawn  off,  tlie  vessel  is  fiUed  up  with  a  fluid  a^;  a  gailoo 
bemg  drawn  oW  from  the  mixture,  the  vessel  is  filled  np  with  a  fluid  a^ 
and  so  on,  until  the  vessel  contains  a  portion  of  each  of  the  flnids 
a,a,a,. .  .a..     How  much  of  each  fluid  does  it  contain  ? 

An.  «(l-lf,   (l-i)^,   (l.rf,...(iAj,  (lA),   1,   g^ 

respectivdy. 

g 

41.  Prove  that  (a+6)(6+cXc+ö)>8öftc,   and  <5(«*+^*+<v)>    «n'«$ 


a=f)='C, 


S 


42.     Which  is  greater,  i«4r4—,  or  m+»?   ««*+  -=,  or  rn-fii? 

(-a+6  +  c+rf)(a-6+c+(i)(a+6-c+rf)(a+6+c-rf),  or  iGabcd} 
Ans.  (1)  When  a?>1,  the  former  or  the  latter  according  as  ;r    — : 

when  a?<l,  the  former  or  the  latter  according  as  j:^—  •  (2)  The  fbrmer« 
(3)  The  former  or  the  latter  according  as  the  greatest  and  least  of  a,  b,  c,  d, 
together  is  ^  the  other  two  together. 


i 
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45.     If  ff,  &«  c,  be  in  Harmonical  Progresaion^  prove  that 

a  h  c 

b  +  c'      c+a*     a-^b 
are  also  in  Hannonical  Progression. 

44.  The  relative  powers  of  the  instrumenta  a^a^^,..a^  are  expressed 
by  saying  that  generally  aia^^.,.a^i  working  together  can  do  as  much 
work  in  one  day  as  a^  can  do  in  p  days.  If  a.  can  do  a  piece  of  work  in 
one  hour,  how  long  will  it  take  o,  and  a^,  where  r>l^  to  do  it.^ 

Ans.  (1)  -fl+-J     hours.  (2)    (l+-)     hours. 

45.  If  m  and  n  be  any  two  positive  integers  of  which  m  is  the  greater, 
and  p-2*,  g=2";  prove  that  x^^t^x'+a^  is  exactly  divisible  by  both 
j^+aV+a'*  and  «^-aV+a**. 

l« 

46.  If  Or-  ,—1    —  »  prove  that 

2      3  »  *    *  n 

^^      Tr         1.3.5... (2r-l)  ,    ^ 

48.  If  /«>  ^1  's»  '»>  &c.>  represent  the  terms  of  the  binomial  expansion 
of  (a+x)\  prove  that 

49.  If  Aq,  019  ^st  a,,  &c.  be  the  coefficienta  in  order  of  the  expansion 
of  (l+x+jr*+ . . .  +  «')",  prove  that 

(1)  theiir  sum  =(p+l)"; 

(2)  ai+2flr,+3ff,+  . .  .+»p.flf^=i»p(p+l)\ 

50.  Apply  the  general  term  in  the  Multinomial  Theorem  to  prove 
that  the  coefficient  of  ä^^*  in  the  expansion  o£(a^+aiX'hagj^+. .  .)•  is 

2.(aa.Ä,^,+a,.a^+a,.a^_,+  . .  .+<y,.<y^i). 

51.  In  the  expansion  of  (1+x+4p*+...+4p')'",  where  n  is  a  positive 
inte^er^  prove  that  (1)  the  coefficients  o£  terms  equidistant  from  the 
begmning  and  the  end  are  equal ;  (2)  the  coefficient  of  the  middle  term  is 
the  greatest;  (3)  the  coefficients  continually  increase  from  Üie  first  up  to 
the  greatest. 

52.  If  Oq,  tti,  a^,  a,,  &c.  be  the  coefficients  in  order  of  the  expansion 
of  (1+«+j:")",  prove  that 
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53.  Shew  that  it*  m  be  not  less  than  n,  the  greatest  coefficient  in  the 
expansion  of  (ai+fl,+  ffa+..-+0*  >«  [ü'»  and  that  the  number  of  temu 

\m 

which  have  this  coefficient  is  .    , — —  . 

\n\tn-n 

54.  Prove  by  the  method  of  Demonstrative  Induction  that  the  num- 
ber of  different  throws  which  can  be  made  with  n  dice«  on  the  supposi- 
tion  that  the  sum  of  the  numbers  turned  up  is  r,  is  equal  to  the  coefficient 
o£af  in  the  expansion  of  (j:+j:*+«'+a?*+4?*+«^)\ 

Enunciate  the  corresponding  proposition  when  each  die  has  p  fkceSi 
and  the  numbers  marked  on  the  p  faces  of  each  die  are  «i^  Of ,  a,. .  .a^ 

Ans.    Number  of  throws  =  coefficient  of  «'  in  the  expansion  of 

55.  Prove  that  the  numerators  of  any  two  cohsecutive  convergents  to 
a  continued  fraction  are  prime  to  each  other,  as  also  their  denominators. 

56.  The  Cambridge  Lent  Term  always  ends  on  a  Frlday»  suppow 
at  midnight.  Prove  that  if  it  commence  on  the  2p^  day  of  the  week,  it 
will  divide  either  on  the  (p-1)'^  day  of  the  week  at  midnight^  or  on  the 
(S+py*  day  of  the  week  at  noon :  but  if  it  commence  on  the  (2p +  1)*^ 
day  of  the  week,  it  will  divide  either  on  the  p*^  day  of  the  week  at  nooo» 
or  on  the  (3+p)"*  day  of  the  week  at  midnight. 

57.  Prove  that  (1)  1+3  +  5+ +(2»-l)=««; 

(2)  l'+2"+3'+ +w'=(l+2+S+ +«)•. 

Apply  (1)  to  find  Solutions  in  positive  integers  of  «"»y'-z*,  where  m  is 
a  positive  integer;  and  apply  (2)  to  find  Solutions  in  positive  integers  of 

58.  Prove  that  the  product  of  any  r  consecutive  integers  is  divisible 

by    [c^.  [ag.|c^ [a^,   if  a|+a,+  a3+ +a^=r» 

59.  In  how  many  ways  can  a  line  100800  inches  long  be  divided  into 
equal  parts,  each  some  multiple  of  an  inch  ?  Ans.   124. 

60.  How  many  different  rectangular  parallelopipeds  are  there  satisfy- 
ing  the  copdition  uiat  each  edge  of  each  parallelopiped  shall  be  equal  to 
some  one  of  n  given  lines  all  of  different  lengths  ? 

Ans.  üOLtlKüi^. 
1  «2  .3 

61  •  Prove  that  if»  in  any  scale  of  notation,  the  sum  of  two  num- 
bers is  a  multiple  of  the  radix,  then  (1)  the  digits  in  which  the  Squares  of 
the  numbers  terminate  are  the  same ;  (2)  the  sum  of  this  digit  and  the 
digit  in  which  the  product  of  the  numbers  terminates  is  equal  to  the 
radix» 

62.  A  certain  number  when  represented  in  the  scale  of  2  has  each  of 
its  last  three  digits  (counting  from  lefl  to  right)  zero^  and  the  next  digit 
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towArds  the  lefl  different  from  zero;  when  represehted  in  either  of  the 
scales  of  3  or  5,  the  last  digit  is  zero,  and  the  last  but  one  different  from 
zero ;  and  in  every  other  scale  (twelve  scales  excepted)  the  last  digit  is 
different  from  zero.     What  is  the  number  ?  Ans.    120. 

I 

63.  Prove  that  every  even  power  of  every  odd  number  when  divided 
by  8  leaves  1  for  a  remainder. 

64.  If  ft  be  a  prime  number,  prove  that  r+2"+S"+ +(rif)'  is  a 

multiple  of  n. 

65.  If  n  be  any  prime  number  excepting  2>  and  N  any  odd  num- 
ber prime  to  «,  prove  that  iV*:*-l  is  divisible  by  8». 

66.  A  gentleman  being  asked  the  size  of  his  paddock  replied: — 
Between  one  and  two  roods  :  also  were  it  smaller  by  3  square  yards  it 
would  be  a  square  number  of  square  yards ;  and  if  my  brother's  paddock, 
which  is  a  square  number  of  square  yards,  were  larger  by  one  square 
yard,  it  would  be  exactly  half  as  large  as  mine.  What  was  the  size  of  his 
paddock?  Ans.    1684  square  yards. 

67.  A  walks  at  a  uniform  speed,  known  to  be  greater  than  3  and  less 
than  4  miles  an  hour,  between  two  places  20  miles  apart.  An  hour  having 
elapsed  since  ^'s  departure,  B  Starts  after  him  from  the  same  place,  Walk- 
ing at  the  uniform  speed  of  4  miles  an  hour.  Shew  that  the  odds  are  2  to 
1  against  B*s  overtaking  Ä. 

r     • 

68.  When  2»  dice  are  thrown,  prove  that  the  sum  of  the  numbers 
turned  up  is  more  likely  to  be  7n  than  any  other  number;  and  when 
2n-f  1  dice  are  thrown,  prove  that  the  «um  of  the  numbers  turned  up  is 
more  likely  to  be  7n+3  or  7n'\-4t  than  any  other  number,  these  being 
equally  probable. 

69*  A  handful  of  shot  is  taken  at  random  out  of  a  bag:  what  is  the 
chance  that  the  number  of  shot  in  the  handful  is  prime  to  the  number  of 
shot  in  the  bag  ?     £x.     Let  the  number  of  shot  in  the  bag  be  105. 

(1)  Ans.   (1 — )(^"t)(^ — ) where  the  number  of  shot  in  the 

I  fi 

hsLg^afW ;      (2)   Ans.    — . 

70.  A  coin  is  to  be  tossed  twice  :  what  is  the  chance  that  head  will 

turn  up  at  least  once  ?  a        ^ 

Ans.   -r  • 
4 

Point  out  the  error  in  the  foUowing  Solution  by  D'Alembert : — Only 

three  different  events  are  possible ;  (1)  head  the  first  time,  which  makes  it 

unnecessary  to  toss  again,  (2)  tail  the  first  time  and  head  the  second,  (3) 

tail  both  times :  of  these  three  events  two  are .  favourable  :  therefore  Üie 

2 
required  chance  is  -  .    .  ' 

71.  In  each  of  n  caskets  are  p  jewels  worth  1,  2,  3, p  guineas 

respectively :  a  person  being  allowed  to  draw  a  jewel  from  each  caskct. 
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find  (1)  the  most  probable  collect!  ve  value  of  the  je  weis  he  will  draw  :  (S) 
the  value  of  bis  expectation.  (3)  What  would  be  the  value  of  his  expecta- 
tion^  if  he  were  allowed  to  draw  r  jewels  from  eacb  casket?  If  psS,  and 
one  jewel  be  drawn  from  eacb  casket^  what  is  the  chanoe  (4)  that  the 
value  of  the  jewels  drawn  is  n+r  guineas?  {5)  that  the  collect!  ve  valoe 
of  the  jewels  drawn  is  that  collective  value  whidi  is  most  probable  ? 

Ans.  (I)   X  (p+1)  guineas,  if  either  n  be  even  or  p  odd ; 

A^^  qC/'+I)'^^  guineas,  n  being  odd  and  p  even,  each  of 
these  being  equally  probable« 

(2)  |(p+l)  guineas. 
W   y(p+l)  guineas. 


(5) 


2"   [r.[ii-_r 

lg 
(2.4.6.......«)* 


or = ,  according  as  n  is  even  er  odd. 

2.4.6 11—1x2.4.6 it-fl 

72«  A  person  borrows  £c  on  the  following  terms.  It  is  to  be  paid  olF 
in  n  years :  and  at  the  end  of  each  year  is  to  be  paid  interest  at  a  given 
rate  r  on  the  sum  remaining  unpaid  at  the  beginning  of  the  year,  together 
with  such  a  portion  of  the  principal  that  the  whole  sum  paid  on  account 
of  principal  and  interest  together  shall  be  the  same  for  every  year.  Invet- 
tigate  a  formula  for  the  sum  to  be  paid  every  year. 

.         ^    r(l+r)r 
Ans.  c.  /       \  . 

73.  From  the  gold  fields  are  brought  2it  spedmens  of  gold  dnst,  no 
two  of  which  are  of  the  same  degree  of  fineness.  Each  specimen  is  divided 
into  as  many  equal  portions  as  is  necessary  to  the  following  Operation»  vis. 
to  form  as  many  different  mixtures  as  possible  by  taking  a  portion  of  dust 
from  some  specimen  and  mixing  it  with  a  portion  from  some  other  speci- 
men. Each  of  these  mixtures  is  now  divided  into  as  many  equal  portions 
as  is  necessary  to  the  following  Operation,  viz.  to  form  as  many  new  mix- 
tures as  possible  by  mixing  together  portions  from  any  n  of  the  former 

mixtures.    Prove  that  1.3.5. 7 (2ii— 1)  of  the  latter  mixtures  will  be 

of  the  same  degree  o£  fineness  as  a  mixture  formed  by  mixing  togedier  all 
the  dust  of  2it  specimens  exactly  like  the  original  spedmens. 
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EXERCISES.    A. 


If  a  stand  for  10^   b  for  3^  and  jr  for  7,  what  is  tbe  value  of  each 
of  the  following  quantities? 


(1) 

a+b+x. 

(5) 

Sa-x. 

(9) 

2ab^Sx. 

(2) 

a+5-jr. 

(6) 

4a+S&-2x. 

(10) 

Sa+5-36«+10a 

(3) 

a-i  +  dP. 

(7) 

7a+26-ar. 

(11) 

Jab-abx. 

(*) 

fl-6— a?. 

(8) 

Sa-46-4«. 

(18) 

Sa-hbx-xx. 

(13)  What  18  the  coeßcieni  of  x  in  3a«? 

(14)  What  is  the  eoefficient  of  4;  in  6abx} 

(15)  What  18  the  eoefficient  of  5x  in  6a&r  ? 

(16)  What  18  the  eoefficient  of  a  in  each  of  the  quantities  2a,  Sa5,  abx, 
Sabx,  ma,  axx^  pax,  abxy} 

(17)  What  is  the  eoefficient  of  25  in  125? 

(18)  What  is  the  difference  between  3+Xy   and  3x,  when  x  Stands 
for  7? 

(19)  What  is  the  difference  between  3a-¥x^  and  Sa-x,  when  a  Stands 

for  10,  and  x  for  6? 

(20)  What  is  the  difference  between  Sa^x,  and  Sax,  when  a  Stands 
for  S,  and  x  for  2? 

Find  the  value  of  each  of  tbe  following  quantities,  when  a  Stands 
for  10,  b  for  3,  and  x  for  7 : — 


(21)  Sax-^l. 

(22)  Sax-f-7*. 
2a +x 


(23) 
(24) 


6      • 
35+3X 


a 


(26) 
(26) 
(27) 


a— X 

3a    ^  a&r 

5a-¥x  5b-k-a 

""5  2X-35' 


(29) 
(30) 


2a+46      a-26 


Sx-a-6      x-6  ' 


ma 


nb 


^ P* 

5+x^a-x    a— 6' 


If  a  stand  for  1,  h  for  9,  and  c  for  8,  find  the  value  of  each  of  the 
following  quantities: 


(31)  «•+&•- c«. 

(32)  13a*+36'-4c'. 


(33)  5a&c-22i'4-3c'. 

(34)  a*6+6»c 
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(35 
(S6 

(S7 

(38 

(39 
(40 
(41 

(47 
(48 

(49 
(50 


12fl6'+20fl'i-26c». 
&•    a'     c* 

a     o     2a  . 
Sab'    9ac^ 

Sc  "  2bc  * 
ma'+nb'"p(f. 

Jäb-^J^bi 

a  +  JE- Job + 2j2bc. 


(42)  jQc-^b-J^b-^a. 

(*s)  ^J\^^J~VJ^' 

(44)  ^-^JliS-StJJc. 

(45)  Jö+c-a-^Sb-^-^Sa. 

(46)  'Ja^J^^^^^UbTi. 


What  18  the  difference  between  3a  and  o*,  when  a  Stands  fbr  2r 
What  is  the  difference  between  2j^  and  2-hJx^  when  x  is  lOQ 
What  18  the  difference  between  S^  and  !/xy  when  x  is  64  ? 

What  18  the  difference  between  Ja-k-b  and  Ja-^b^  when  a  stanc 
for  i,  andfifor  8? 

(51)    What  is  the  difference  between  ▲/t  and  ^  ^  when  a  8tan< 
for  16,  and  b  for  4? 


EXERCISES.    B. 


Add  together 

(1)  a+5,  and  a+6. 

(2)  a4&,  and  a-b. 

(3)  a-6,  and  a-6. 

(4)  a-b-^c,  and  a+ft-c. 

(5)  Ä-6+C,  and  a+&-l-c. 

(6)  l-2iii  +  3if,  and  3i7i~2ii+l 

(7)  5m +3,  and  2iii-4. 

(8)  3xy— 2x,  and  xy-i-6x. 

.       (17) 


(9)  4/)-2g+l,  and  l-^Sp+q. 

(10)  5a&-26c^  and  ab-hbc. 

(11)  2ax+3btf^  and  ax~by. 

(12)  3a-25+4c,  and  2a-36+c. 

(13)  x^+x-7,  and  Sstf-^x-^S. 

(14)  p+q-pq^  and  27>9-Sp+2^. 

(15)  p*+2pg+9*,  and  p^'-^pq-*-^. 

(16)  7fl^-5flc+l,  and  a6+6ac-.2. 


7x— 6y,  -x-3^,  — x+y,  -2x+3^,  and  x+8y. 

(18)  3-fl,  -8-fl,  7a-l,  -ff-1,  and  9+fl. 

(19)  2a-5&+3c-rf,  and  a+55-c+2rf. 

(20)  tt*+2a&+6*,  and  2a*-£ji-36*. 

(21)  3x*-6x+5,  2X-3-X»,  and  4-x-2x*. 

(22)  ac-k-bdy  bd-cd,  and  ac-^cd. 

(23)  S«»-45^,  x«+y,  and  ix«-4/. 

(24)  a^''3aj^+3a*X'-a\  and  3a*-2fl'x+4ax*-x". 
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(25)  8m«+«i,  and  l-n— 7t»». 

(26)  9jp-8^-7,  and  32-9'+6^+7. 

(27)  «•-2fl&*+a*6,  Sal'-Za'b,  and  &•+«•. 

(28)  fl^-faft*,  b'-ia%  and  ah'^^'b. 

(29)  ij:*+2xy,  fj^-Jpy+y*  and  fnx-\^ny. 

(SO)     aJ+26</-Scrf,  ^i/-^5</,  and  ^6+2crf-ac. 

(31)  I  received  m  Shillings  from  my  faUier,the  same  from  my  mother, 
and  n  Shillings  from  each  of  three  friends,  express  the  whole  sum. 

(32)  A  certain  sum  is  divided  between  A^  B,  and  C;  B  receives  a 
pounds  more  than  A^  and  C  receives  b  pounda  more  than  B;  \£  A  receives 
X  pounds,  find  an  expression  for  the  whole  sum  divided. 


EXERCISES.    C. 

(1)  From  a  take  b-x. 

(2)  From  a  +  b-c-d  take  a-6+c-d!, 

(3)  From  öa-Zb-Sc  take  fl~26+2c. 

(4)  From  a+jp-6— 5c  take  d:+8&-5c. 

(5)  From  3jr+2^-5js  take  2x+S^+4-ar. 

(6)  From  2flx+&y-c  take  ox-Jy+c. 

(7)  From  3bc—ab+a  take  ^bc+ab—a. 

(8)  From  jry+x"+^*  take  xy— x*+y*. 

(9)  From  2xy+3j?*+4y  take  jy-2j:"-y*. 

10)  From  2OT»+5m-Sn  take  »i«+m+«. 

11)  From  — 2xy+mj?— joy  take  —  3xy— 2«iJf— /)y. 

12)  From  öatc-^b-Sac  take  2a6c-fa&-ac+l. 

13)  From  fl'-6'+c'  toke  fl'-26*-2c'. 

14)  From  4aa?-Sa'+2x*  take  2ajp-fl*+4*". 

15)  From  Sfl»6+2a*c-5c*  toke  fl*6-flV-7c'. 

16)  From  2xy+Sfl-a*6+5  toke  2a-fl*&+6. 

17)  From  gÄ^-j-^y+g  ^a^e  j^-^+g^y-g* 

1       1     '1 

18)  From  a-^b'-^c  toke  pfl-ö*-H<?- 

Z  Z  SS 

^19)  The  united  ages  of  a  father  and  his  son  make  60  vears,  and 
the  father  was  30  years  old  wben  the  son  was  bom^  what  is  the  age 
of  each? 

(20)  Divide  1  into  two  fractional  parts^  so  that  one  part  shall  exceed 
the  other  by  ^. 

33 
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Multiply 

(1)  axy  by  h. 

(2)  ^mn  by  -/>. 


EXERCISES.    D. 


(7)  m-i-ti-p  by  S. 

(8)  ax-^hx*  by  /?. 

(9)  ad+2bd  by  2ö. 

(10)  4a*-2axy  by  aj?. 

(11)  Sa:-2xy+6  by  -jy. 

(12)  l-2ffaf+S6«"  by  -3». 

(13)  2fl6-3flfc  +  5W  by  -2ar. 

(14)  2j-j^-3  by  7*. 

(15)  2ax+Ä^-c-r  by  2jyjs. 

(16)  2fl*-Äx+rf  by  6^. 

(17)  a-¥x  by  6+^. 

(18)  6af+4  by  x-l. 

(19)  a?-4  by  x+S. 

(20)  2x-5  by  3x-2. 

(21)  l-x  by  jr+1. 

(22)  1-x  by  x-2x*. 

(23)  aa?+Ä^  by  2x-^. 


(3)  -2jy  by  4a. 

(4)  -2jy  by  —4«. 

(24) 
(25) 


(5)  ^«6  by  2c. 

(6)  3ot»  by  wip. 

fl+2x  by  ö-Sx. 
7x-l  by  5x— 4. 

(26)  9,axShy  by  4y— Sx. 

(27)  l-2mii  by  2m +n. 

(28)  a'-hc  by  oc-i*. 

(29)  l+2x+3y  by  x-y. 

(30)  a+x-^  by  i-j^. 

(31)  ac-lc+ad  by  2a-6. 

(32)  fl*+a*4fl+l  by  a-1. 

(33)  x*4ax*+fl*x4fl*  by  x— o. 

(34)  4x"-6x+9  by  2x+S. 
(S5)     4+2x+x'  by  4-2x+Jf*. 

(36)  a'-2x"  by  a'-x*, 

(37)  x*+3x*+9x+27  by  x— S. 

(38)  2aV+3Ä'^  by  2öV-SÄ»y 

(39)  2a'-3a^+5»  by  2a*+Sab- 

(40)  öV  a*-a  -1  by  1  -«  +  a*^a* 


Divide 

.(1)  7x  by  7. 

(2)  7x  by  X. 

(3)  7flJ^  by  a. 

(4)  7öx  by  7x. 

(5)  3flZ»x  by  ab. 

(6)  Sfl&c  by  Sbc. 

(7)  -flx^  by  X. 

(8)  flxy  by  -X. 

(9)  6a*tnn  by  — 2iitna. 

(10)  14a*xy  by  7a\y. 

(11)  —'Jmn'px  by  ^mrap. 


EXERCISES.    E. 


(12 
(13 
(14 
(15 
(16 

(17 
(18 

(19 

(20 

(21 
(22 


-^abx'tf  by  -J^xy. 
3ac-2abd  by  a. 
^ac-Zabd  by  2a. 
8x'-6x^  by  -2x. 
35c+24aW-6ÄV  by  S^ 
4aV-8a5x-2a«  by  —2 
aV-5fl6x"+6ax*  by  ox" 
x"+Sx+2  by  x+2. 
ac-bc+ad-bd  by  a-^b» 
6+3fl-26-a6  by  2+a. 
4a*-15x'-4ax  by  Sn-i-S 


(23)  fl*-flx-6x*  by  a-3x. 

(24)  2a5+6fl6c-8aÄC£f  by  l+Sc-4crf. 
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Divide 

(25 
(26 
(27 
(28 
(29 
(SO 
(31 


Sj?»+l&r-S5  hy  jp+7. 
Sar*+ 14«'+ 9* +2  hy  «•+5af+l. 
fl6+2a'-S6*-46c-ac-c*  by  Qa-hSb-^c, 
15fl*+10a*«+4aV+6aj^-Sj?*  by  3a*-x'+2a:e. 
qp^+Sp^q^-^ptf-^q*  by  p-q. 
a*a^-i'a'^''Saba^+b*j^+a*b^'-9a^b  hy  ax-bx-^^o^-^ab. 
S24r*+24S  by  2j:+S. 


EXERCISES.     F. 
nd  the  g.c.m.  of 

(1)     128, 

and  84. 

(11)    a6xy,  and  %acxy. 

(2)     125, 

and  900. 

(12)  |a*,  and|a6. 

(13)  ii6(f,  acd^  and  bcd, 

(14)  pxy,  «y,  and  apx. 

(15)  4P*-y*,  andx*+2xy+y. 

(16)  ax+&x,  and  ay+6y. 

(17)  ö'-fl6*,  and  ab^-k-b*. 

(1 8)  2fl»-2ai,  and  5a •- 5«i. 

(S)     80,  100,  and  140. 

(4)  ax,  and  bx. 

(5)  Ä«",  and  &  V. 

(6)  fljM?*,  and  a'jjjp. 

(7)  5ö*Äx,  and  20a&jry. 

(8)  15a«6*,  and  Sa^b\ 

(9)     9«*Ä 

V,  and  27flVc». 

(19)     14a'-"7a&,  and  IQac-Bbc. 

(10)     14iw 

•njö*,  and  ']mnp. 

(20)    («+jr)S  and  (x«-y)«. 

(21) 

j^-2jr-l,  and  j:"+2jr+l 

• 

(22) 

«•-S«*+Sa:'-2,  and  **- 

sx'+a. 

(23) 

2j:*-&»*-9dP+5,  and  Zx 

•-7« +3. 

(24) 

44r»+Sx-10,  and  4»»+7j 

p'-Sjp-IS. 

(25) 

«»-7«+ 10,  and  4*^-25. 

r"+20*+25. 

(26) 

j:'+2jr-S,  and  jr*+5«+ 

6. 

(27) 

«*-«•- 2x,  and  2«*+Sjc" 

+«. 

(28) 

«•-Sx-2,  and  Ä*-j:"+d 

?-10. 

(29) 

2«*+«*-«+S,  and  2jt*+ 

5x'+«-3. 

(SO) 

«'+a;y-12^*,  and  «"-ö 

ry+6^. 

(Sl) 

6«'-12«+6,  and  Sx"-a 

t. 

33—2 
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EXERCISES.     G. 


Find  the  g.cm.  of 


(1 

(2 
(S 
(4 

(s; 

(6 
(7 
(8 
(9 

(Jl 
(IS 


4+12«+9jr»,  andi+lSx+lSj^. 
t^+a'b-ab*-b;  and  i^-tfb-aV+V. 
&t'+84r+5,  and  2«*-a*-8«. 
4r'-lU*4-89«-45,  aod  &r*~£3«^S9. 
ßr'-7a'-20,  «nd  4*'-87*+5. 
3jr*-13«*+S&r-Sl,  and  &r'+«'-4Vr+8l. 
Sor'-iex-ia,  and  2jf'-l6«»-84«+288. 
8«*+6x*-4*-S,  and  12«'+5**+«+S. 
&r-l-2jr*,  and  l-«-2«*. 
**-41«'+l6,  and  «*-7«»+28«-l6. 
«*-l,  «•-2«+l,  and«»-l. 
a*+Zab*b;  a*-b\  and  a'+2fl'6+2a4*+**. 


(13) 
(14) 
(15) 
(16) 

(17) 
(18) 

(19) 
(20) 

(21) 
(22) 


Reduoe  the  following  fractions  to  lowest  terms  :-^ 

Sax-%x' 


Zax 

Aeühc 

2ac  ' 

20abje 

6ax 

15ay  • 
ab*x 

mx^nx 
mnx 

7fl*6 

4ÄC+2C 
2ac 


(23) 
(24) 

(25) 

(26) 

(27) 
(28) 

(29) 
(30) 
(31) 

(32) 


Zax'-Sx^' 

tn'p-'mnp+mp* ' 

a*-x^ 

a+x 

a*-4>x* 
a-2x  * 
a*+ab 
ö+ab  ' 
g*4'6*+2a6 

9j?*-12jy  +  4y* 

Sflj?*— 1 5«** 
2ax-10a* 

6a6+2ac* 


(33) 
(34) 
(35) 
(36) 

(37) 
(38) 

(S9) 
(40) 

(41) 
(«) 


x^-^öx-tö ' 

3jr*+4«-4  ' 
2a'-3q-fl 
a"+fl— 2 

x*-8j^+15xi* ' 

4-H2JP49J* 

2+lSx+15jf** 

l+2«+2««^gr»* 
«*— «J-2X+2 
2j:»-jp-1      ' 

5ftr*-28jf'-4gjr4-l4 
424f«-28jr-.l4 
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EXERCISES-    H. 


Find  the  L.aM.  of 


(1)  21,  and  24. 

(2)  12,  1 6,  and  20. 

(3)  4,  7,  8,  and  14. 

(4)  4,  7,  14,  21,  and  24. 

(13) 
(14) 
(15) 
(16) 

(17) 
(18) 

(19) 
(20) 

(21) 


(5)  1,2,3,4^5,6,7,8,9. 

(6)  21,  22,23,  and  24. 

(7)  ax^  and  hx. 

(8)  ax,  and  2xy. 

2a,  a+«,  and  a-.r. 

2a,  46,  l+jT,  and  1-«. 

Sxy,  Jf*+«jr,  and  /+*y. 

ö*6*,  a*6*,  a6-6x,  and  aVo^v. 

1+fl,  l-<f,  1+a+a',  and  1-a+ii*. 

1-j:^  1+x,  I-j:'  and  l-2jp+a?*. 

«•+34?+2,  15(4?+l),  and  20(«-f2). 

j^-7j:-6,  Jt*-2x-3,  and  «■-x-6. 

84:»-14«+6,  4j:"+4«-3,  and  4vr'+24f-6. 


(9)  2«,  6jr,  and  8x. 

(10)  abf  ac,  and  bc. 

(11)  «»,/,  and  2jr5r. 

(12)  M,  c^dy  c(P,  and  ^. 


EXERCISES.    I. 


Add  together 

X     tx         ,  3x 

5 


(1)    5>  y,  and  -^. 


(2)  -3-,  and-g^. 

(3)  -j,   s.««d-. 

(4)   -5- '  ""    "T"  • 

,^.     2a?+l  -  4j:-5 

(5)     '^'T"»  ""^  ^^Y~ 

4ir-5 


(6)    ^,and 


21 


(7)    -,  -,  and  -• 

(9)    — ,  -^,  and  -5. 

^^    xtf     x*^         y 


(10) 

(11) 
(12) 

(IS) 
(14) 


1      ^        3 
a'  ab'  aSc* 

3x^5         ,  2«-4 
X,  — r — ,  and 


«     7Jr-6         , 
g,  -3-,  and 


3 

4x+l 
"l2"- 

7x+6 


44f-5     24P        j 

-     —        d  i- 
«'   Sx*  5x' 


4       1  ,3 

T~  ,  TT"  >  anci  ^—  • 

5y    «jr  ♦j' 


(15) 

(16)    ',  ^,  «nd  ?. 

07) 
(18) 


a6     '  ^;^»*""*' 


a-i     6-c       j  e-a 
ab       be  ae 
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Subtract 

(19)  ^  from  %. 

(20)  ^fromjr. 

(21)  :5f±i:  from  ^«'^^^ 


(22) 


9 
2x-8 


from 


18 
5x-l 
8 


(2S)    5y^from^+l. 
(24)    l^±|lfrom  74  ^* 


(26) 
(27) 


from 


x+l 
21 


from 


x+2 
Är+7 


(28)    ^+Afro°^ 


14    • 
llx-lS 


a?+l 


jp+1 


^.24^         35 
(25)    -  +  -from-  +  - 

^      ^      X      X  XX 


(29) 
(30) 

(31) 

(32) 


10     25 

7 from  T. 

6+cdr  6 


25 


^from^±^-. 

2     ^  3  +  2JP 

from 


1+x  l+**+2af* 

-^  from  — ^ . 


Add  together 
(SS) 


y  and 


(34) 
(85) 
(86) 


«+2 


«-2 


Ö  +  J?       II  — X 


«+^     *-^ 


,  and  1. 
,  and    ^ 


x+y 


x^l        j  «+2 
,  and 


a?+2 


dr-3 


(87) 


2x 


and 


(2ar-l)"  (2ar-l)"'  2jf-l 

(88)    777 Ti,  and  ^7 r^ , 

^    '    2(a-a?)*'  6(a-x) 


(89) 
(40) 


^  and 


y-x 


3  ,     x-2 

,  and 


(41) 
(42) 


2*'-4«+2'   2«'+4*+2 
1  1 


1+** 
,  and 


1-«+«*  • 


r^* 


,  and 


20(«'+S«+2)'   15(*+1)'  20(«+2)* 


(1) 

(2) 
(S) 

(*) 
(5) 


Multiply  ~  by  S. 


T'-y- 


EXERCISES.    J. 

(6) 


fby6. 


fl— X 


by  4. 


(7) 
(8) 

(9) 
(10) 


Multiply  7^  by60. 


2x 


Sx-S 


by& 


12+9» .     „« 

-^g-bysa 


8-7* 
♦4 


by». 
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(n) 

(12) 
(IS) 
(14) 
(15) 


(21) 
(22) 
(23) 
(24) 
(25) 


Multiply  — r-j—  by  15. 

by  15. 


H 
fzil 

2i 


by  11. 

by7. 
by  10. 


Divide  -—  by  5. 


-  by5. 


-by6. 


2  lax 
2mn 


by  7a. 
by  2«. 


(16) 

(17) 
(18) 

(19) 
(20) 


Multiply  -^hy  - 


3x  ,     2* 


(26) 
(27) 
(28) 

(29) 
(30) 


2-Sx  ,      4 

—  b    - 
ix    ^  x' 

-  +  -  by  xy 


Divide —  by  9.x. 

Sa+Gab  .      ^ 
—  by  3a. 

^by?f. 

2abc  ,         ac 


3d 


fl'jy  b   - 


6</ 


(31) 
(32) 

(33) 
(34) 


1  1 

Multiply  ar  +  -  by  j?+  - . 

X      .    .y    1 


(39) 

(40) 
(41) 
(42) 


-+4P  by  •-  +  -. 

^  "^    X      X 

1  1     ,      1 

l+a?'*"l-x    ^2' 

,      2a   ,      ,      2a 
1-:; —  by  1+- — 
1+a    ^        1-a 


Divide  2+-  by  1--. 

X      ''  X 


2-Ä 


»'i^ 


^    - 1-* 

2a6     ^    4a 

jr 


Iby  1+ 


(35)  Multiply -  +  -^  by-  +  -^ 


(36) 
(37) 
(38) 


(43) 
(44) 
(45) 
(46) 


a     1   h ,     h     \  a 

a^—ax ,        Ä" 

— T — by . 

0        ^  a-x 

a'+ax+of*.     a-x 

-i 5  by . 

ar-'aX'k'X*    ^  a+x 


Divide  x  by  ---• 
2    -^  2     2 


by  1- 


l+x 


1  +  JC 


ab  by 
a'+or' 


a-dp 
•^  a+x 
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EXERCISES.    K. 
Square  each  of  the  following  quantities:— 


(0 

5ax. 

(2) 

5axy. 

(«) 

-lab. 

(♦) 

a*be. 

(5) 

-la'bi^. 

ah 

(«) 

"""  • 
e 

8as 

(7) 

iby- 

(8) 

2c- 

4a'& 

(9) 

7«y 

Cube  each  of  1 

(89) 

8«-»-2. 

(80) 

2x-8. 

(81) 

i*-ly- 

(82) 

2ii5+3c. 

4 


(10) 

(">  ^bc"- 

(12)  a+1. 

(13)  «6+1. 

(14)  jr+3. 

(15)  2-5^. 

(16)  2m-ii. 

(17)  2«-Sjr. 

(18)  x«|. 


(34)     2.J+3.| 


(19)  *^\. 

(20)  fffx+Jt. 

(21)  2mx-ii. 

(22)  a5x+c. 

(23)  Sxy-a. 

(24)  ia5+c. 

(25)  «•+2a?-2. 

(26)  «•-2fl^-26». 

(27)  }x-|y. 

(28)  ar-iy+l. 

{^5)  &4P  +  CX». 

(36)  l-2ö+i. 

a 

(37)  a«+a-l. 


Find  the  4^  power  of  each  ofthe  following  quantities:— 
(88)    2-x.  (^^)     i+2jr.  (40)     ax^h. 


Eztract  the  Square  root  of  each  of  the  following  quantities  : — 


(41)  4a«6«. 

(42)  9<y*. 

(43)  lOOa'ÄV. 

4a*6* 

(49) 
(50) 

(51) 

4a»+6»-4«l 
9**+6*+l. 

4 

(47)  l+«»-2«. 

(48)  4«»+4«+l. 

(58) 
%  cases :— 

-•-H1.-2. 

Complete  the  squan 

SS  in  each  of  the  followinj 

. 

(5^)    x'-12x. 
(54)    «»-14«. 

(59)     «'-y. 

(62) 

(55)  «»+11». 

(56)  «»+2«. 

(60)   «•+!*. 

(63) 

4  • 

(57)    »•-«. 

im 

T» 

(58)    «•+^. 

(61)  «•-!«. 

(64) 

'^    10' 

EASY  EXEBCISES. 


521 


Extract  the  Square  root  of  each  of  the  foUowing  quandties : — 

(65)  «'-^a'-Äa^+iaa'+pa'. 

(66)  «*+2«'-«+i. 

(67)  4**-  12jr'^+29<y'-304ry+25j:»y. 

(68)  9aV-12a»ft*+S4ÄW-20a»i+25a*. 


(69)    ?+&r-17*'-28x'+49J?*. 
4 

(71)    f*"-2*V4|^'. 


(72) 
(73) 


(74)     S+ 


9-18x^^4** 
S5+30x+9jf ' 

oV6*+2a6'+8a'4 


B*6" 


Extract  the  cube  root  of 

(75)  8-S6a+54a'-27«'. 

(76)  a'+S«'-5a*+Sa-l. 

(77)  125«'-S00x»^+240jry»-64/. 


EXERCISES. 
SimpliQr  the  following  expressions: 


(1)  ZttJl+SaJb+aJh. 

(«)  Tja+Slß-Si^ 

(8)  sJi+\0ji-Bj%. 

(*)  |V5+2>/5-|y5- 

(5)  Jii+j64,-J^, 

(6)  zJTi-sJi+iJöö. 

(7)  iyi+v8ö-i^. 

(9)  ^81+^-4^192. 
(10)  Sl/iÖ +9^035 -^l/ääö. 


(") 
(12) 

(18) 

(I*) 
(15) 

(16) 

(17) 
(18) 

(19) 
(90) 


•K. 

Js^- 1 6xy + 8/+y^. 
,Ja'b~6ab+96+^. 

-s/(«'-y)(*-3')V-^Sy*- 

V        8?       "^V  &?• 
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EXERC 
Simplify  the  foUowing  express 

(2)  ft^xSjSxsJS. 

(3)  ajaxhjbxcjc, 

(4)  ^x4^2x2^. 

(5)  Slßäx^lßäb. 

(7)  tßüxJ'i^xUW. 

(8)  sJax^ÜJax^il/a. 

(9)  BtpxZjl^xtß. 
(10)  äVoVxTÖV. 


SES.     L. 
Ions : — 

11)  ^Öx^xl/ix-^U 

12)  Ja*-\-abxJa'-ab. 

13)  (2^/s+3^)^(^/S-^/2). 

14)  {3jT2^ij2i)x{3^+JS). 

1 5)  (JaTö+Jb)  X  (7ä+6 -^). 

16)  (^a+a?+^a-J?)x(^a+«-^a-x] 

17)  Js+JS9^Js-j39> 

18)  ^/a»-^a•-«•x^/a•+,yi«^I^. 

19)  (a+Ji)x(b-^^). 

20)  (^Ja-^x-Ja-x)  x  ^a + *. 


EXERCISES.     M. 
Simplify  each  of  the  following  expreasions : — 

(1)  Jzäxy-i-Jbxy. 

(2)  6j^-^^J^\ 
(S)     UabJTWc^-SaJbc. 

(4)  Uj9ä'r2^'iä. 

(5)  lß?^J^. 

(6)  J^-rV^. 

(7)  fl-7^. 


S.i 


(10)  3x^-r-^ifäx. 

(11)  ^^7?W^-^/fl^. 

(12)  a^J^^.m^ 


— IIX 


EXERCISES.     N. 


Simplify  the  following  expressions :— 


(1) 

(2) 
(S) 
(4) 

(5) 


CJWxy. 


(6)  (^HfisPi^)'. 

(7)  ^7?. 

(8)  -J^'JsÜf. 

(9)  7^732. 
(10)  IjTttl+Vy*. 


(U)    'V(*«*-12a+9)*. 
(12)    ^a^b^cr. 
(13) 

(U) 


(15) 


(J^ßyjsy. 
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£XERCIS£a    0. 

Find  expressions  equivalent  to  each  o£  the  foUowing  tvilh  ratumai 
denominatort  .*— 


(0 


27*  * 


(5) 


(6) 


2 

J3+J2' 


(7)    -7= 


(8) 

(9) 


(10) 


3J2-2J3 

s+JE 
j 


1 


( 


( 


s) 


S-Ji 


*^  ;/3+^' 


5) 


6) 


slß-i 

X 


7)         ^    - 
Ua+ijx 


8) 


a-Ja'^x"' 


EXERCISES.    P. 


Extract  the  square  root  of  each 

(1)  7+271Ö. 

(2)  11+672. 

.    (S)  80-10^. 

(4)  S7+20J3. 

(5)  4J-^^. 

(6)  28*5^12. 

(8)  si-Jeöö. 

(10)  1A+n/2. 


of  the  following  quantitles  :«- 

11)  X'2jx^. 

12)  4x+2jij?^. 

13)  ia-zj^ax^x'. 

14)  a-^b^c^zjab-ac. 

15)  ^x-y-^Ji^'-Qxy. 

16)  a+Ja^^4a^. 
'17)  cuß^StaJax^a^. 

18)  1+Vl-«"' 

19)  i(fl+6)+7(^2X6::2). 

20)  2+2(1-x)Vi+2j:-«». 
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EA8Y  EXERCI8E8. 


EXERCISES.    Q. 


Find 

the  value  of  x  in  each  of 

the  foUo 

wing  equations  :— 

0) 

&r-10-5Jr-4.. 

(«) 

12-8««15-&r-d. 

(2) 

lSjt+l=9x+5. 

(9) 

121=14«+I-ÄJf+10. 

(3) 

Sx+S0-2x+S6. 

(10) 

500=30x+12+82jr-a. 

(4) 

4d:-2;p=24-x. 

(11) 

7d:-2jp+5-lÄ*-4jr-I5. 

(5) 

7x-11+5=8j?-9. 

(12) 

12x-64r+4arAte+84. 

(6) 

15-2ar+6«Sjr+l. 

(13) 

2x+^=3x-^ 

(7) 

S«-6=12-4a:-4. 

(14) 

15x-3^»3i+«. 

(15) 

-1=6. 

(26) 

S«     2x     1     X    ^. 

(16) 

2.-1=18. 

(27) 

X      X      X      X     ,^ 

(17) 

3 

(28) 

X       X        X      X 

(18) 

ix     2 

(29) 

Sx     2x     1     X    ^^ 
14     2l'*"s"4    **• 

09) 

3x    X         ^ 

(SO) 

3x     X    X      5       X 
7      4     6'"21     28' 

(20) 

5*6-^*- 

(31) 

«--T-H-ll-^'*- 

(21) 

«         «          1 

5     10"2' 

(32) 

X     2x    7x     '   .  ^ 
8      5^15     60     20* 

(22) 

«     «     2    «, 

*-2+3-r^i- 

(33) 

T-T"»-T*g-»« 

(23) 

2x     «     1 

(34) 

3*    7*    7x     ,,     S 
16*^15    20    *"    16* 

(24) 

7         5  +  5- 

(35) 

14«    8*    ,„,     2«    ^, 

3  T-^^i+ir"*- 

(25) 

X    X    X    i    S 
2~i"4'^i~i' 

(36) 

X    ^,      X     X     l6i 
4       '     54     2      5^ 

(37)  6x+2(ll-x)-S(ld-.x). 

(38)  3(x+l)+2(x+2)t:.S2. 

(39)  3x-2(5x+4)-2(4x-9). 

(40)  5(2x-2)-3C2x+l)=27. 

(41)  6(8-2x):*24-4(4x-5). 

(42)  45-.4(x-2)=5(x+«). 


(43)    7x=8. 


l-9x 


(44)  y+4=x-^. 

(45)  -^— g-._+io. 

(46)  l(x+6)~(l6-Sx)-4^ 
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(47)    i(S*+S)+^(7«-4)-^(7*+l)-2. 


6     4 


16 


5     1 


(48)     ->^+l-^  +  j 


X      X 


X     4i 


(50)     ±.^.41. 

(51)  f.+A•«v6^ 

^^^^    21  ^5^^y 


(53) 
(54) 

(55) 
{56) 

(57) 


9j?~16_12-4x    x~4 
36     "  4-5a?  '^■"T^ ' 
7J-fl6       x+S   _x 
""21         4*-ll''S* 
«-7  1  2X-15 

a?+7'*'2(jr+7)"  2«-6  ' 

3 2^5 

X    j:+i"'4(«+1)' 
17  10  l 


6a?+17    Sd?-10     l-2jr* 


2) 


5) 
6) 


9) 


EXERCISES.    R. 


Find  the  value  of  x  in  each 
1)     i/r2+x-2-f^i. 


2 


iJx+JiTx^—jzz. 

»Jx 

2+^3a?=^5a?  +  4. 

45 


of  the  foUowing  equations : — 

Jnx-¥l-Jnx    Jn^i 
J^x-^Js^Zx     S 


4)     7^+>/9+*= 


Js+x-^=2jT+x, 

7)  J2x-27a'^9ja-j2x. 

8)  ^«+4^+46=2^6+«—/^. 
2S-¥jx_g-^Sjx 
28^^""9+27i' 


(10) 


(10 

(12) 

(13) 
(14) 
(15) 
(16) 


^/2i-^/S-2Jr     2 ' 

IS-zJx^     £ 
13+2^jr-5*28' 

^4+JP-  yr+x  -  2jx-2. 
Jx'-\'2X'^J^'~2x = 2^5. 

^4+x=^x*+20x+9. 

7« +  ix=  i^l6x^+8x+320. 


EXERCISES.    S. 


Find  the  valties  of  x  and  ^  in  the  following  equations :— 


(1)       x+j^-17,1 

2x-.^=i  gj 
(2)    4x^7y=«ß, 


■] 


(3)     5x+^=32, 
3x-2y-14 

(i)       3x-7^=2, 
]1^-3xs2 


:1 
:} 
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(5) 


S«+4y=ll,l 
15ar-2y=ll.J 

(6)     13ar-6y=3ia 
llx-Sy=47J 


(T) 


12^-  «-34./ 

5x+ 2^=16,1 
9y+2jr=3lJ 

llx-7^-72,| 
7«-ll5f=  OJ 

(11)  S6j:-45^=  0,| 

2x+  5y=liJ 

(12)  9x+  5^«65, 


(«) 


(9) 


(10) 


74P-2i.y«25 


:} 


(13)  15«-^»14S,^ 
35y+jr=255j 

(14)  llar-lSi(=l6,| 

(15)  45  x+  8^=350,1 
21^-13d:=132J 


(16)     101jr-24y=63, 
103x-28^s29 


:} 


(17)  64*+  9qy-2S7,1 
6Sx-218ys  Sa/ 

(18)  Sjjr-4j.y=12,-> 

7*+   9y=6oJ 

(19)  8i.*+3y=  *5,1 
4i.*+10y-2l6.J 

(80)    4i.«-3i.y-6,-> 


(21)     3(4x-5jr)=2(«+y)+  S,j 
4(S«-2j^)-5(*-jf)+llJ 


(22) 


(23) 


(24) 


(25) 


8«+|=36, 


6y-2* 


8. 


y-1     5 


(26) 


18*9        ' 

-  +  ^  =28. 
9     18 


(27)    l+i^-26. 


--«-461 
2     7        ^^ 


(28)  i(*+i^)-i(2«+4)o 

i(*-y)=K*-24)J 

(29)  5(3*-5y)+S-i(ar+^), 


8 
8 


t3j:-ajr;+s-j(ar+^),j 
-i(*-2y)-|*+5y.J 


(SO)   K8*-7y)-K2»+y+iX\ 
8-K*-y)-6.  ; 
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(31) 


(32) 


(SS) 


3x+y         x+3y+\3 

~r" '^=    10    • 

3*4      ' 
7y    ,,    Sjc 


(34)     i*+iy=20, 
7^+ 4* =584. 


} 


(35) 


6(4r+j()-3(j?-5f)  =  89. 


(36)  ^-Sjr=l|, 

(37)  |  +  i=2, 
4»     3    ^, 


(38) 


4y-6 


^-« 


(39)  ^'-»--l^ 

(40)  |5f+l*=17; 


EXERCISES.     T. 
Find  the  values  of  x,  if,  x,  in  the  foUowing  equations : 


(1)  a?+y-6, 

(2)  2x4^=9, 
2y+x«15> 
22r+^=27« 

(S)     S4P+5y-34,j 

4x+2«=26,, 

5y+«=32.] 


(4)    9x+iqy=i80,| 

10^+1  lÄ=178; 
ll£+12^-196.] 


(5)    5^+g-41, 
4r  +  |«20i, 


i^+ 


1 

i-S4.J 


(6)    «+^+£-15, 
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(7)     J?+^  +  Ä=S6, 


(10)     ^(4P+y)+2«=21, 


3 
8x 


(8) 


(9) 


1        1       ,/. 


-£r)-S8j 


*+o(*+y 


(11) 


2f^^ 


3Jf+g«-8, 


(12)     Sj?+2y+- 


2jr 


EXERCISES.     U. 


(1)  What  number  is  that  which  added  to  its  half  makes  24? 

(2)  What  number  is  that  which  increased  by  two-thir«l8  of  ittelf 
becomes  20? 

(3)  What  number  is  that  of  which  the  half  ezceeds  the  third  part 
by  3? 

(4)  What  number  is  that  of  which  the  fourth  part  exceeds  the  fifth 
part  by  3  ? 

(5)  There  is  a  certain  number  which,  upon  being  diminished  by  6, 
and  the  remainder  multiplied  by  6,  produces  the  same  result  aa  if  it  were 
diminished  by  4,  and  the  remainder  multiplied  by  4.  What  is  the  num- 
ber? 

(6)  Divide  40  into  two  such  parts,  that  one-tenth  of  the  amaller  part 
taken  from  one-fiflh  of  the  greater  will  leave  5  for  a  remainder. 

(7)  Divide  25  into  two  such  parts  that  one  shall  be  three-fburthi  of 
the  oüier. 

(8)  Find  two  numbers  which  produce  the  same  result,  7i  whether  tbe 
one  be  subtracted  frora  the  other,  or  the  latter  be  divided  by  the  Former. 

(9)  Divide  £l  among  4  children  so  that  the  oldest  shall  have  \s,  man 
than  the  second,  the  second  is,  more  than  the  third,  and  the  third  If.more 
than  the  youngest 

(10)  Divide  a  line  33  feet  long  into  4  parts,  the  second  of  which  i<  1^ 
feet  greater  than  the  first,  the  third  2^  feet  greater  than  the  second,  and 
the  fourth  3^  feet  greater  than  the  third. 
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(11)  .A  banker  was  asked  to  pay  £lO  in  sovereigns^  and  half-crowns^ 
and  so  that  the  number  of  the  latter  should  bc  exactly  twice  that  of  the 
forraer.     How  must  be  do  it? 

(12)  Thirteen  Shillings  is  the  sum  of  exactly  ike  same  numher  of  Shil- 
lings, sixpences,  pence,  and  half-pence.     What  is  the  number? 

(13)  I  went  to  the  bank  with  a  cheque  for  6  guineas,  and  asked  to 
have  for  it  exactly  the  same  numher  of  sovereiffns,  half-sovereigns^  Shillings^ 
and  sixpences.    The  banker  was  puzzled:  wTiat  is  the  number? 

(14)  I  have  exactly  5  times  as  many  Shillings  as  half-crowns;  and 
altogether  my  money  amounts  to  £,S.     How  many  have  I  of  each  coin? 

(15)  A  father  is  4  times  as  old  as  his  son;  but  3  years  ago  he  was  7 
times  as  old  as  his  son.     What  is  the  age  of  each  ? 

(16)  The  ages  of  two  brothers,  who  difTer  only  by  a  Single  year, 
when  added  together  amount  to  the  age  of  their  father;  and  if  the  father's 
age  be  increased  by  one-fourth  of  that  of  the  eider  brother,  it  will  amount 
to  fourscore  years.     What  is  the  age  of  each? 

(17)  The  ages  of  a  man  and  his  wife  together  amount  to  80  year8> 
and  20  years  ago  the  woman  was  exactly  two-thirds  the  age  of  the  man. 
What  is  the  age  of  each? 

(18)  There  is  a  certain  fraction  whose  denominator  is  greater  than  its 
numerator  by  1 ;  and  if  1  be  taken  from  the  numerator  and  added  to  the 
denominator,  the  fraction  becomes  equal  to  ^.     What  is  the  fraction? 

(19)  A  certain  fraction  has  its  numerator  less  than  its  denominator  by 
2,  and  if  1  be  taken  from  the  numerator,  and  the  numerator  be  added  to 
the  denominator  to  form  a  new  denominator^  the  resulting  fraction  is 
cqual  to  \.     What  is  the  fraction? 

(20)  A  boy  being  asked  to  divide  one  half  of  a  certain  number  by 
4,  and  the  other  half  by  6,  and  to  add  together  the  quotients,  attempted 
to  obtain  the  required  result  at  one  siep  bv  dividing  the  whole  number  by 
5;  but  his  ans  wer  was  too  small  by  2.     What  was  the  number? 

(21)  Find  the  time  between  12  and  1  o'clock  when  the  hour  and 
minute  hands  of  a  clock  point  exactly  in  opposite  directions. 

(22)  A  person^  bein^  asked  what  o'clock  it  was,  answered  that  it  was 
between  1  and  Z,  and  that  the  hour  and  minute  hands  were  together. 
Required  the  time  of  day. 

(23)  A  servant  is  dispatched  on  an  errand  to  a  town  8  miles  off,  and 
walks  at  the  rate  of  4  miles  an  hour :  ten  minutes  afterwards  another  is 
sent  to  fetch  him  back^  Walking  4^  miles  per  hour.  How  far  from  the 
town  will  the  latter  overtake  the  former  ? 

(24)  A  Student  has  just  an  hour  and  a  half  for  exercise.  He  Starts  off 
on  a  coach  which  travels  10  miles  an  hour^  and  after  a  time  he  dismounts, 
and  walks  home  at  the  rate  of  4  miles  an  hour.  What  is  the  greatest 
distance  he  can  travel  by  the  coach,  so  as  to  keep  within  his  time? 

(25)  A  cistern  which  holds  820  gallons  is  filled  in  twenty  minutes  by 
3  pipes,  one  of  which  conveys  10  gallons  more,  and  another  5  gallons 
less,  per  minute,  than  the  third.  How  much  flows  through  each  pipe  per 
minute? 
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(26)  A  man  and  a  boy  engaged  to  draw  a  field  of  tumips  for  21«. 
but  when  two-fifths  of  the  work  was  done,  die  boy  ran  away,  and  the  man 
then  finished  it  alone.  The  consequence  was  tbat  the  work  occupied  li 
days  more  than  it  should  have  done.  Now  the  boy  could  do  only  hau 
a  raan's  work^  and  is  paid  in  proportion.    What  did  each  receive  per  day? 

(27)  The  date  of  the  accession  of  Gko.  III.  is  represented  by  1800-8J, 
that  of  Geo.  IV.  by  18(K)+|^.2x,  that  of  Will.  IV.  by  1800+ ^.ax;  and 
if  Geo.  Ill.rd's  reign  be  increased  by  2x,  it  will  amount  to  100  yean. 
What  are  the  actual  dates? 

(28)  Her  Majesty  Queen  Victoria  was  bom  May  24,  a.D.  jt,  and 

Prince  Albert  was  bom  Aug.  26,  a.D.  x+1.  Now  their  united  ages  on 
the  26th  of  Aug.  1848  amounted  to  Ikree  times  the  age  of  Prince  Albert 
on  the  birth-day  immediately  preceding  bis  marriage,  which  took  place 
Feb.  10,  1840.     What  is  the  year  of  our  Lord  in  which  each  was  bom? 

(29)  The  interest  of  the  National  Debt  being  reckoned  at  30  miUioni 
Sterling  per  annum,  and  3  per  cent.  the  average  rate  of  interest  paid, 
what  reauction  in  the  rate  of  interest  would  give  the  same  relief  to  tax- 
ation  as  the  paying  off  200  millions  of  debt,  and  allowing  the  interest  to 
be  paid  on  the  remainder  to  continue  the  same? 


(80)  Says  Charles  to  William,  if  you  give  me  10  of  your  marUes,  I 
shall  then  have  just  ttvice  as  many  as  you :  but  says  William  to  Cluu'lesi,  If 
you  give  me  10  of  yours,  I  shall  then  have  three  imes  as  many  as  you. 
jflow  many  had  each? 

(31)  A  man,  who  has  two  purses  containing  money,  receives  £lO  to 
add  to  them,  and  finds  that  if  he  puts  £5  into  each,  one  will  then  contain 
exactly  twice  as  much  as  the  other,  but  if  he  puts  the  whole  £lO  into  that 
which  already  contains  the  most,  its  Contents  will  be  just  three  times  the 
value  of  the  other.     How  much  was  there  in  each  purse  to  begin  with? 

(32)  A  party  consists  of  men  and  woraen,  and  there  are  6  men  to 
every  5  women ;  but  if  there  had  been  2  men  less  and  2  women  moR^ 
the  number  of  each  would  have  been  the  same.    How  many  are  there? 

(83^  A  clergyman,  who  had  a  dole  of  £5.  10«.  to  distribute  amongst 
a  certam  number  of  old  men  and  widows,  found  that,  if  he  gave  them  3«. 
each,  he  would  be  Is.  out  of  pocket;  but,  if  he  gave  each  of  the  men 
2«.  2(f.  and  each  of  the  widows  3«.  M.^  he  would  have  6d*  to  spare.  How 
many  were  there  of  each? 

(34)  There  is  a  certain  fraction  which  becomes  equal  to  ]^,  when  both 
numerator  and  denominator  are  diminished  by  1 ;  but,  if  2  be  taken  firooi 
the  numerator  and  added  to  the  denominator,  it  becomes  equal  to  i. 
What  is  the  fraction  ? 

(SB)  What  is  the  fraction  in  which  twice  the  sum  of  the  numerator 
and  denominator  is  equal  to  three  times  their  difference?  , 

{ß6)  Find  two  numbers  such  that  one  shall  be  as  much  above  10,  at 
the^  other  is  below  it,  and  one-tenth  of  their  sum  equal  to  one*fourth  of 
their  difference. 
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(37)  Find  two  numbers  such  that  the  half  of  one  added  to  a  third 
of  the  other  is  12,  but  a  third  of  tibe  fonner  added  to  half  the  other  is  IS. 

(38)  A  person  has  two  casks  with  a  certain  quantity  of  wine  in  eadi. 
He  draws  out  of  the  first  into  the  second  as  much  as  there  was  in  the 
second  to  begin  with :  then  he  draws  out  of  the  second  into  the  first  as 
much  as  was  left  in  the  first:  and  then  again  out  of  the  first  into  the  second 
as  much  as  was  lefl  in  the  second.  There  are  then  exactly  B  gallons  in 
each  cask.     How  much  was  there  in  each  at  first? 

(39)  In  the  course  of  last  Century  the  change  took  place,  called  ^the 
change  of  Style*,  which  consisted  in  beginning  the  year  witn  Jan.  I,  instead 
of  March  25,  as  heretofore,  and  for  mat  year  only^  calling  the  day  after 
Sept  2,  the  14*^,  instead  of  the  3"*.  Now  the  year  of  our  Lord  in  which 
this  happened,  possesses  the  following  properties: — The  first  digit  beinff  1 
for  thousands,  tue  second  is  the  sum  of  tne  third  and  fourtfa,  the  third  is 
the  ikird  part  of  the  sum  of  all  four^  and  the  fourth  is  the  fourih  part  of 
the  sum  of  the  first  two.     Determine  the  year. 

(40)  Iron/worth  <£10  in  its  raw  State,  is  manufactured  half  into  knife- 
blaues,  and  half  into  razors^  and  is  then  worth  £444.  But  ifone-ihird  of 
it  had  been  made  into  razors  and  the  rest  into  knife-blades,  the  produce 
would  have  been  worth  £30  more  than  in  the  former  case.  How  much 
is  the  value  of  the  original  material  increased  by  these  respective  hianu- 
factures? 


EXERCISES.    V. 
Find  the  values  of  x  in  each  of  the  following  equations:— 


(I)    S*'-.5=^+7. 


(2)  (j?+l)"=24P+17. 

(3)  (jr+2)'=4a?+5. 

(4)  (2ar-5)*=Ä'-2ap+73. 

(5)  ;r«-?^=3-^*'"^ 


(6) 


2j'+10 
15 


-7- 


3 

50+a^ 
25 


(8)  13f--=2*'~8|. 

(9)  J_  +  «L=8. 

12  5 

^^^^     ?~S?+l"4(Sa?'+l)* 

^    ^         21       ""80^-11  ■  3 


(13) 

«•=8*+ia 

(14) 

*'=5«-4. 

(15) 

«»-9*=«-l6. 

(16) 

«•-14*=120. 

(17) 

Iix-i0=x\ 

(18) 

4c-«»a4. 

(19)  7«-«'-6. 

(20)  x-x'-SO. 

(21)  *»+|=S. 

(22)  «•-^=27. 


(SS)  «•+^-C3. 

(24)  9*-5**'-2J- 

(S5)  ln-3^-6. 

(87)  »"-I-St- 

(28)  ll**-9*=lli. 

(29)  3«'-5r+2=0. 

(SO)  1;.--1.-2|.0, 


(38)  |«'-|«-1|- 

(3S)  5(«*+l)-S(*-l)-22. 

(34)  «*-4=l6-(*-2)'. 

(35)  3(;r-2y-3-8(*+2). 

(36)  j(x'-3).l(.-S), 

(37)  3(2-«)+2(3-*)-2(4+&t")- 

(38)  «■+(«-tl)'.^«(»+l). 


EASr  BXEBCI8E8. 
(40) 
(41) 


s(,-l)- 


-ß. 


ä+5=- 


(42) 
(43) 
(44) 
(45) 
(46) 

(47) 

(48) 

(49) 
(50) 
(51) 

(52) 


165 
*+10' 

4»+4V«+2=7- 

5-«  « 

S«-7    ,,    *(*-gA) 

3»-7      a-1   "    ' 


7*+ 1  ^  SO         g 

Sx~5     135     te+5 
is*+5     n6~Sx~5' 

Sx-Z*  Sx+2^   8Jt+Ä    ■ 

gj+a^ 

10-« ~ 25-3* 
jr-t-S        5    ^8*+l* 
«+12 '"'«+4°'  S«+8  * 


-6i. 


EXERCISES.    W. 

Find  the  ralues  ot « in  each  of  the  following  cquations  :— 
(!)•  Sa*+9xS5. 
(S)     5«'-9«+«J-0. 

(3)  7«*-n«=6. 

(4)  («-iK-(«+*)*+26=0. 

(5)  «+67*=27. 

(6)  «^-ftt-^S?. 

(7)  «^--^„3^ 

*  Thii  Bpd  the  thtee  foUowIiig  bx  the  Iliaiho  metbod. 
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(8)  «+4+V«+4=12. 

(9)  «•=21+7?^. 

(10)  x-Jx+ö^h 

(11)  2x-hj9x+3=S. 

(12)  x*+  67«'-2jr+  5=11  +  2x. 

(13)  2«'+3«~5^2«V3«+9+3=0. 

(14)  9*-4«*+V4«'-9j?+11=ä- 

(15)  3x(3-«)=ll-47a^'-3«+5. 


EXERCISES.    X. 

(1)  Find  the  two  consecutive  numbers  whose  product  is  156. 

(2)  Find  the  three  consecutive  numbers  whose  sum  is  equal  to  the 
product  of  the  first  two. 

(3)  Divide  20  into  two  such  parts,  that  one  is  the  Square  of  the  other. 

(4)  Divide  210  into  two  such  parts^  that  one  is  the  Square  of  the  other. 

(5)  Divide  25  into  two  such  parts^  that  the  sum  of  their  Squares  shall 
be  313. 

(6)  Divide  30  into  two  such  parts^  that  the  difference  of  their  Squares 
shall  be  300. 

(7)  The  product  of  two  numbers  is  144,  and  if  each  number  be 
increased  by  2,  their  product  will  then  be  200.     What  are  the  numbers  ? 

(8)  Find  the  number  whose  Square  exceeds  the  number  itself  by  156. 

(9)  Find  the  fraction  which  is  greater  than  its  Square  by  %, 

(10)  The  sum  of  £4.  10^.  is  equally  divided  among  a  certain  number 
of  persons,  and  each  receives  as  many  half^crowns  as  there  are  persons 
alto<rether.    What  is  the  number  ? 

(11)  A  person  bought  a  lot  of  pigs  for  £4. 1&.  which  he  sold  again  at 
13^.  6d*  per  head,  and  gained  by  the  whole  as  much  as  one  pig  cost  him. 
What  number  did  he  buy  } 

(12)  A  gardener^  who  had  no  knowledge  of  Arithmctic,  undertook  to 
plant  a  certain  number  of  trees  at  equal  distances  apart,  and  in  the  form 
of  a  Square.  In  the  first  attempt,  when  he  had  finished  his  Square^  he  had 
1 1  trees  to  spare.  He  then  added  one  of  these  to  each  row,  as  far  as  they 
would  go,  and  found  that  he  wanted  24  trees  more  to  complete  his  square. 
How  many  trees  were  there  ? 

(1 3)  A  printer,  reckoninp;  the  cost  of  printing  a  book  at  so  much  per 
page,  made  the  whole  book  come  to  £l6.  It  tumed  out  however  that  the 
book  contained  5  pagcs  more  than  he  reckoned,  and  an  abatement  also  was 
made  o^  2  Shillings  per  page.  He  received  £l3.  10#.  How  many  pages 
did  the  book  contain  ? 
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(14)  There  are  4  consecutive  numbers,  of  which  if  the  first  two  bc 
taken  for  the  digits  of  a  number^  that  number  is  the  product  of  the  other 
two.     What  are  the  4  numbers  ? 

(15)  Two  trains  Start  at  the  same  tune  to  perfonn  a  joumey  of  156 
miles,  but  one  travels  a  mile  an  hour  faster  than  the  other  and  reaches  the 
end  of  its  joumey  just  one  hour  before  the  other ;  at  what  rate  did  each 
train  travel? 

(16)  A  Student  travelled  on  a  coach  6  miles  into  the  country,  and 
walked  back  at  a  rate  5  miles  less  per  hour  than  that  of  the  coacfa.  He 
found  that  he  was  50  minutes  more  in  retuming  than  going.  What  was 
the  speed  of  the  coach  ? 

(17)  A  person  distributed  £5  in  equal  portions  among  a  certain  num- 
ber of  poor  men ;  and  another  person  did  the  same^  but  by  givinff  each 
man  a  snilling  less^  relieved  5  more.  What  was  the  number  of  reapients 
in  each  case  ? 

(18)  A  person  distributed  £86  in  equal  portions  among  the  poor  of  a 
certain  place.  The  next  year  the  same  amount  was  distributed,  but  the 
number  of  recipients  was  diminished  by  6,  and  consequently  each  received 
Is.  Sd.  more  than  in  the  year  before.  What  was  the  number  of  recipients 
in  each  year? 

(19)  Two  travellers  A  and  B  Start  at  the  same  time  from  two  places 
distant  180  miles  to  meet  each  other.  A  travelled  6  miles  per  day  more 
thui  B,  and  B  travelled  as  many  miles  per  day  as  was  equal  to  twice  the 
number  of  days  before  they  met.  How  many  miles  did  each  travel  per 
day? 

(20)  Twenty  persons  contribute  to  send  a  donation  of  £2.  Ss.  to  the 
Societv  for  Promoting  Christian  Knowledge^  one  half  of  the  whole  being 
fumished  in  equal  portions  by  the  women,  and  the  other  half  by  the  men; 
but  each  man  gave  a  Shilling  more  Uian  each  woman.  How  many  were 
there  of  each  sex,  and  what  did  each  person  contribute  ? 

(21)  A  person^  who  can  walk  forwards  four  times  as  fast  as  he  can 
walk  backwards,  undertakes  to  walk  a  certain  distance  (one-fourth  of  it 
backwards)  in  a  stated  time.  He  finds  that,  if  bis  speed  per  hour  back- 
wards  were  one-fifUi  of  a  mile  less,  he  must  walk  forwards  2  miles  an 
hour  faster,  to  gain  bis  object    What  is  bis  speed? 


EXERCISES.    Y. 

Find  the  integral  values  of  ar  in  the  following  '  Inequalities': — 

(1)  2ap-5>31,  and  Sa:-7<2«+13. 

(2)  x+7<15j  and  2jr+10>20. 

(3)  7«-15>4«+S0,  and  ~«--a?<3. 

(4)  ^.x^^-x<Sy  and  3j.jf--x>5. 

3  2 
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Solve  the  foUowing  '  Inequalities':— • 
(5) 


5      5 
o       0 


(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 
(14) 


3       2     2       1 
— J?+— >  — «H — . 

2      3     3       2 


a     b 


If  T  be  any  fraction  whatever.  shew  that  r  +  ~>2. 

If  a  and  x  be  both  positive,  shew  that  a^^3f>aa^-^a*x,  unless 

Which  is  ffreater  ^  or  ^? 

Shew  that  2;i^>  or  <a?+lj  aecording  as  «>  or  <1. 

If  a>b,  and  both  positive^  shew  that 

a*-h*<3a\a-b),  and  >3b\a--b). 

Which  is  greater  J2+J7  or  Js+JE} 

Shew  that =^>  the  least  and  <  the  greatest  of  the  fractions 

iiiy+  nx  ° 


EXERCISES.    Z. 

« 

Find  the  value,  or  measure^  of  eaeh  of  the  following  Ratlos: 


(1)  Sai  15a. 

(2)  2«  :  lO«*. 

(3)  ax  :  6x. 

(4)  a^ :  6c. 

(5)  axy  :  2:r. 

(6)  Sahx :  2a'ar. 

Simplify  eaeh  of  the  following  Ratlos : 

(13)  5««  :  4«. 

(14)  I6xy  :  20*\ 

(15)  ^ax  :  |6a?. 


(7)  a'jw: :  Sacx. 

(8)  3d^y  :  124py. 

(9)  flc+6c :  c*. 

(10)  2a«+«' :  I7MP. 

(11)  l-«*:!-«. 

(12)  fl«-6«:ö+i. 


(17) 


(18) 


1x2x3  *  2x3x4* 

— - — -—  axr  i  nax  • 

1x2 


(16)     2x'j^:K- 

(19)  Which  is  the  greater  15  :  16,  or  I6 :  17? 

(20)  Which  is  the  greater  2ax  :  Sby^  or  3a  :  2ft,  when  ar :  y  ::  2  ;  1? 

(21)  What  is  the  ratio  coropounded  of  2a  :  6,  and  bxi  a} 
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(22)  Compound  the  ratios  a-i-x  i  Xy  and  x^ :  cf-^j^* 

(23)  Compound  the  ratios  a  :  1,  2a  :  Ij  and  Sa:  1. 

(24)  Divide  27  into  two  parts  in  the  ratio  of  7  :  2« 

(25)  Divide  20  into  3  parts  such  that  the  ratio  of  the  first  two  sl 
be  2  :  5,  and  that  of  the  last  two  5:3. 

(26)  Find  two  numbers  in  the  ratio  of  1  ^  :  2|,  and  such  that,  wl 
eaeh  number  is  increased  by  15,  they  shall  be  in  the  ratio  of  1§  :  2^. 

(27)  The  numbers  of  boys  in  the  three  classes  of  a  school  were  as  t 
numbers  5,  7>  8.  At  the  next  inspection  the  first  dass  was  found  increai 
by  4  boysy  the  2nd  had  gained  two-sevenths  of  its  former  number,  t 
3rd  was  doubled-— >and  the  whole  number  of  additional  scholars  was  . 
What  were  the  numbers  in  the  classes  at  the  Ist  inspection  ? 


EXERCISE8.    Za. 


(1)  Find  a  4*^  proportional  to  a,  Qa,  and  3a. 

(2)  Find  a  4^^  proportional  to  1^,  2^,  and  3^. 

(3)  Find  a  4^^  proportional  to  a— «,  a*— x*,  and  a+ar. 

(4)  l£  a  :  b  ::  c  :  J,  shew  that  5a  :  6b  ::  5c  :  6d. 

(5)  If  a:b  ::c  :dy  shew  that  |fl  :  ^b  ::  |c  :  ^d. 

(6)  If  2a  :  6  ::  6  :  2c,  shew  that  a  :  c  ::  4a* :  b\ 

(7)  Convert  the  proportion  a  :  a+x  ::  a-x  :  b  into  an  equation. 

(8)  Convert  x  \  y  w  y  '.  Za~x  into  an  equation. 

(9)  If  a-^x  :  a-x  ::  11 :  7,  find  the  value  of  a  :  x. 

(10)  Find  two  numbers  in  the  ratio  2  ;  3,  and  the  sum  of  which 
their  product ::  5  :  12. 

(11)  The  Ist,  Srd,  and  4th,  terms  of  a  proportion  are  ojt,  Scjf,  ai 

— - ,  what  is  the  second  term  ? 
a 

(12)  There  are  two  numbers  in  the  ratio  3  :  4,  and  if  eaeh  of  thei 
be  increased  by  5,  the  resulting  numbers  are  in  the  ratio  4  :  5.  What  ai 
the  numbers  ? 

(13)  K  a  :  b  ::  b  :  Cy  and  b  :  c  ::  c  :  d,  shew  that  a+&  :  b  +  c  ::  A4 
:  c+cf. 

(14)  If  6x-a  :  4ar-/;  ::  3x^b  :  2:r+a,  find  x. 

(15)  Shew  that  a  :  6  is  double  of  the  ratio  a+c  :  6  +  c,  if  c  be  a  niea 
proportional  between  a  and  b. 

(16)  Find  the  ratio  of  the  value  of  a  gold  coin  to  a  silver  one,  whe 
13  gold  coins  together  with  12  silver  ones  are  worth  3  times  as  much  a 
3  gold  and  40  silver. 
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(17)  l£  a  i  b  ::  c  :  df  shew  that  (a+by  :  ab  ::  {c-\-dy  :  cd, 

(18)  Find  two  numbers,  the  greater  of  which  :  the  Icss  ::  their  sum 
:  42,  and  ::  their  difference  :  6. 

(19)  Divide  the  number  n  into  two  parts  so  that  one  shall  be  to  the 
other  in  the  ratio  n  :  1. 

(20)  There  are  two  vessels^  A^  B,  each  containing  a  mixture  of 
water  and  wine^  the  wine  :  water  in  A  ::  2  :  3,  and  in  jS  ::  3:7*  What 
Proportion  of  each  must  be  taken  to  form  a  third  mixture  in  which  the 
water  :  wine  ::  5  :  11? 


EXERCISES.    Zb. 

(1)  Given  that  yoc«,  and  when  «s^S,  y-20,  State  the  resulting  pro« 
portion, 

(ß)  If  yooxy  and  when  «=2,  ^»4a^  find  the  cqualion  between  x 
and  y. 

(3)  If  ^ocinversely  as  x,  and  when  x=^,  y-^9  find  the  equalion 
between  x  and  y* 

(4)  If  l+«ocl-4?,  shew  that  1 +«•««• 

(5)  If  2ar+Sycc4a:+5y,  shew  that  xozy, 

(6)  If  «•ocy*,  and  a?=2,  when  y=S,  find  the  equation  between  x 
and  ^. 

(7)  If  5^=  the  sum  of  3  quantities,  of  which  the  Istecdr*,  the  2nd 
OCX,  and  the  3rd  is  constant;  and  when  x=l,  2,  3,  ^=6,  11,  18,  respect- 
ively,  find  the  equation  between  x  and  y. 

(8)  If  ^athe  sum  of  3  quantities,  of  which  the  Ist  is  constant,  the 
2nd  ocjr,  and  the  3rdoca:*.  Also  when  x-S,  5,  7>  y-0,  -12,  -32,  respcct« 
ively.     Find  the  equation  between  x  and  y. 

(9)  Given  that  the  solid  content  of  a  globe  varies  as  the  cube  of  its 
diameter,  what  is  the  diameter  of  a  globe  formed  by  melting  dovm  two 
other  globes  whose  diameters  are  6  in.  and  7  in.  ? 

(10)  What  ratio  does  the  solid  content  of  a  globe  whose  diameter  is 
4  in.  bear  to  that  of  a  globe  whose  diameter  is  8  in.  ? 

(11)  Given  that  the  illumination  from  a  source  of  h'ght  varies  in* 
verseil/  as  the  Square  of  the  distance,  how  much  farther  from  a  candle  must 
a  book,  which  is  now  8  inches  off,  be  removed,  so  as  to  receive  just  half 
as  much  liglit? 

(12)  Given  that  the  content  of  a  cylinder  varies  as  its  height  and  the 
Square  of  its  diameter  jointly^  compare  the  Contents  of  two  cylinders,  one 
of  which  is  Iwice  as  high  as  the  other,  but  with  only  half  its  diameter. 
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EXERCISES.    Zc. 
Find  the  15th,  and  the  20th,  terms  in  ea^h  of  the  foUowing  series  :— 


(1)  1,  6,  11,  &c. 

(2)  16,  15,  14,  &c. 

(3)  J,  §,  1,  &c. 


(4)  tnx,  2mx,  3mx^  &c. 

(5)  1+Jf,  l+S«,  1+5«,  &c 

(6)  3,  ^,  -g-'  *"• 


Find  the  sum  of  20  terms  of  each  of  the  foUowing  series :— * 


(7) 

(8) 

(9) 

(10) 

(") 
(12) 

(13) 

1,  6,  11,  &c. 
5,  8,  11,  14,  &c 
100,  110,  120,  &c. 
100,  97,  94,  &C 
15,  11,  7,  &c. 
h  |.  1.  &C. 
i.  |.  1,  &c. 

(14)  nu,  Zmx,  Smx,  &c. 

(15)  3*,  5*,  7*,  &c 

(16)  i,  -,  -,  &C. 
^    '    a'  fl'  a 

(17)  25a,  24a,  23a,  &c. 
^**^      10  •    10  '    10  •  ^ 

(19) 

Find  the  Arith.  Mean  between  -  and  - . 

4         9 

(80) 

Find  the  Ariih.  Mean  between  l+x,  and  \-*, 

(81) 

Find  the  Arilh.  Mean  between  -  and  - . 

2           Z 

(22) 

Insert  2  Arilh.  Mean»  between  5  and  14. 

(23) 

Insert  3  Arith.  Means  between  1  and  8. 

(24) 

Insert  4  Arith.  Meant  between  100  and  80. 

(25)  There  is  a  series  of  terms  in  Arith.  Prog.  of  which  the  sum  of 
the  first  two  terms  is  2^,  and  the  4th  term  is  2^.    What  is  the  series? 

(26)  The  first  and  last  of  40  numbers  in  Arith.  Prag,  are  1^,  and 
1| ;  what  are  the  intervening  terms?  And  what  is  the  sum  of  the  whole 
series? 

(27)  An  insolvent  tradesman  agreed  to  pay  a  certain  debt  by  weeklv 
instalments,  beginning  with  5s.  and  increasing  by  Ss.  every  week.  His 
last  payment  was  £\  5.  2^.  For  how  many  weeks  did  he  pay,  and  what 
was  the  whole  amount  of  his  debt  ? 

(28)  Find  the  series  in  a.p.  in  which  the  sum  of  first  5  terms  is  one<* 
fourth  of  the  sum  of  the  next  5  terms,  the  first  term  being  1. 

(29)  How  many  terms  of  the  series  1,  3,  5, 1,  &c.  amount  to  1234321  ? 

(30)  The  sum  of  n  terms  of  a  series  in  a.p.  is  3>t  +  5fi',  find  the  6th 
term. 
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EXERCISES.    Td. 

Find  the  ^Common  Ratio'  in  each  of  the  following  series  in  Geam. 
Prog.:-^ 


(1)  100,  200,  400,  &c 

(2)  2i,  5,  10,  &c. 

(3)  ^,  1,  3,  &c, 

(4)  |,  i,  1,  &c. 


(5)  !>  sj^&c. 

(6)  0-1,  O'OI,  O-OOI,  &c. 

(7)  1-25,  2-5,  5,  &c. 

(8)  ox,  2a';r,  4a*«,  &c 

(9)  ^,,  ^,  ^,  &c. 


(10)  The  first  two  terms  of  a  series  in  Geam,  Prog.  are  - ,  and  1« 
what  are  the  next  two  terms  ? 

* 

(11)  The  first  two  terms  of  a  series  in  Geom.  Prog.  are  125,  and  25, 
what  are  the  6th  and  7th  terms? 

(12)  Find  the  sum  of  5  terms  of  a  series  In  Geom,  Prog,  of  which  the 
Ist  term  is — ,  and  the  5th  is  9* 

(13)  Find  the  sum  of  4  terms  of  a  series  in  Geom.  Prog,  of  which  the 

Ist  term  is  ;— ,  and  the  4th  is  2. 
27 

(14)  Find  the  Geom.  Mean  between  SO,  and  7^- 

1  3 

(15)  Find  the  Geom.  Mean  between  -,  and  -r. 

o  4 

(16)  Insert  two  Geom.  Means  between  5,  and  320. 

(17)  Insert  two  Geom.  Means  between  1,  and  -. 

o 

(18)  Insert  three  Geom.  Means  between  6,  and  486« 

(19)  Insert  three  Geom.  Means  between  100,  and  2jt. 

(20)  Which  is  greater  the  Arith.  Mean,  or  the  Geom.  Mean,  between 
1  and  -  ?  and  how  mach  greater  ? 

(21)  Are  -,  «,  ary  in  Georn.  Prog.?  and  if  so,  what  is  the  'Common 
Ratio'? 

(22)  A  series  of  terms  are  in  Geom.  Prog.;  the  sum  of  the  first  two 
is  1^,  and  the  sum  of  the  next  two  is  12.     Find  the  series. 

(23)  A  farmer  sowed  a  peck  of  wheat,  and  used  the  whole  produce 
for  seed  the  following  year,  the  produce  of  this  2nd  year  again  tor  seed 
the  3rd  year,  and  the  produce  of  this  again  for  the  4th  year.  He  then 
sells  his  stock  after  harvest,  and  finds  that  he  bas  126561  hushels  to  dis« 


540  KA8Y  £X£RCISES. 

pose  of.    Supposing  the  increase  to  havc  been  always  in  the  same  propor- 
tion  to  the  seed  sown,  what  was  the  annual  increase  ? 

(24)  If  a  servant  agrees  with  his  master  to  receive  for  bis  wages^  a 
farthing  for  the  Ist  month,  a  penny  for  the  Qnd,  fourpence  for  the  3rd,  and 
so  on ;  what  will  twel ve  months'  wages  amount  to  ? 


EXERCISES,    Ze. 

(l).  The  first  3  terms  of  a  series  in  h.p.  are  3,  4,  6;  what  are  the 
next  2  terms  f 

(2)  The  first  2  terms  of  a  series  in  h.p.  are  a,  and  b,  find  the  next 
2  terms. 

(3)  Two  terms  in  a  series,  which  is  in  h.p.^  are  -,  and  7»  what  are 

X  4 

the  2  terms  immediately  preceding  ? 

4 

(4)  Continue  as  far  as  3  terms  more  the  series  2^  -,  I. 

(5)  If  a^  bj  c  he  in  h.p.,  shew  that  a  :  c  ::  2a-b  :  b, 

(6)  Shew  that  a,  b,  c  are  in  a.p.,  o.p.,  or  h.p.,  according  as 

a—b     a     a  a 

1 —  =  -  >  >"  >  or  - . 

(7)  Find  the  Harm*".  Mean  between  2  and  6. 

3  3 

(8)  Find  the  Harm^  Mean  between  -  and  —-. 

(g)     Insert  Itvo  Harm^  Means  between  1  and  2. 

(10)  Insert  two  Harm^  Means  between  2|  and  6. 

(11)  Insert  three  Harm*.  Means  between  1  and  -. 

3  3 

(12)  Insert  three  Harm^  Means  between  -  and-—-. 

4  10 

(13)  The  Arith*.  and  Harm".  Means  between  two  numbers  are  2,  and 
1^,  respcctively.     What  are  the  numbers? 


EXERCISES.     Z/. 

(1)  In  how  many  different  ways  may  a  class  of  9  boys  stand  up 
to  read? 

(2)  With  a  peal  of  6  bells  what  difference  will  be  made,  in  the 
number  of  changcs  which  can  be  riing,  by  the  abscnce  of  one  ringer  ? 

(3)     If  the  number  of  permutations  of  n  things  4  together'=]2  times 
the  number  taken  2  together,  find  w. 
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(4)  If  the  nuraber  of  permutaiions  of  n  things  3  together=6  times 
the  number  of  comhinattons  of  n  things  4  together,  find  li, 

(5)  The  number  of  permutatioi^  of  n  things  r  together  :  number 
taken  (r— 1)  together  ::  10  :  1;  and  number  of  comhinattons  r  together  : 
number  (r-l)  togedier  ::  5  :  S ;  find  n  and  r. 

(6)  Find  the   number  of  combinations  of  100  things   taken   98 
tJier. 

(7)  In  how  raany  ways  can  4  men  be  taken  out  of  20  ? 

(8)  Out  of  a  dozen  friends  how  many  different  parties  may  be  made 
consisting  of  no  more  than  8  ? 

(9)  The  number  of  combinations  of  (n+l)  things  4  together =9 
times  the  number  of  combinations  of  n  things  2  together ;  find  n. 

(10)    Find  tlie  number  of  permutations  of  the  letters  in  the  word 
'Susannah'  taken  all  together. 


EXERCISES.    Zg. 
Expand  the  following  powers  of  a  binoroial : — 


(1)     (1+^y. 
(3)     (a+6y. 


(4)  (a^by. 

(5)  (*+2^)*. 

(6)  (fl-3ar)». 


(7)  {i+^y. 

(8)  (m+fix)*. 

(9)  (a'+by. 


(10)  (fl +  &*)•. 

(11)  (a»-«*)*. 

(12)  («vxy)». 


(13)  Find  the  6***  term  (independently  of  the  rest)  in  the  expansion 
of  (a+^xy. 

(14)  Find  the  10»»»  term  in  (2a +6)". 

(15)  Find  the  8"»  term  in  (a-xy. 

(16)  Find  the  term  containing  «^  in  (a-bxy. 

(17)  Find  the  term  containing  «**  in  (a-x)^. 

(18)  Find  the  4»»»  term,  and  the  98%  in  {a^by^. 

(19)  Find  the  middle  term  of  (a-6)". 

(20)  Find  the  middle  term  of  (2a^-biy\ 

Expand  the  following  fractional  powers  of  a  binomial : 


(21)  (fl+«)». 

(22)  (a-*)l.. 


(23)  (l+2ar)i. 

(24)  (l-.3ar)i 


(25)  (a:t+6y)^. 

(26)  (2a*-3J0*. 


Expand  the  following  negative  powers  of  a  binomial:— 


(27)  {a+xy. 

(28)  (a-a?)-». 


(29)  (1+2*)-«. 

(30)  (1-3*)-^ 


(31)  (fl«-«*)-?. 

(32)  (a*- **)"*• 


(38)    Find  the  5*  term  of  (aar-6j^) 


-10 
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(S4)     Find  thc  5'^  term  of  («•-«^S. 
(35)    Find  the  4'^  term  of  (««-«•)-*. 


(36)     Expand  (l+2i 

r+S«-)\ 

(39) 

Expand  (l+2jf-S4r')*. 

(37)     Expand  (a^b 

-c)'. 

(40)     Expand  (1-x-arV- 

(SB)    Expand  (l-Jx+xy. 

(41) 

Expand  (l-x-x^-^ 

EXERCISES.    ZA. 

Extract  the  Square 

root  of  each  of  the  following  surds: — 

(1)     19+Sj3. 

(5)    S^^JlO. 

(9)     Sj6+4>j3. 

(2)     12-JuO. 

(6)     11*477. 

(10)     Ssß-6j5. 

(3)    2^21+22. 

(7)    3^2-4. 

(11)     \\.J¥l-2j3 

(4)     lOi-6^. 

(8)     ö^'^Js. 

(12)     ^J3'j2\. 

Extract  the  4th  root  of  each  of  the  following  :— 
(13)    49+2075.  (14)    51-3672.  (15)    49+2076. 

Extract  the  cube  root  of  each  of  the  following  :— 


(16)  38+1775. 

(17)  1077+22. 


(18)  10-67s. 

(19)  S-lf76. 


(20)  26+1573. 

(21)  16+875. 


EXERCISES.    Zt. 
Expand  by  the  method  of  Indeterminate  coefficients :— 


0) 


1-« 


^  '      l-X-i* 


(S) 


'■'■'     1-6.T 


Resolve  the  following  into  their  parlial  fractions:— 


(8)  J\Ä^. 

(9)  llv¥x. 


00)  :si:? 


a"— or 


'^    ''    («-lX*+8)' 


(12) 
(13) 


(*-2)(*«-l)  • 
Sx+S 


i?=r- 


(14) 
(15) 


1-x+a^ 

H+xy ' 

l-h&r+&e* 
(l+«)»(l+ajr)« 
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(16) 

07) 
(18) 

(19) 

(20) 


Resolve  8**-  2dP-S  into  two  factors  of  thc  first  degree. 
Resolve  104?'-6x-28  into  two  factors  of  the  first  degree. 
Resolve  öx'+gx+S  into  two  factors  of  the  first  degree. 

Revert  the  series  y=«+-r-r+ r-:r-r+ 

^  1.2     1.2.3 


Revert  the  series  y=x- 


■zi  + 


1.2.3     1.2.3.4.5 


EXERCISES.    Zk. 
Express  in  the  form  of  continued  fractions  the  following : 


(0 

(2) 


27 
19* 

47 
257 


^^^     88* 


(4) 


365 
224 


(5) 
(6) 


Find  the  convergents  to  the  following  fractions : 

fn\     1051  ,„.     251  ,^.     182 

(7)     -^EK*  (8)     7^^  (9)      25. 


(10) 


251 
764* 

907 
18564* 


743 
611' 


329  '  ^^'     764* 

Express  in  the  form  of  continued  fractions  the  following : 

(11)  ^/lO.     .       (12)726;  (18)750.  (14)  TlÖT. 

(15)  J7.  (16)  ViÖ.  (17)  ^/52.  (18)  ^67. 

Find  fractions  the  nearest  to  the  value  of  the  following  fVactions 
having  only  2  digits  in  their  denominators : 


(19) 


251 
764* 


(20) 


743 

6ir 


(21) 


5065 
13891 


(22) 


13957 
59476  • 


EXERCISES.    ZI. 
Solve  in  positive  iniegers  the  following  equations  : 


(1)  9«+  75^=57. 

(2)  5«+21j^=240. 

(3)  3x+ 17^=121. 


(4)  11«+  5y=254. 

(5)  7«+15y=225. 

(6)  S«+  4y=39. 


(7)  8«-28j^=19. 

(8)  39« -56^ =11. 

(9)  20ar-31j^=7. 


(10)  Find  the  positive  integral  values  of  jp  for  which  at  the  same  time 

•c—1      jf~"2  j?"-S 

— --  ,   — ^  and  — —  ,  are  positive  integers. 

(11)  Find  the  positive  integral  values  of  x  for  which  at  the  same  time 

«-8     «-5         ,  «-8  .^,      .  ^ 

-^ ,    -=—9  and  -— - ,  are  positive  mtegers. 

o  1  xX 
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(12)    Find  the  least  positive  integral  value  of  o?,  which  will  make 
-j^- ,    -3- ,  -g—  >  ^^  ^^21—  >  positive  mtegers. 


Solve  in  positive  integers  the  foUowing  equations : 

(U) 
(13)         3jr+5j(+75=560,  ) 

9a?+25y+49a:=2920./ 


«+^+2=100,1 
_+_+__190.J 


(15)  Find  one  Solution  in  positive  integers  of4x-l  8^+272=100. 

(16)  Divide  142  into  two  parts  so  that  one  shall  be  exactly  divisible 
by  9,  and  the  other  by  14. 

(17)  A  boy  has  a  certain  quantity  of  nuts,  which  he  knows  to  be 
between  200  and  300;  he  makes  them  mto  parcels  of  13  each^  and  finds 
tliat  he  has  9  over :  he  then  makes  them  into  parcels  of  17»  and  finds  he 
has  1 4  over :  how  many  nuts  had  he  ? 

(18)  A  person  having  a  basket  of  oranges^  between  60  and  70,  takes 
them  out  in  parcels  of  4,  and  finds  he  has  1  over :  he  then  takes  them  out 
in  parcels  of  S,  and  finds  he  has  none  over :  how  many  had  he  ? 

(19)  A  farmer  bought  a  lot  of  cows  and  calves  for  £135;  each  cow 
cost  £S,  and  each  calf  £3.     How  many  were  there  of  each  ? 

(20)  Thirtv  persons  in  an  excursion  spend  30  Shillings  altogether; 
each  man  spends  5s.y  each  woman  1^.,  and  each  child  3(/.;  how  many  men^ 
women,  and  children>  were  there? 

(21)  An  officer  of  police  finds  that  if  he  sends  his  men  out  2,  4,  8^  or 
10,  together,  he  has  always  1  left;  but  if  he  sends  them  6,  or  12^  together, 
he  has  5  lefü     How  many  men  had  he  ? 


EXERCISES.    7m. 
Find  the  genera/  Solutions  of  the  following  equations : 


(1)  llj:+5y=254. 

(2)  3ar+7j^-39. 


(3)     l7«-23y=l9. 


(4)       7*- 13^=152.  (6)     27*- 19^ =43 


(5)     13«- 35^=17. 


(7)      2ar+ 3^+ 0=15,1  (8)  «+^+i;=30,  1 

10«-4y+3j5=:10.J  7*+5i.y+4j.8r=180.j 

Find  the  number  of  positive  integral  Solutions  of 

(11)     7«+15^=225.         (13)     13x-9y=17. 

(14)       2j?+75^=125. 


(9)     lljr+ 5^=254. 
(10)       3a:+4j^=39.  (12)     5x+  8^=42. 

(15)  In  how  many  ways  may  £80  be  paid  with  sovereigns  and 
guineas  ? 

(16)  In  how  many  ways  may  £500  be  paid  in  guineas  and  £5  notes  ? 

(17)  Find  the  number  of  ways  in  which  I  can  mix  together  40  gal- 
lons  of  wine,  some  at  15#.,  some  at  19^»^  and  some  at  12#.  per  gallon,  so  as 
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to  produce  a  raixture  worth  16^.  per  gallon,  an  integral  number  of  gallons 
of  each  sort  being  always  taken. 

(18)  How  many  fractions  are  there  with  denominators  3  and  4^  whose 
8um  is  3^? 

(19)  How  many  fractions  are  there  with  denominators  12  and  18, 

25 
whose  sum  is  ^.  ? 

30 

Solve  in  positive  integer s  the  following  equations  : 


(20)  Sxy-7«=7^  +  5. 

(21)  5ay=2«+Sy+18. 

(22)  xy-(ar+^)  =  34. 

(23)  5jy-3x=24. 


(24)  ^(2«+l)=3«"+l. 

(25)  Say+2j:"«Sj?+2^+5, 

(26)  x*+jy=2*+3y  +  29. 

(27)  «y+2«+S^=42. 


EXERCISES.    Zw. 

Transform  the  foUowing  numbers  from  the  Denary  to  the  Senary 
Scale: 

(1)     182061,  (2)     5002001,  (3)     211115600. 

Transform  the  following  from  scale  5  to  scale  7 : 

(4)     4321,  (5)     110423,  (6)     100261. 

(7)  Transform  37704  from  scale  9  to  scale  8. 

(8)  Transform  13256  from  scale  7  to  scale  twelve. 

(9)  Transform  1341 120  from  the  senary  to  the  duodenary  scale. 

(10)  Transform  654321  from  the  septenary  to  the  duodenary  scale. 

(11)  Subtract  20404020  from  103050301  in  the  octenary  scale. 

(12)  Extract  the  Square  root  of  the  result  in  the  last  Ex. 

(13)  Divide  51117344  by  675  in  the  octenary  scale. 

(14)  Find  the  radix  of  the  scale  in  which  40501  is  equivalent  to  5365 
in  the  denary  scale. 

(15)  In  what  scale  is  the  denary  number  2704  written  20304? 

(16)  Extract  the  Square  root  of  1010001  in  the  binary  scale,  and  re- 
duce  the  result  to  the  denary  scale. 

(17)  Apply  the  duodenary  notation  to  find  the  Square  of  4fl.  2in.  0^. 
2".  lO'". 

(18)  Apply  the  duodenary  notation  to  find  the  cube  of  l6f1t.  lOin. 


EXERCISES.    Zö. 
Transform  the  following  quantities  from  scale  10  to  scale  5 : 
(1)     221-542.  (2)     357-234.  (3)     101-265. 

35 
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(4)  Transform  179*25  from  the  denary  to  the  senary  scale. 

(5)  Transform  23*32  from  the  denary  to  the  duodenary  scale. 

25 

(6)  Transform  —^  from  the  denary  to  the  duodenary  scale. 

(7)  Transform  21  ^  from  the  denary  to  the  octenary  scale. 

(8)  Transform  7304.'513  from  scale  8  to  scale  4. 

(9)  Transform  3/'97e  from  the  duodenary  to  the  octenary  scale. 

(10)  Transform  345*6273  from  the  octenary  to  the  temary  scale. 

(11)  Transform  --  from  the  denary  to  the  duodenary  scale. 

(12)  A  certain  number  is  125  in  the  scale  whose  radix  is  x,  78  in  the 
scale  whose  radix  is  v,  and  49  in  the  scale  whose  radix  is  «4-^;  find  the 
number  in  the  scale  whose  radix  is  10. 


EXERCISES.    Zp. 

(1)  If  j9  and  q  are  any  positive  whole  numbers,  and  p+q  is  even,  shew 
diat  p-q  18  also  even. 

(2)  Shew  that  the  difference  between  any  number  and  its  Square  is 
always  an  even  number. 

(3)  Shew  that  the  difference  between  anynomber  and  its  cube  is 
always  divisible  by  6  without  remainder. 

(4)  Shew  that  the  product  of  two  odd  numbers  will  always  be  edd. 

(5)  Shew  that  the  sum  of  any  two  consecutive  odd  numbers  will 
always  be  divisible  by  4. 

(6)  Shew  that  the  product  of  any  two  consecutive  even  numbers  is 
divisible  by  8. 

(7)  Shew  that  every  odd  Square  number,  greater  than  1,  leaves  a 
remainder  1,  when  divided  by  8. 

(8)  Shew  that  every  perfect  cube  is  of  one  of  the  fonns  7m,  or  7m^l. 

(9)  Shew  that  upon  any  number,  greater  than  12,  which  is  a  perfect 
Square,  being  divided  by  12,  the  remainder,  if  there  be  any,  is  a  squaie. 

(10)  Shew  that  the  difference  of  the  Squares  of  any  two  odd  numbers 
is  exacUy  divisible  by  8. 

(11)  Shew'  that  the  Square  of  any  number  prime  to  4  is  of  the  form 
4p+l. 

(12)  Shew  that  the  difference  of  the  Squares  of  any  two  prime  num- 
bers, each  of  which  is  greater  than  3,  is  divisible  by  24. 


EXERCISES.    Iq. 

Find  the  value  of  cach  of  the  following  fractions : 
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(5)   — _,  ,    .  g    ,  when  «-2. 


(8)    -^-^,  when«=S. 


(9)    5^±i=N^,vhcn*-l. 


(6) 
(7) 


«•-13fl»a?+12a» 


,  when  j?=fl. 


«'-x*-21a:+45 


,  when  ««3. 


(10) 

00 


x-l 
^/3x+l-2 


^-1 
x-1 


,  when  «=1. 


,  when  «=1. 


(12)     -~-s,  when  x^a. 


(13)  Find  the  value  of  —^^ — ^^  ,  when  «=1,  and  v=l. 

(14)  Find  the  value  of  ^'^^^ when  ar=a. 


(1 

(2 
(S 

(4 

(5 

(6 

(7 
(8 

(9 
(10 

(11 
(12 

(13 

(14 

(15 
(16 
(17 


EXERCISES.    Zr. 


Given  log  a  find  the  log.  of  If^. 

Given  log  2,  and  log  3,  as  in  last  example,  find  log  f  ^  j  . 

Given  log  n,  find  the  log.  of      «'■—  ■ . 

Given  log  2,  and  log  3,  as  in  Ex.  (2),  find  log  12. 

5 
Given  log  2,  find  the  log.  of  - . 

Given  log  2,  find  the  log.  of  6*4. 
If  a"*6"'=c,  find  ar. 

If  fl^'=5,  find  or. 

If  Ija^^by  find  jr. 

If  log  j;=  ^  log  a— ^log  5^  find  or. 

If  •j^log:r=itloga+fnlog6-j9logc,  find  «. 

Given  log  2=0-30103,  find  the  log.  of  l6^. 

5  1 

Given  log jr+log,y  =  -,  and  log«-logy=-,  find  x  and  y. 

Given  logj;-log^slogir,  and  ax+by^c,  find  x  and  ^. 

If  log,oäE=3  logioa~2,  find  x. 

If  logÄ+log^^logfl,  and   2  log  or- 2  log^»log  6,  find  x  and  y. 


86. 
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EXERCISES.     Zä. 

[N.B.  log  1-05=002119,     and  log  1-04«00170S.] 

(1)  What  would  £200  amount  to  in  7  years  at  4  per  cent.,  Compound 
interest? 

(2)  How  much  money  must  be  invested  at  Compound  interest  to 
amount  to  £500  in  12  years  at  5  per  cent.? 

(S)  In  how  many  years  will  a  sum  of  money  double  itself  placed  out 
at  4  per  cent.  Compound  interest? 

(4)  A  freehold  estate  which  produces  a  clear  rental  of  £lOO  a  year  is 
sold  for  £2500;  at  what  rate  is  interest  reckoned.^ 

(5)  Find  the  amount  of  jElOO  in  10  years  at  £100  per  cent.^  Com- 
pound interest. 

(6)  If  a  person  retums  100  guineas  for  the  loan  of  £100  for  3  months> 
what  18  the  rate  of  interest  allowed  ? 

(7)  A  person  returns  £287.  10#.  for  the  loan  of  £250  at  the  rate  of 
5  per  Cent,  per  annum^  simple  interest.  For  what  time  was  the  money 
lent? 

(8)  Supposing  interest  paid  half-^earfyy  what  will  £500  amount  to  in 
8  years  at  5  per  cent^  Compound  interest?     (given  log  1*025 =0-01 072.) 

(9)  How  many  years  purchase  should  be  given  for  a  freehold  estate 
when  money  is  worth  3^  per  cent.? 


ANSWERS  TO  THE  EXERCISES. 


EXERCISES.    A. 

(1)     20. 

(14)  6ab. 

(26)  23. 

(39)  2. 

(2)       6. 

(15)  6a. 

(27)  14. 

(40)  6. 

(8)     14. 

(16)  2,2b,ba!,3bx, 

(28)  li. 

(41)  25. 

(4)       0. 

tn,xx,px,bxf/. 

(29)  3. 

(42)  1. 

(5)     13. 

(17)     5. 

(30)  iw+«-p. 

(43)  3fii+6n- 

-4p 

(6)     35. 

(18)  11. 

(31)  18. 

(44)  4. 

(7)     62. 

(19)  12. 

(32)  0. 

(45)  2. 

(8)     10. 

(20)    7- 

(33)  114. 

(46)  1. 

(9)    39. 

(21)  SO. 

(34)  657. 

(47)  2. 

(10)     62. 

(22)   10. 

(35)  a 

(48)  8. 

(11)       0. 

(23)     9. 

(S6)  49t. 

(49)  20. 

(12)       2. 

(24)     3. 

(37)  23. 

(50)  6. 

(13)     Sa. 

(25)     1. 

(38)  m+81n-64p. 

(51)  1. 
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EXERCISES.    B. 


(1)     2fl  +  2ft. 

(12)     5a  "  5b + 5c. 

(23) 

4i.d?'-si.y. 

(2)     2a. 

(13)     4xy-x-4. 

(24)     2a'+fl'«+fl*». 

(S)     2a-2Ä. 

(14)     Sq-'2p+pq. 

(25)     mn+m-n+l. 

(4)     2a. 

(15)     2p*+2^. 

(26)     3;&-2y. 

(5)     2fl+2c. 

(16)     8fl6+ac-l. 

(27)     a»+6*+c»+a6»-fl*6. 

(6)     2+m  +  n. 

(17)     4jr+Sy. 

(28)     a'+6"-a*6-ia6«. 

(7)     7m-l. 

(18)     2+5a. 

(29)     *•+  dry  +y  +  iif  x+  ny. 

(8)    4jr^+4r. 

(19)     3a^2c+d. 

(30)     2flrf+SM-.c(f+iaÄ-flc 

(9)    p-g+8. 

(20)     3a'+«6-2*«. 

(31)     2m +3». 

(10)     ßab^bc. 

(21)     6-5x. 

(32)     3x+2a+b. 

(11)     SÄJr+26y. 

(s 

\2)     2ac+2bd. 

EXERCISES.     C. 

(1)  a-b+x. 

(8)  2**.                           j  (15)  2fl«6+3a*c+2c'. 

(2)  26 -2c. 

(9)  xy+5x'+5i/'. 

(16)  2xy+a'l. 

(S)  5a-5e. 

(10)  fw«  +  4m— 4w. 

(17)  iflJf-xy+l. 

(4)  a-9*. 

(11)  xy+3tnx. 

(18)  ia+S6-ic. 

(5)  x-y-9ir. 

(12)  3fl6c-Sa6-2ac-l. 

(19)  45,  and  15,  years 

(6)  ax+2btf-2c. 

(13)  6*+3c'. 

(20)  f ,  and  i- 

(7)  6c-2a6+2a. 

(14)  2a«-2a*-2a?*. 

EXERCISES.     D. 

(1)     a6xy. 

(4)     Saxy.                          (7)     Sm  +  Sw-Sp. 

(2)     -Smnp. 

(5)     /76c. 

(8)     apx-k-bpj^. 

(3)     -Sojry. 

(6)     3i««np. 

(9)     2a*d+4abd. 

(10)     4a*jr-2aVy. 

(20)     6*'-19«+10. 

(11)    -S*'y+2<y«- 

6xt/. 

(21)     l-d?*. 

(12)     -3ii+6m7JP-9r 

iba^. 

(22)     X"3x'+2j^. 

(13)    -4ö64P+6ÄCjr- 

lObdx. 

(28)     2ax^+2bxy-  axy-by\ 

(14)     14jr»y-.21jr. 

(24)     a^-ax-ftr*. 

(15)     ^a^t^z+2bxf/'z 

"Zcxyz*. 

(25)     35«*-33x+4. 

(16)     2a^by-b*xif+bc 

¥ 

(26)    3axt/  -126y-6a*'+  9Ä«y. 

(17)     fl6+6«+ay+jry 

• 

(27)    2m+it-4m*«-2ni«*. 

(18)     6ar«-2jp-4. 

(28)    aV-  abc^-a^b*-^  b^c. 

09)     *'-J?-12. 

(2S 

))      X- 

-y+2aj'+ay-3y. 

650 
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(30)  ab-\-hx—hy—ay^xiß'^i^. 

(31)  2a*c  -  Sabc + 6'c + 2a*rf-  abd. 

(32)  /i*-l. 

(33)  *'-a^ 

(34)  Sx'+gT. 

(35)  l6+4a;*+JP*. 


(36)  a«-3flV+2j?*. 

(37)  ar^-81. 

(38)  4aV-96y. 

(40)  a»*-!. 


(1)  2  +  Sjr. 

(2)  a'-6«. 

(3)  x+l. 

(4)  x-3. 


EXERCISES.    E. 

(0 

X. 

(11)     -14«x. 

(21) 

3-b. 

(2) 

7. 

(12)     26x. 

(22) 

2a-l 

^x. 

(») 

74r. 

(13)     3c-2M. 

(28) 

fl+2ar. 

(*) 

a. 

(14)     2c- M. 

(24) 

Zab. 

(5) 

Sx, 

(15)     -4a?+Sy. 

(25) 

3x-5. 

(6) 

a. 

(16)     l+8ac-2&c. 

(26) 

Sj^-. 

r+2. 

(7) 

-fly. 

(17)     -2fla?+46+l. 

(27) 

a—b- 

-c. 

(8) 

-ajr. 

(18)     fl*-56jr+6jr". 

(28) 

5fl'+3Jf». 

(9) 

-Sa. 

(19)    J?+l. 

(29) 

P'y+W+V 

(10) 

2ajy* 

(30) 
(31) 

(20)     c+rf. 

flj?'—  6x*— 0**+ fl6«+a*— a* 

l6j:*-24ar'+36x*-54x+8] 

b. 

l. 

EXERCISES.    F. 

(1) 

4. 

(9) 

9<»'6'c'. 

(17)    «+*. 

(25) 

dj— 5. 

(2) 

25. 

(10) 

Imnp, 

(18)    (f-al 

. 

(26) 

a?+S. 

(8) 

20. 

Ol) 

tun/. 

(19)     2a-6 

• 

(27) 

**+«. 

(*) 

X. 

(12) 

2 
(f. 

(20)    (*+^; 

)*. 

(28) 

4?-2. 

(5) 

6*». 

(13) 

(21)    x+1. 

(29) 

24P+;s. 

(6) 

apx. 

(14) 

f. 

(22)     «*-2. 

(30) 

jr-S^. 

(7) 

5abx, 

(15) 

x+t/. 

(2S)     2«-l, 

> 

(31) 

x-1. 

(8) 

ScfbK 

(16) 

a+b. 

(24)     4* -5 

• 

EXERCISES. 


(5) 

iß) 
(7) 
(8) 


2x-5. 

3x-7' 

x—6. 

4tX+3. 


(9) 
(10) 

(") 
(12) 


G. 

2«-l. 
«•—7* +4. 
x—l. 
a+b. 


0«)  f  • 

(14)     2b. 
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5dl 


(15) 
(16) 

(17) 
(18) 

(19) 
(20) 

(81) 


~sä 
bx 
T' 
5** 


ibx' 

m—H 

mn 

2x-3 
5 

2a+S 


(1) 

(2) 

(S) 
(4) 

(5) 
(6) 


168. 

240. 

56. 

168. 

2520. 

42504. 


(1) 
(2) 
(3) 
(*) 
(5) 
(6) 


6x 

T* 

Sab 
6  ' 
Sa+1 
~S~' 
2a 
T' 
6x-4, 
~7~' 
lOjr-2 
21 


(22) 
(23) 
(24) 
(25) 
(26) 

(27) 
(28) 


(7) 
(8) 

(9) 
(10) 

(11) 


26+1 

•  - 

a 
Sa-24P 

m—n-^p 
a—x 

"!"• 

a+2x 


1 
a 
b' 

a+b 


(29) 
(SO) 


3jr-2y 


2 


3x 
2 


X 


(32) 
(33) 
(34) 
(35) 


mx—^mp 

i 

ar-1 


«+2 
j?+2 
jy  +  l 


EXERCISES.     H. 


abx. 
2axy. 
24a?. 
abc. 


(12)  ftc"rf*. 
(IS)  2fl(a*-x»). 

(14)  4ai(l-jr*). 

(15)  Sxy(x+y). 

(16)  fl*6V-a?*). 


EXERCISES.     I. 


(36) 

(37) 
(S8) 

(39) 
(40) 
(41) 
(42) 


2a--l 
a+2  ■ 

ar'+Sj? 
x-S 

2  +  3x 
l+5x* 

1-x-t-x* 
1+x+x*" 

x*+x'-2 
2x*+2x+l ' 
4j:^+2x-1 
3x+l 


(17)  1-a*. 

(18)  l-x~x*+x*. 

(19)  60(x'+3x+2), 

(20)  x»-7x-6. 

(21)  8x»-14ar+6. 


(9) 
(10) 

(11) 
(12) 


a^+y'+ixy 

bc+Sc-t-8 

abc 
l»g-28 

6 

84«-2S 
12      • 


54X-13 


\-  '• 

50 

(14) 

62 
15x' 

(15) 

41 
20^' 

(16) 

bcx  +  acy+abs 

abc 

(17) 

axy-k-cxy 
abc 

(18) 

0. 
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(19)  ä- 

(20)  f. 

(21)  |. 

(22)  '-±^. 

(28)  ^^^ 
,_<-        2x*+ar 


(27) 
(28) 

(29) 
(30) 

9 

(31) 
(32) 

(33) 
(34) 


5x+35 
~42      * 
17X-34 
50      • 
acx 

1 

2  +  -i — j. 


(1) 

Sx 
2  • 

(2) 

3*. 

(8) 

5x 

(4) 

2x. 

(5) 

2a- 2». 

(6) 

26x. 

(7) 

8x. 

(21) 

X 

2* 

(22) 

Sx 
20* 

(28) 

8* 

EXERCISES.    J. 

(8)  9^^-15. 

(9)  60+45JP. 
(10)  iG-l^sr. 
(n)  72j:+156. 

(12)  4r-2. 

(13)  6«+8. 

(14)  So:- 5. 


(26)  l^V, 

(27)  1^*. 


(35) 
(36) 

(37) 
(38) 

(39) 
(40)     -^ 


x-y 
2j*+7 

4j:' 
(2;2r-l)»' 

2a+jr 
3(a-x)« 
2x 


(41) 
(42) 


+4? 

2 


(l-*-)«- 

7 
60(4r+i) 


(15)  10-x. 

(16)  T- 

(17)  x». 


(18) 


2-3x 


(19)    ^. 

(20)  *'+y-l-^^ 


1 


(28) 
(29) 
(30) 


5^ 

S  ' 
2ax» 
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(31)     «•+2+-,. 


(32)    ^+-+2. 


(39) 
(40) 
(41) 


2x41 

x-2* 

2-8x+x^ 


0) 
(2) 
(S) 
(4) 
(5) 


25aV. 
49a*b'(f. 


(7) 


(SS) 
(34) 

(35) 


1-x»' 

1. 

m*-3m+2 


(42) 
(43) 
(44) 


4-x 
4 

1 
1-x 

1 


EXERCISES.     K. 


*by' 


(•)  °i^ 


(9) 


(12)  a*+l+2a. 

(13)  a'6*+l+2a6. 

(14)  x'+9+6x. 

(15)  4+/-4y- 

(16)  4m'+n*-4m/i. 

(25)  x*+4j^-8x+4. 

(26)  a*-4a'6+8a6'+46\ 

(27)  |x'-2x3^+|/. 

(28)  x'-xj^+2x+J/-^+l. 


(17)    4x*+9y-12xy. 


4 


(19)    x'+^+Sx. 

4 


(«6)  M-I- 

^    '   4     2  a* 
(37)   flÄ. 


1  fl« 
2'F* 


(45) 


(46) 


a'—aa 


a*+ÄX+x" 


l6a*b* 
49*y ' 


(10) 


?«y 

4x*  • 


(11)    -^^- 


(20)  iMV+»*+2»f«x. 

(21)  4iwV+«*-4miix. 

(22)  «•6V+c*+2a6cx. 

(23)  9«y+ö-6ax^. 

(24)  ^a'b*+c'-^abc. 


(29)  27x»+54.t*+S6x+8. 

(30)  8x»-S6x»+54x-27. 

(31)  l.--i,.y  +  ?^'-l/. 
(82)  8a'Ä»+36a'6'c+54aJc»+27c*. 


(S4)    ^.S6f.54.27^,. 

(35)  &V+3&«cx*+S6c«x»+c*x^ 

(36)  ^+^-|-ll+6fl+12a«-8a«. 

(37)  «•+3a*-.5a'+ 3a-l. 


(38)  l6-.32x+24x«-8x»+«\ 

(39)  ^+x+6x»+l6x»+l6jf*. 

(40)  aV-4a*6x»+6a*&V-4a6'x+6*. 
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(41)  2ab. 

(42)  Sxf. 

(43)  lOoÄV. 

(53)  jr*-12j:+S6. 

(54)  «•-14« +  49. 

121 


(45) 


3x1/'' 


(46)    i. 


WI«" 


(47)  l-x. 

(48)  2«+l. 


(55)  «•+1U+ 

(56)  «•+2«+l. 

(65)  a^-Za^-Sa. 

(66)  «"+«-i. 

(67)  ^-So^y-^-  5«y*. 

(68)  Sa6"-2a»6+5a». 

(69)  |+2«-7«'. 


(1) 
(2) 
(S) 
(4) 
(5) 

(6) 
(7) 


6ajb. 

^. 

^/^. 
^/6. 
10^. 
4^. 


(57)  «•-J^+j. 

4«      4 

(58)  *'+-5-+25. 

r     V       ,    2«      1 

(60)    *^+|*+^. 


(70)  ?-Ia. 

(71)  l-^-fir«. 


(72) 


2«-l 
Sjr+1 


EXERCISES.    *K. 

(8)  5^5. 

(9)  7S. 

(10)  0. 

(11)  (a''b+c)Jc. 

(12)  SJ^SS. 

(13)  -2a7*'- 

(14)  (7a:+y)^/5i. 

EXEIlCISES.    L. 


(49)  2a -6, 

(50)  3x4-1. 

(51)  «+i. 

(52)  «-i. 


1        1 


^.oi; 

'-r^m- 

(62) 

_,    5       25 
*^-6'-'l44 

(63) 

.    3*^9 
*      4+64- 

(64) 

10     400 

(73) 

3-2* 
5+8«* 

r7A"> 

a*+tA+b* 

(75) 
(76) 
(77) 


(17) 
(18) 

(19) 


(1)  2730. 

(2)  30^30. 

(3)  abcjabc. 

(4)  8. 


(5)  \5lßi?h. 

(6)  ^V^. 

(7)  2a6. 

(8)  24^?*. 


(9)  10^^ 

(10)  Za^hjbc, 

(11)  T^^M. 

(12)  a7?IT*. 


ab 
2 -Sa. 

a'+a-l. 

5x—^y. 


(15)  (2a+S6)^s5. 

(16)  272.'. 

xjx-y, 

—     /a 
«  V  3«* 


(20)     ^. 


(13) 

^/6. 

(14) 

102. 

(15) 

a. 

(16) 

2J-. 

(17) 

5. 
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0) 

(2) 

(3) 
(4) 


0) 
(2) 
(3) 
(*) 

(5) 


V  h  • 

8a 
b' 

ijl.b*c. 


bc*Jx, 

W 


(1) 

(2) 

(3) 

(4) 
(5) 

(6) 
(7) 


ajb 

Sxj2y 

iall4J9 

•  • 

7 
abtß. 

(72+l)a. 

273-272. 

jl5-j6. 


(18)  «». 

(19)  ab+bjx+ajy+jxy. 

(80)  «+«-7?r^. 


(10) 


(") 


(12) 


EXERCISES.    M. 

(5)  72*- 

(6)  7^. 

(7)  7?. 

^^^     VlÖ8a- 
EXERCISES.    N. 


(6) 

(7) 

(8) 

(9) 
(10) 


(ßx+b)*. 


EXERCISES 

(8)  5-276. 

(9)  ^^^ 

Zjä-Sjx 
4a-9x 

mx—njf 
(13)     73+72. 


0. 


(16) 


07) 


(18) 


(9) 
(10) 

(H) 
(12) 


'/JL 
W  8by' 

'Jja+Jb, 


J 


ap(n-{-x) 


(11)  j2a-3. 

(12)  fl'ÄV. 

(13)  500." 


(15) 


0"Ä"- 


(14)  i(2;^-7li+79). 

(15)  f|=  (9^^+675 +4). 


127 

2  ■ 

a—x 

a+Ja'-af 
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0) 

(2) 
(3) 
(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 


J5+Js. 

S+Ji. 

5-75. 

5*^/3. 
1_    /I 

5-j6. 

V  2~V  s' 


EXERCISES.    P. 

(11) 
(12) 

(13) 

(14) 

(15) 


(1) 

(2) 

(S) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(11) 
(12) 

(IS) 

(14) 

(15) 

(16) 

(17) 
(18) 

(19) 
(20) 
(21) 


jr-6. 
dr—l. 
jp=6. 
jp=8. 
jr=S. 
«—4. 

x=10. 

4P=:8. 

x=5, 

4P  =  12. 

x=4. 
«=12. 

«=7. 
«t-10. 

j:=sa 

««5. 


(16) 

(17) 
(18) 

(19) 
(20) 


1+7*^. 

Ji-Jia-x. 

Ja-Jb-c. 

JZx-Jix-y. 

Vi 


+*+ 


l-«+^l+2jr-*'. 


— X 
2~ 


EXERCISES.    Q. 


(22 
(23 
(24 
(25 
(26 

(27 
(28 

(29 

(so; 

(31 
(32 
(33 
(34; 
(35 

(36) 

(37 

(38 

(39 
(40 

(41 

(42 


x=5. 

*=7« 

x-7' 

jp=7» 

Xsl  4. 

x=6o. 

x=84. 

x=35. 

x=5. 

x=7« 
x»2. 

x-9- 

x-7. 

x=4. 

x«8, 

x=5. 

x=5. 

x=|. 

x=10. 

x=6i. 

x=4|. 


(43 
(44; 
(45 
(46 

(47 
(48 

(49 
(50 

(51 

(52 
(53 
(54 
(55 
{56 

(57 


x-3. 

Jr=7. 
x=14. 

x=8. 

x=7« 
x-4. 


'"6' 


-20' 

1 

x=  —  . 
ab 

X=:18. 

x=8. 
x=8. 
x=8- 

x«12. 

1 
'-4- 
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(1) 

jr-4. 

(2) 

1 

(3) 

«-12. 

(4) 

x=l6. 

(5) 

1 

(6)    *=30. 


(1) 


(2) 


(3) 
(*) 
(5) 
(6) 


(7) 


(21) 


(28) 


(24) 


(25) 


(26) 


lOj 

:!:} 


y 

X 

y 

X 

y 


(22)     0?= 


2' 

21J 


«=8, 


2 


y=2l6J 


EXERCISES.     R. 
(7)    x-18a. 

(9)     «=4. 


(10) 
(H) 


«= 


«(«-1)  • 


_27 
'"26- 


(12) 
(IS) 
(U) 

(15) 


*=so. 

*=2i. 
x=2|. 

12 

(16)  *4. 


(14) 
(15) 

(16) 
(17) 

(18) 

(19) 
(20) 

(34) 

(35) 
(36) 

(37) 

(38) 

(39) 
(40) 


*-5,^ 

*=6,  j 
i^=10./ 
j;s3 

x-S, 


loJ 


2 
«=8,1 

y-9.| 

5^' 


=  8,^ 

'=8./ 


x-25, 

y-5. 

x=8," 


^1 

y-4; 


x=4, 
x-10, 


:f 
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(1) 


(2) 


(S) 


(4) 


EXERCISES. 

(5)    «=18, 
^=32, 


(6) 


(7) 


(8) 


(9) 


(10) 


(11)- 


(12) 


EXERCISES.    U. 

(1) 

16. 

(15) 

24,  and  6,  yrs. 

(2) 

12. 

(16) 

35,  36,  and  71. 

(3) 

18. 

(17) 

44,  and  S6. 

(4) 
(5) 

60. 
10. 

(18) 

4 
5' 

(6) 
(7) 

10,  and  80. 
lOf,  and  14f. 

(19) 

3 
5' 

(8) 

1 J,  and  8i. 

(20) 

240. 

(9) 

6*.6d.,  5s.  6d., 

(21) 

27Äm.  before  1. 

4s.  6d.,  and  3«.  6(f. 

(22) 

5i^ni.  past  1. 

(10) 

5,  6i,  9,  and  12^, 

(23) 

2  miles. 

feet 

(24) 

4^  miles. 

(11) 

8,  and  l6. 

(25) 

22,  7,  12,  gall. 

(12) 

8. 

(26) 

S*.  4^v  1*.  8A^- 

(13) 

4. 

(27) 

1760,  1820,  18S0. 

(U) 

8,  and  40. 

(28) 

I8I9»  and  1820. 

(29) 

(30) 

(31) 
(32) 

(33) 
(34)    r: 

(35) 

(36) 
(37) 
(38) 

(40) 


From  3  to  2f  per 

Cent. 

22,  and  26. 

£15,  and  £35. 

24men,  20  women. 

15men,22women. 

7_ 

13* 

1 

14,  imd  6. 

12,  and  18. 

11,  and  5^  gall. 

A.D.  1752. 

£1  beoomes  £53. 
8s.  forknifeblades, 
and  £35.  8#.  far 
razors. 


(1)  jr=±6. 

(2)  x=±4. 

(3)  ar=*l. 


EXERCISES. 

(4)  af«sfc4. 

(5)  «=±2. 

(6)  x-±5. 


(7)  a:= 

(8)  *= 


(9) 


*5. 

*8. 
1 
2 


j?»*- 
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(10)  ar=:fc2. 

(11)  a?=ifc2. 

(12)  «=lj,  or  -. 

(13)  ar=5,  or-2. 

(14)  a:=4,  or  1. 

(15)  «=8,  or  2. 
(IQ  «=20,  or  -6. 

(17)  «=2,  or  10. 

(18)  x=2. 

(19)  x=6,  or  1. 

(20)  «=6,  or  -5. 

(21)  ar=li,  or-2. 

(22)  «=6,  or  -4i. 

(23)  ar=6,  or  -10^. 

(24)  j?«li,  or  —  . 

(25)  jr--,or-3. 


(26) 
(27 

(28 

(29 

» 

(so; 

(31 

(32 
{33 
(34 

(35 

(36 

(37 

(38 
(39 


«=6,  or  -10^. 
x=6,  or  -5|. 

«=1,  or-. 

«=2|,  or  -2. 

5 
«=1^,  or-g. 

x=2,  or  — Ij. 
4?=2,  or  -1|. 
4?=4,  or  —2. 

1 
ar=7,  or~. 

jr-l|,  or  -1^. 

x=:2,  or  -3. 
;i;=14,  or  -10. 


(40) 
(41) 

(42) 

(43) 

(44) 
(45) 
(46) 

(47) 
(48) 

m 

(50) 
(51) 
(52) 


«=2,  or  -l|. 
«-=5,  or  5f. 

j;»44,  or  -. 

4 

«=J(9*2^/l9). 

x=4,  or  -1|. 
ar=7,  or  —  1^. 
«=S,  or  If^. 

dr=Zj  or  — -  . 
87 

25 
j?=9,  or  -~. 

j:=1,  or  -IJ. 
4P=4,  or  Sj. 
«-8,  or  13ff. 
«s=l6,  or  — Ij. 


(1)  «=5,or-5|. 

(2)  a:=li,  or  ^. 

(3)  j?-2,  or--. 

(4)  jr-1,  or^j-^ 

(5)  jr=9,  or  81. 


EXERCISES.    W. 

(6)  ar=*3,  or  ^J^. 

(7)  *=4,orj. 

(8)  *=5,  or  12. 

(9)  x=^5,or^3j2. 
(10)     «=4,  or  -1. 


(11)  «=-,or3. 

(12)  «=1,  or  I=fc2,yr5. 

(13)  a:=:3,  or-4i. 

(14)  jp=2,  or  -. 

(15)  x^l(3^j5). 


EXERCISES.     X. 


0) 

12,  «nd  IS. 

(7) 

8,  and  18 

(2) 

3,4,5. 

(8) 

13. 

(S) 

4,  and  16. 

(9) 

1 

(4) 

14,  and  ig6. 

2* 

(5) 

IS,  and  13. 

(10) 

6. 

(6) 

20,  and  10. 

(") 

8. 

(12)  300. 

(13)  40. 

(14)  5,6,  7,8,  or  1,2, 
3,4. 

(15)  13,  and  12,  miles 
per  hour. 
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(16)  9  miles  per  hour.  (17)     25,  and  20. 

(18)  54,  and  48.  (19)     18,  and  12  miles. 

(20)  1^  women  2^.  each,  8  men  8^.  each. 

(21)  4  miles  per  hour  forwards,  and  1  mile  backwards. 


EXERCISES. 

Y. 

- 

(0 

(8) 

«=19- 
jr«6,  or  7- 

(4)  «=2. 

(5)  *>j^. 

(7) 
(10) 

1 
x>--. 

The  latter. 

(S) 

x=l6,  or  17 

r 

(6)    *<*l|. 

(13) 

1     The  former. 

EXERCISES. 

Z. 

(1) 

1 
5* 

(5) 

f. 

(9) 

a+b 

(13)     5a :  4. 

(2) 

1 

5x* 

(6) 

36 

(10) 

1/ 
2a+« 
m 

• 

(14)  4^  :  5a. 

(15)  2a  :  Sh. 

(8) 

a 

(7) 

ap 
Si' 

(11) 

1+a: 
1     ' 

(16)     8^:4:. 

A 

X 

fl-6 

(17)     28x  :  5tf. 

(4) 

1^ 

16  :  17. 

(8) 
(22) 

4y' 

(12) 

1  • 

4^  10,  and  6. 

(18)     (ii-1>c:2ä. 

(19) 

j; :  a~«. 

(25) 

(27)     15,  21,  and 

(20) 

Za  :  26. 

(23) 

6a*:  1. 

(26) 

27,  and  48. 

24. 

(81) 

24P  :  1. 

(24) 

21  and  6. 

EXERCISES. 

Za. 

(1) 

^a. 

(9)    9:2. 

(16) 

27:  1. 

(2) 

5*. 

(10)     4,  and  6. 

(18) 

32,  and  24. 

(S) 

(«+*)•• 

(11)     2%. 

(19) 

— - ,  and  . 

%     X 

(12)     15,  and  20 

• 

n+l             «+1 

(7) 
(8) 

y  -  20«-«*. 

c»)  -t*:- 

(20) 

1  gall.  of  Ist  to 
7  of  the  2nd. 

ANSWERS  TG  THE  EXERCISES. 
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(1)  y  \  X  ::  10  :  1 

(2)  y=9.ax, 

(3)  y^\. 


EXERCISES.    ZJ. 

(6)  270:*=  4/. 

(7)  j^=J:'+2jr+3. 

(8)  i/=3-¥QX"J^. 

(9)  8*24  in.  iiearly. 


(10)     1:8. 

(XI)     3-3137  inches. 

(12)     1:2. 


(1) 

71,  and  96. 

(2) 

2,  and  -3. 

(3) 

5,  and  6|. 

(4) 

15fftr,  and  SOnu:. 

(5) 

l+29*,andl+89x. 

(6) 

T.  -'^  T- 

2   '              2 

(7) 

970. 

(8) 

670. 

(9) 

3900. 

(10) 

1430. 

EXERCISES.     Zc. 

11 
12 
13 
14 
15 

16 

17 
18 

19 
20 


-460. 

57^. 

(21) 

i(«+ft). 

70. 

(22) 

8,  11. 

210/wjr. 

(23) 

H.  2,  2^. 

440  jr. 

(24) 

96,  92,  88,  84. 

210 

(25) 

1,  li,  2,  2i. 

a 

(26) 

1t*A-,  li^,  &c. 

310«. 

and  60, 

2rt-21. 

(27) 

100,and£767.10*. 

13 

(28) 

1,-2,  -5,  &c. 

72- 

(29) 

1111. 

1. 

(30) 

56. 

EXERCISES.     Zd. 


(1)     2. 

(7)    2. 

(14) 

15. 

(20)    The  former 

(2)  2. 

(3)  3. 

(^)i. 
(5)     |. 

(8)  2a. 

(9)  ^. 

(15) 

(16) 

1 

2* 

20,  80. 

(21)     Yes.    y. 

(10)     3,  and  9. 

07) 

1      1 
2'    4- 

(22)  i,l,S,9Ac. 

(23)  15  times. 

(6)    01,or^. 

(12)  13|t. 

(13)  4|?. 

(18) 
(19) 

18,  54,  162. 
40,  16,  6J. 

(24)  £5825.8  J.5irf. 

36 
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ANSWEES  TO  THE  EXEECISES. 


(1) 
(2) 

(S) 
(4) 


13,  and  0. 

ab         ,     ab 
,8nd 


Za-b 


3a-ib 


4     2     4 
5'   S'    7' 


EXERCISES. 


Ze. 


(7)  3. 

(8)  ^. 

(9)  j,  g 
(10)  3,  4. 


111 
3'  5'    7 


(H)     ^4.   ^ 


(12) 
(13) 


6^     3     _6 
11'   7'   17 

3,  and  1. 


EXERCISES. 

z/ 

(1) 

362880. 

(*) 

«=7. 

(6) 

4950. 

(9) 

»  =  11 

(2) 

600. 

(5) 

n-lS,) 
r=6,  1 

(7) 

4845. 

(10) 

5040. 

(S) 

n=6. 

(8) 

3796. 

0) 

(2) 

(3) 
(4) 

(5) 
(6) 
(7) 

(8) 

(9) 

(10) 

(11) 
(12) 

(13) 
(14) 

(15) 
(21) 

(22) 
(23) 


EXERCISES.     Zff. 

l+5jr+10*'+10a:'+ 5j:*+a?*, 

l+7a?+21x'+ 35«*+ S5a?*+21«'+7«'+«^. 

a'^^-  9a^Ä + SGa^b* + 84a*6»+ 1 26«*^*+ 1 26a'6*+  84a'6«+  36a'Ä'+  9^6«+ 1». 

a*-  6a*6+ 1 5a*6'-  20a»6»+ 1 5a»6*-  6a6*+  6'. 

ar*+8x*y +24a?y+  S2xy*+8y. 

a»-l  5a'jr +90a'x»-270a  V+  405a**-243x*. 

1 + 1 2x +60aj»+ 1 60a?*+ 240«*+ 1 92x'+ 64r". 

m*+  4m*«x + 6w'«'j:*+  4jii»*x'+n  V. 

a»^+  5a»Ä"f  10a*6*+10a*6V  5a'6*+6*^ 

o«+  6a^bx + 1 5a'6  V+  20a"6  V+1 5a«6  V+6a6  V+6  V. 

a"-4fl  V+6aV-4aV+  «'«. 

0:"+  5a?".y"+ 1  Ox'y+ 1 0  x^y  +  5x"^  V  x^y\ 

(16)  28a'6V. 

(17)  1225a  V«. 

(18)  -I6l700a»^6«,and 
-I6l700a»i«^. 

Ä^+~fllj:+-^a4j:*+-^a"V+ 

2  o  10 

2*    *    8  16  

1  +  j» —  jp»+  -  j^ — x*+ 

2        2        8 


672aV. 
220a'6*. 
-S6aV. 


(19)  12870aW. 

15 

(20)  -8064a^Ä«. 


ANSWERS  TO  THE  EXERC1SE8. 
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(24) 
(25) 


(27) 
(28) 

(29) 
(30) 

(31) 
(32) 

(33) 

(36) 
(37) 
(38) 

(39) 
(40) 
(41) 


4        7 

X""  äJ»*"  «i»  ""  ^  J<  ~"  ^  *t  •"  •  •  • 


5 


1   1 


25     IJ     125      'i  ^ 


M        #1      • 


(26)     272.  fl 


9     u     27    Ä*  . 
—  ab*+ — !=.  — + 


27     6^ 


^2""  '  8^2    «     S2^V 

a-*-4«r*x+10ö-*jp'-20fl-V+S5a-*x*- • 

flr*+5flr'x+15a-V+S5a-'x'+70<r***+ 

l-12jr+84x*-448jr'+ 2016a:*- 

l+21«+252a:*+2268x»+ 

-I    S-i-f    21  -?  4     77    -y   , 


4 
1 

5 


32 
25 


*  H a 

128 


a-i+  4  a-*x*+ :?-  a-"«»^+  -Vl  «"^  V»+ 


n 

i25 


7l5{axy\h^y.  I     (34)     2^a"S^x«. 


(35) 


14  -Loj 
81 


l+8a?+36x«+104jr»+214**+312jr*+324«'+2l6jr^+81«». 
a"-  3a*6  -  3(^c + 3a6«+ 6a6c + Sac'^  b*+  3b*c  -  3bc*-  c*. 

1 + 6x + 6x*+ «*- 3xi- 7aJ*- 3A 
l+10x+25x*-40j!^-190x*+92x'+57ar"-360x^-675«"+810x'-24Sx'^ 

l+x+2x*+3x^+  5x*+ 

l+2x+5x*+10x'+20x*+ 


EXERCISES.     ZÄ. 


(1) 

*+j3. 

(5) 

1*-Jl0. 

(9) 

^+^6. 

(2) 

J7-J5. 

\  / 

(10) 

ils{j5-Js). 

1  • 

(6) 

V7*2. 

(11) 

^1(1~n/7). 

(3) 

^1+1. 

(7) 

r»-'s. 

*/? 

(4) 

li-272. 

(8) 

V^-78. 

(12) 

1       (15) 
(20) 

^36f-7^. 

(13) 

1          (14) 

yü-yi. 

sß+Js- 

(16) 

(18) 

\-Js. 

^+^. 

(17) 

1+n/7. 

(19) 

-yi- 

(21) 

J5+I. 

36—2 
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ANSWERS  TO  THE  EXEBCISES. 


(1) 

(2) 
(3) 
(4) 

(5) 
(10) 

(n) 

(12) 


1+*+«*+«»+,.. 

l+3«+4*'+7x'+... 
l+ar+3*'+4«'+... 

1+5*+15x'+45ji*+.  . . 
l-4«+8*'-12x»+... 


EXERCISES.     Ta. 

(6)  l-6«+18x»-S8«'+ . . . 

(7)  a+(a6+l)«+(a6+l)6*'+(a*+l)*V+. 


(8)     l^*'-!**-. 


(9)     i+1j:«1^+A^«. 
w  3*    9*     81 


3  1 

5  1 

4 1__  1 

3(x-2)     2(«-1)"^6(j:+1)' 


(13) 
(14) 


(15) 


2(x-l)  2(jr+l)" 

3        2  1 

1+x     a:  ar 

10  3            i 


l+2x    (1+2j:)»    1+j:    (1+*)* 


(16) 
(18) 

(19) 
(20) 


(4r+3)(2x-l).  (17)     (5a: +7)(2j?-4). 

{5a:+  i(9+  ^/^l)}{^+  3^(9-^21)}. 

*-j^-2y+3y-4y+ 


(1)  1+ 


EXERCISES.     ZÄ. 
1  -  .         1 


(2)    ^ 


2  + 


5+ 


1 


(3) 


2  + 


2  + 


1 


1  + 


1  + 


2* 


,^      1 


3  + 


-4- 


(4)     1+ 


(«) 


1  + 


(6) 


3  + 


1  + 


22  + 


1 


20+ 


2  + 


1 


]  + 


1  + 


2+ 


-i 


4+1 

2" 


7+ 


5  + 


2  + 


,  .     3      16      ns      1051 
^^'     1 '    5  '    S6  '    329  ■ 


-i- 


ANSWERS  TO  THE   EXERCISES. 
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.  .  1  22  23  114     251 

^^^  3'  67'  70'  347'   764" 

.  .  7  22  29  51      182 

^^^  1 '  3  '  4  '  7 


(19) 


'    25 
5     6     11      17     45     152      197     743 
9 


(^^^     ^'    4'    5'     9'    14'    37'    125'    l62'    611* 


(11)     3+ 


0+... 


(12)     5  + 


1 


(13)    7  + 


10  + 


10+... 


14  + 


14+... 


(14)     10+ 


(15)     2  + 


1 


(16)    6+ 


20+ 


20+... 


1  + 


3  + 


4+&C. 


12  + 


1 


^"*"12  +  ... 


(17)     7+ 


(!8)     8  + 


4+ 


5+ 


1  + 


2+T  .je 

1+&C. 


2  + 


1 


23 
70- 


(20) 


45 
37 


(21) 


35 
96' 


^  ^  1  +&C. 


(1) 

(2) 
(S) 

(10) 

(11) 
(12) 

(13) 


(14) 


:} 


EXERCISES.     ZI. 

(4)  ar=19,  14,    9,    4,| 
^=  9,  20,  31,  42./ 

(5)  j:  =  30,  15,1 
i^-   1,     8./ 

(6)  ar=9,  5,  1, 


^=4,1 

«=27,    6,| 

J^=  5,  10.j 

«=12,  29, 

5^=  5,    2 

23,  or  23+30/,  for  all  positive  integral  values  of  /. 

173,  or  173  +  385/, 


x=9,  5,  1,| 
y-S,  6,  9./ 


(7)  «=11,  34,  57,  &c.) 
5(=  3,  11,  19,  &C.J 

(8)  «=29,  85,  141,  See 
y=9.0,  59,    98,  &c 

(9)  «=5,  Sß,  67,  &c.  j 
y=3,  23,  43,  &c.  j 


■} 


43. 

«=15,50, 
5^=82,  40, 
J?:=sl5,  30. 
«=  5,  10, 15, 
^=42,24,    6, 

z=  53,66,19* 


12  cows, 

13  cal\ 


7Sy       I 

,'es.  / 


3  men,  1 
1 1  women,  L 
l6chi]€lren.j 

161. 
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ANSWERS  TO  THE  EXEECISES, 


EXERCISES.    Zm. 


(7) 


=24- 5/,^^ 

13-70 
Zt.        J 


(1)  ^ 

(2)  or 

(3)  d?=23/-7, 

dp 
(6)    0? 


=23/-74 
=17^-&J 


(4)     ;»= 


31+ ISO 
5+7^  / 


(5)    *= 


=2+9/,  ) 
=  1  +  13/./ 

I9/-I64 
f-25.j 


(22)  x=2,6,8,S6; 
36, 

(23)  j?=12 


(20)  X 

y 

(21)  X 

y 

X 

y 

X 

y 

X 

V 

X 

y 

X 

y 

(27)  x= 


(24)     x=3 

4 


(25) 
(26) 


=  3,  5,| 
=  13,  5.) 

-  1,  3,  7,) 
-10,2,  IJ 

=2,6,8,36.) 
=36,8,6,2./ 

=  12,2.1 
=   1,3.) 

:3 


:3 

-21, 7./ 


3,5,9,13.-» 
»,6,4,2,1./ 


EXERCISES.     Zw. 


(1) 

3522513. 

(7)     61415. 

(13)     57264. 

(2) 

255113225. 

(8)    2095. 

(14)     6. 

t3) 

32540535012. 

(9)     377/0. 

(15)    Senary. 

(4) 

1465. 

(10)   56239. 

(16)     1001,  and  9. 

(5) 

14156. 

(11)     62444261. 

(17)     17ft.4iin. 

(6) 

12230. 

(12)     7071. 

(18)  4769ft.l0in.ll'.4': 

EXERCISES.     Zö. 

(1) 

1341-13233... 

(5)     le-3/0c62... 

(9)    56-6341... 

(2) 

2412-104111... 

(6)     0-84. 

(10)     22111-21... 

(3) 

401  11 3030... 

(7)    25-1 

(11)    0-79215. 

W 

45513. 

(8)     323010-22112. 

(12)    %S, 

ANSWERS  TO  THE  EXEBCTSES. 
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0) 

2' 

(2) 

-1. 

(S) 

3. 

(4) 

4 
5" 

EXERCISES.    Zg. 


(5) 

(7) 
(8) 


3 

5" 
_S 
5 
1 
2* 

108. 


(9) 


2^/2' 


(10)     l 


S 

4 


(11) 


4^^' 


(12)  I«. 

(13)  4. 


(14) 


(1)  ^.logfl. 

(2)  3-5218. 

(3)  r-20818. 

(4^)  j2  ^^^  '*• 

(5)  1-07918. 

(6)  0-09691. 

(7)  0-80618. 

(8) 


«= 


logc 


wiloga-t-nlogi* 


EXERCISES.     Zr. 

CO)  -Hl"- 

(13)  24-0824. 

(14)  «=31-62,) 

^=10.      i 


(15)    «> 


nc 


na+b 


^    na+b' 


100 


(16)  «= 

(17)  x=Va«6, 


(1)  £263.  3s.  7 id. 

(2)  X278.  8*.  2H 

(3)  17'6years. 


EXERCISES.    Zs. 

(4)  4  per  cent 

(5)  Xl  02400. 

(6)  20  per  cenU 


(7)  3  years. 

(8)  £724.  5*. 

(9)  28f 


NOTES. 


Note  1.    (p.  49.) 

In  Ex.  7  it  will  not  fail  to  be  observed  that  the  remainder  is  the  same 
expression  as  the  dividend^  with  a  written  in  the  place  of  x:  this  we  shall 
shew  to  be  true  in  all  such  cases. 

Let  it  be  required  to  divide  the  expression 

by  a?-a,  and  let  Q  be  the  quotient  and  R  the  remainder:  then,  writing  for 
the  sake  of  conveniencey(j:)  for  the  dividend,  we  have, 

y(j:)=Q.(j:-a)+i?. 

Now  R  cannot  contain  x^  for  otherwise  the  division  would  not  have 
been  completely  performed,  and  therefore  R  remains  unaltered  whatever 
value  X  assumes:  also  Q  being  evidently  of  the  form 

cannot  become  infinite  for  any  finite  value  of  x,     Let  then  x^a, 

••./(«)=Q-o+Ä, 

i,e.  R=f{a),  the  same  expression  as  the  dividend,  with  a  written  in  the 
place  of  X. 

In  Order  to  find  the  quotient,  we  have 

/W  =  Q(ar-a)  +  Ä, 

identically ;  /.  performing  the  multiplication^  and  equating  the  coefficients 
of  the  several  powers  of  x  in  each  member  of  this  equality,  we  get 


Pi^qi-aqo, 

Pi-qi-aqx, 
&c., 

Pn=R-aq^i ; 


and 


•  •  \ 


q^r^Po* 
&C., 


570  NOTES. 

From  the  second  of  these  sets  of  equations  we  discover  an  easy  method 
of  forming  the  quotient,  viz.  to  obtain  any  ono  coefücient^  multiply  the 
preceding  one  by  a,  and  add  in  the  corresponding  coeificient  in  the  divi- 
dend :  it  also  appears  that  the  remainder  can  be  found  by  this  method. 

Ex.  1.  Required  the  remainder  when  **— 2j:*+3j:'-«-1  is  divided 
by  «+2. 

Here  a=— 2^  and  .*.  the  remainder  is 

(-  2y-2(-  2)'+  S(-2/-  (-2)-l=4C'- 

Ex.  2.  Required  the  quotient  and  the  remainder  in  the  division  of 
Sar'-2«*-llx*-55a?+7  by  ar-S. 

Here  a=3,  and,  observing  that  one  term  in  the  dividend  is  wanting^ 
and  writing  the  coefficients  in  order^  we  obtain 

3    -2     -11      0     ^55      +7 
^     _21^   SO    ^90      105 

7        10    SO        35      112. 


The  quotient,  therefore,  is  S«*+7**+10^+30j?+35,  and  the  remainder 
112. 

By  applying  this  method  we  can  easily  see  that  ar"'-«"'  is  always 
divisible  by  «-«,  and  also  by  or+a  when  m  is  even;  and  that  aT-^-oT  is 
only  divisible  hy  x+a,  and  that  when  m  is  odd. 

In  the  equality  y(j:)=Q(df— a)+JB,  if  y(j:)=0,  when  x=a,  we  have 
Ä=f(a)=0;  .*.  if  x^a  be  a  root  of  the  equation  /(x)=0,  then  x-a  will 
divide  the  expression  f{x)  without  remainder.  This  has  already  been 
perceived  to  be  the  casß  in  quadratic  equations  (Art  205),  and  ought  to  be 
borne  in  mind. 


Note  2.     (pp.  77,  79-) 


The  rules  for  pointing  in  the  Operation  of  extracting  the  Square  and 
cube  roots  of  arithmetical  quantities  wiU  perhaps  be  more  clearly  per- 
ceived by  considering  what  part  of  the  Square  or  cube  arises  from  the 
several  terms  of  the  root. 


NOTES.  571 

(i)  For  Square  root.  Lei  a  be  the  part  already  obtained,  and  b  the 
next  digit,  so  that  if  there  be  n  places  of  figures  after  a,  the  root  is 
a.lO"+6.10*"*+&c.  The  part  of  the  square  which  depends  upon  this  is 
a".10*'+2öÄ.10'""*+6M0*^*;  whence  we  see  that  a  is  to  be  determined 
from  the  first  term,  which,  as  it  involves  an  even  power  of  10,  has  an  even 
number  of  iigures  following  it,  and  that  the  introduction  of  b  brings  in 
two  inferior  powers  of  10,  i.e.  every  fresh  figure  in  the  root  involves  two 
fresh  places  of  figures  in  the  Square;  we  have  therefore  to  bring  down  at 
every  trial  division  two  figures.  If  then  we  point  according  to  the  rule 
we  shall  satisfy  both  the  above  conditions,  and  consequently  extract  the 
root  correctly. 

(ii)  For  cube  root.  If  a.  10"+ä  .  1 0*~*+  &c.  be  the  root,  the  part  of  the 
cube  which  depends  on  this  is 

a\  10'"+3a'6. 10'"-'+3ai*.  lO'-'+J'.  10*^. 

The  first  term  has  therefore  a  number  of  figures  following  it  which  is 
a  multiple  of  3,  and  the  introduction  of  a  fresh  figure  in  the  root  brings  in 
3  inferior  powers  of  10,  and  therefore  at  every  trial  division  we  have  to 
bring  down  3  figures.  These  conditions  are  satisfied  by  the  ordinary  rule 
for  pointing,  and  therefore  the  Operation  will  be  correct. 


Note  3.     (p.  87.) 

The  theory  of  indices  is  often  established  in  the  following  manner: — 
with  our  origmal  definition  of  an  index  there  is  no  meaning  to  be  attached 
to  a  fractional  or  negative  one.  We  are  therefore  at  liberty  to  assign  any 
meaning  we  please  to  them;  this  may  or  may  not  make  fractional  and 
negative  indices  follow  the  same  laws  as  positive  integral  ones,  and  it  is 
evidently  most  convenient  that  they  should  follow  the  same  laws:  if  then 
we  assume  these  laws  to  hold  good  in  all  cases  we  shall  be  guided  to  an 
interpretation  of  our  indices. 

The  fundamental  laws  that  have  been  proved  for  positive  integral 
indices  are  these: — a'".a"=a'"^,  and  a"'-rfl"=a"^,  when  n  is  less  than  «i, 

and  =  —;^  when  n  is  greater  than  m,     Let  these  hold  universally :  then  we 

shall  have 

fl».a*.a* to  g  factors  =a*  « 


^.f 


=a»    =a'; 

I.e.  a^  is  a  quantity  such  that  when  multiplied  into  itself  q  times  produces 
fl',  and  therefore  =ljci';  which  gives  us  the  meaning  of  a  positive  fractional 
index. 
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Again,  for  a  negative  index  we  have 

fl".fl-*=a'"-"Ä  «"•-?.«-"    or  fl".-;: 

a 

which  gives  a  meaning  to  a  negative  index  whether  integral  or  fractional. 
£83117,^6  have     a".a~*=a"=a".— =1; 

It  will  be  observed  that  this  manner  of  establishing  the  theory  of  indices 
is  the  inverse  of  that  pursued  in  the  text. 


Note  4.     (p.  224.) 

The  law  of  the  formation  of  the  convergents  to  a  continued  fraction 
may  also  be  proved  in  the  following  way : — 

We  have,  as  in  the  text,  -rr  =  ^S=r~  Tr>  and  -^-  is  in  its  lowest  terms: 

therefore,  by  Art.  258,  q^N^-^-Nj^  and  q^D^+D^  are  cither  equal  to  or  are 

equimultiples  of  N^  and  D^;  i.e.  qiN^+N3=k,N^t  q^D^+D2=k.D^,  where 

Ä:=lj  or  some  other  integer.     Now  it  is  observed  for  the  first  two  or  three 

N 
fractions  that  NJ)^--  N^Dr^^l.     Let  this  be  true  as  far  as  =.- ,  so  that 

Then  N,D,-N,D,=  l{(q,N,+N,)D,-N,{q,D,+D,)} 

=l.(iv,A-iv,D.) 

1 

But  as  the  ^'s  and  D's  are  all  integers,  the  lefl  band  member  of  this 
equation  is  an  integer,  and  therefore  also  the  right  band  member,  This 
cannot  be  unless  ^=1,  which  consequently  is  the  case,  and  then 

N,^q,N,-\-N^     D,=q,D,+D,, 

which  proves  the  rule.  It  will  be  observed  that  this  proves  each  conver- 
gent  to  be  in  its  lowest  terms,  and  also  establlshes  independently  the  truth 
of  Art  349. 
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Note  5.     (p.  225.) 

It  has  been  assimied  in  the  formation  of  the  continued  fraction  that 

represents  Jn,  that  the  quantity  corresponding  to  r''  will  at  soroe  stage  of 
the  Operation  become  equal  to  1,  when  the  quotients  will  recur.  It  is 
evident  that  the  continued  fraction  will  never  terrainate :  the  recurrence  of 
the  quotients  will  be  seen  by  investigating  the  process  of  formation. 

We  have  «'+«"=  r'Ä';  rV'=n— a"*;  and  similar  equations  for  deterroin« 
ing  successively  the  values  of  the  Symbols.     Now  taking  the  quotient  h'\ 

the  complete  quotient  is  ^^—77 —  •  an<l  ^^  n  *  TT  ^®  ^^  ^^^  preceding 
convergents, 

/-         r-         '^     ^  J^,N,W^N,W'N , 

.'.  multiplying  up,  and  equating  the  rational  and  irrational  parts,  by  virtue 
of  Art.  179,  we  have 

N,'^?iD,'=  r'XN.D-ND,).} 

Now   jz  >  V  ^^  Yh  ^^^  "^  Order  of  magnitude,  and  «/«  is  nearer  to  the 

latter  than  to  the  former ;  therefore,  according  as  this  order  is  ascending 
or  descending. 


«"A^",     «'"A'.,    N,D-ND,=*l; 


therefore,  in  both  cases,  a'\  r"  are  positive  integers.     And  as  — ,  &C., 

are  all  >1,  i,  b\  h'\  Ä:c.  are  positive  integers,  therefore  all  the  Symbols  in 
this  investigation  are  positive  integers.     The  equation  r^r^'^^n—a"^^  and 

those  similar  to  it,  shew  that  a'\  &c.  are  less  than  Jn,  therefore  a',  a",  &C. 

are  not  >«,  which  is  the  greatest  whole  number  <Jni  and  then  from  the 
equation  d-\-a"=r'W  and  those  similar  to  it,  we  nnd  that  none  of  the 
quantities  corresponding  to  r'  and  U  can  exceed  2a.  As  then  these  are 
restricted  to  lie  within  the  above  limits,  since  the  Operation  never  termi- 
nates,  it  is  clear  that  they  must  recur.  If  then  we  make  the  comparison 
of  these  recurring  quotients  in  a  retrograde  order,  we  shall  see  that  there 
must  be  one  corresponding  to  the  first  that  we  obtain:  here  then  the 
quantity  r"  must  be  equal  to  the  corresponding  quantity  at  the  beginnin^, 

i.e.  1.     Now  if,  instead  of  Jn,  it  had  been  proposed  to  converge  to  Jn-^a^ 
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tlie  whole  Operation  would  have  been  the  same  as  that  we  have  been  per- 
forming,  excepting  that  the  first  Step  would  have  been  exactly  similar  to 
all  the  following  ones^  and  the  first  quotient  would  have  been  2a  instead  of 
a,  It  is  evident  theu  from  these  considerations  that  when  the  recurrence 
begins,  the  quotient  is  2a.  Consequently  in  performing  the  Operation,  we 
need  only  carry  it  on  until  we  obtain  a  quotient  2a,  and  afterwards  write 
the  quotients  over  and  over  again  as  far  as  we  please. 

In  the  equation  N'—nD'=r'^(N^D-NDi),  if  we  put  r"=l,  (which  value 
it  does  take  periodically),  we  have  N_^  -:«D,^-st«,  according  as 

N 
I.e.  according  as  -^  occupies  an  even  or  an  odd  place  among  the  series  of 

converging  fractions.     But  as  r"=l,  the  next  quotient  ■=  2a,  and  therefore 

N 

jY  is  the  fraction  preceding  any  one  formed  by  stopping  at  any  quotient 

N 
2a.     Now,  if  the  number  of  recurring  quotients  be  even,  j^  ^s  always   in 

an  even  place,  and  therefore  ^j'— nD,'=+l:  but  if  the  number  of  recurring 

quotients  be  odd,  ^  is  alternately  in  an  odd  and  an  even  place,  and 

therefore  Ar,*-nD,'  alternately  equals  -1  and  +1.  Therefore  by  forming 
the  convergents  to  ^^n,  and  taking  those  corresponding  to  quotients  imme- 
diately  preceding  the  quotients  2a,  we  have  x=Niy  ^=A>  ^or  a  Solution  of  the 
equations  a?*-wy«l,  wnen  the  nurober  of  recurring  quotients  is  even;  and 
x^Nx,y=Dy^  a  Solution  of  the  equations  a:'— «^'=-1,  jf*-«v'=1,  alternately. 
The  equation  x*-n^*=l  can,  therefore,  always  be  solved  in  positive  in- 
tegers;  but  a^-ny*=-l,  only  when  the  number  of  recurring  quotients  in 
the  convergence  to  Jn  is  odd. 

Ex.  1.     Är»-sy=l. 

In  the  convergence  to  Js^  the  quotients  are 

1,   1,  2,   1,  2,   &c.; 
and  the  converging  fractions  are 

1      2     5     7     19     26 

T'    1'   S'   4,'    11'    15'         ' 

therefore,  as  the  number  of  recurring  quotients  is  even,  the  Solutions  are 

ar=2,  7,  26,  &c., 
^=1,  4,   15,  &c. 
And  a:'-Sy'«-l  is  impossible. 
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Ex.  2.   «•-isy=*i. 

In  the  convergence  to  1^13,  the  quotients  are 

3,  1,  1,  1,  1,  6;    1,  1,  1,  1,  6;    &c; 
and  the  fractions  are 

£^Z     Li     1?     119  _    137     256     393     649     ^ 
1*    1'   2'     3  '    5  '     33  '     38  '     71  '    IO9 '    180'      ^' 

also  the  number  of  recurring  quotients  is  odd; 

.-.  jf=18,  5^=5, 
is  a  Solution  of  ar"— isy=— 1; 

and  ä;-649,  ^=180, 
is  a  Solution  of  «•— 13y«+l. 


THE  END. 
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Public  Men  with  irhom  he  ha«  had  personal 
intarcourae  during  a  period  of  mare  than 
Fifly  Yeari.  Vol..  I.  and  IL  poit  8t0.  21«. 
-•,•  Volii.  III.  and  IV.,  edited  by  theAuthor'i 

8on  and  complctiiig  the  irork,  are  preparing 

for  pubUcatioD. 

BnlL  — Tha  Hatamal  Uanagement  of 

Chüdren  b  Health  and  Diieaae.  By 
T.  BüLL,  M.D.,  UembOT  of  the  Bojal 
College  of  Phjaieiaiu  i  fonnerly  Fh;aiciaa- 
Äccoucheur  to  the  Finsburj  Midwifery 
Inititution.    New  Edition.    Fcp.  8ro.  5a. 

Dr.  T.  SnU'i  HiaU  to  Kothm  on  the  KMUgs- 

nient  of  their  Health  during  the  Period  of 
Pn»nancy  and  in  tbe  Ljing-in  Boom  :  With 


-  Chrisüani^  and  ManMnd, 

their     Seginnlngs      and      Prospccti,       By 

Cbbibtia»  Csaklib  JobijIB  Bühseh,  d.d., 
D.C.L.,  D.Ph.  Being  a  New  Edition,  cor- 
rected,  remodelled,  and  eilended,  of  Bif- 
poifitu  und  Kit  Age.    7  toIi.  8to.  £5.  Ee. 


Bansen.— Lyra  Oennanics:  Hymns  for 

the  Sundays    and   chief  Featirali  of   the 
Christian     Year.      Translated    itma    the 


nwdogia  OtrauniM;  Whioh  Mttath  frath 
manj  bir  lineamenta  of  Dirine  Truth,  and 
aaith  Teiy  loft;  and  loTely  Ihingi  touching 
a  Perfect  Life.  Tranalated  by  SveaHUA 
WiBEWOSTH.  With  a  Preface  by  the  Ber. 
CnABUSKuoSLBTi  andaLetterbyOheTa- 
lierBuKBBir.  Second  Edition.  Fcp.Sio.G*. 


Bansen.  —  EgTpfs  Place  in  ünirersBl 
Hiatory :  An  Hiatorical  Inireatigation,  in 
FiTe  Book«.  By  C.  C.  3.  Bdnbeit,  D.D. 
D.C.L.,  D.Fh.  Tranilated  from  the  Oer. 
man,  by  C.  H.  CoTTKELis  Eaq.  H.A. 
WithmanjIUuätrationa.  Vol.  I.  8tO.  S8a.  i 
Vol.  II.  8to.  80a. 

Barton.— The  Hlstory  of  Scotland,  from 
the  Rerolution  to  the  Extinction  of  the  laat 
Jacobite   Inaurrection   (1689—1748).     By 

JOHH  HlLI.  BdBTON.       2  TOU.  BtO.  iß*. 

Barton  (R.  F.)— Personal  NarratiTa  of  a ' 

Pilgrimage  to  El-KIedinah  and  Meccah.  By 
RiOHi^i]  F.  BüBTOH,  Lieutenant,  Bombay 
Annj.  With  Hap.  Plan,  Woodcuta,  and 
coloured  FUtea.    8  toU.  Sio.  prioe  £Z.  Z». 

Bishop  Batler'B  General  Atlas  of  Uodem 
and  AncioDt  Qeography  ;  eompriaing  Fifty> 
liTO  full-coloured  Mapi }  nitli  completa  In- 
dieei.  New  Edition,  nenrly  all  re-engrared, 
enlarged,  and  ereatly  improTed  j  with  Cor. 
rectioni  from  the  moat  autlientio  source*  in 
both  the  Ancient  and  Uodem  Jlaps,  many 
of  nhich  are  entirely  new.  Edited  by  ths 
Author'i  Bon.     Royal  4to.  24a.  half-bound. 


Bishop  Batler'a  Sketch  of  Hodem  and 
Ancient  Qeography.  New  Edition,  tho- 
roughly  leiia^,  wirb  luch  Atterationi  intro- 
duräd  ai  continually  progresiiTe  DiacoTeriea 


The  Cabinet  Qazetteer:  APopnlarBx- 
poailion  of  all  the  Countrica  of  the  World  t 
their  GoTenuDent,  Population,  Beienne*, 
Commerce,  and  Industrien;  Agricultursl, 
Manufactured,  and  Mineral  Froducla  ;  Be- 
Ugion,  Laws,  Mannen,  and  Social  State  i 
With  brief  Notioea  of  their  Hiatoir  and  Am- 
tiquitiea.  Frotn  tlie  latest  Authon  tiea.  Bj 
the  Author  of  Tke  Catiaet  laiBter.  Fop.  8tO. 
pricfl  lOa.  6d.  clath  (  or  13s.  oalf  lettered. 

The  Cabinet  Lawyer ;  A  Popolar  Digest 

of  the  Lava  of  England,  Ciiil  and  Crimuial  i 
with  a  Dictionarr  of  Law  Tem»,  Maximi, 
Statutes,  aud  Judiüal  Antiquitie*  ;  Correot 
Tables  of  Assesacd  Taiea,  Stamp  Dutie^ 
Biciie  Lioenaes,  and  Poat-Horae  Dutieai 
Post-Office  Begulationa,  and  Priwin  Diaci- 
pline.  16th  Edition,  oomwiaing  the  Fublio 
Act*  of  theSaision  1654.    Fcp.  6vo.  10a.  6d. 

Caird.— EngUsfa  Agrlcnltnre  in  1850  and 
1851 1  Ita  Condition  and  Pnepecta.  By 
Jaxks  Cäihjj,  Eiq.,  of  BaldooD,  AgiicultunJ 
Commiaiioner  of  Tit  TTnn.  Ihe  Beoontt 
Edition.    8to.  price  14*. 
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NEW  WORKS  AHD  NEW  EDITIONS 


Galvert— Pnenma ;  or,  the  Wandering 

Soul :  A  Parable,  in  Bhjme  and  Outline. 
By  th©  Rev.  Wulliam  Calvbbt,  M.A., 
Biector  of  St.  Aniholin*8  with  St.  Jolm  the 
Baptist,  and  Minor  Canon  of  St.  Paul's 
Cathedral.  With  20  Etchings  by  the 
Author.    Square  erown  Svo.  lOs.  6d« 

Calvert  -~  The    Wife's    Mannal ;   or, 

Prayers,  Thoughts,  and  Songs  on  Several 
Oocaftions  of  a  Matron*s  Life.  By  the  Bev. 
W.  Calvbbt,  M.A.  Omamented  from  De- 
signs by  the  Author  in  the  style  of  Queen 
Elizabeth*^  Prayer-Book.  Crown  8yo.  10s.  6d, 

Carlisle  (Lord).— A  Diary  in  Torkish  and 

Qreek  Waters.  By  the  Bight  Hon.  the 
EarlofCABLiSLB.  Fiilh  Edition.  PostSvo. 
price  10s.  6d. 

Catlow.— Populär  Gonchology;  or,  the 

Shell  Cabinet  arranged  according  to  the 
Modem  System  :  With  a  detailed  Account 
oi  the  Animals  ;  and  a  complete  Descriptive 
List  of  the  Families  and  Ghenera  of  Becent 
and  Fossil  Shells.  By  Aonbs  Catlow. 
Second  Edition,  much  improved ;  with  405 
Woodcut  lllustrations.    Post  8to.  prioe  14iS. 

Cecil. "  The  Stad  Farm ;  or,  Hints  on 

Breeding  Horses  for  the  Turf^  the  Chase,  and 
the  Boad.  Addressed  to  Breeders  of  Baoe 
Horses  and  Hunters,  Landed  Proprietors, 
and  especially  to  Tenant  Farmers.  By 
Cboil.    Fop.  Sfo.  with  Frontispiece,  5s. 

Cedl's  Seoords  of  the  Chase,  and  Memoirt  of 
Celebrated  Sportsmen ;  lUustrating  some 
of  the  Usages  of  Olden  Times  and  oomparing 
themwith  prevalUngCustoms:  Togetborwith 
an  Introduction  to  most  of  the  Fashionable 
Hunting  Countries ;  andComments.  With 
Two  Plates  by  B.  Herring.  Fcp.  Svo.  price 
7s.  6d.  half-boimd. 

CeeU*!  Stahle  Praetioe;  or,  Hiuts  on  Training 
for  the  Turf,  the  Chase,  and  the  Boad; 
with  Obscrvations  on  BÄcing  and  Hunt- 
ing, Wasting,  Bace  Biding,  and  Handi- 
capping :  Addressed  to  Owners  of  Bacers, 
Hunters,  and  other  Horses,  and  to  all  who 
are  concemed  in  Bacing,  Steeple  Chasing, 
and  Fox  Hunting.  Fcp.  8vo.  with  Plate, 
price  5s.  half-bound. 

The  Census  of  Great  Britain  in  1851 : 

Comprising  an  Account  of  the  Numbers  and 
Distribution  of  the  People;  their  Ages, 
Conjugal  Condition,  Occupations,  and  Birth- 
place:  With  Betums  of  the  Blind,  the 
beaf-and-Dumb,  and  the  Inmates  of  Public 
Institutions ;  and  an  Analytical  Index. 
Beprinted,  in  a  Condensed  form,  from  the 
Official  Beports  and  Tables.    Boyal  8to.  5s. 


ChalybsBOs's  Historical  Snrvey  of  Mo- 
dem Speoulatiye  Philoeophy,  from  Eant  to 
Hegel :  Designed  as  an  Introduction  to  the 
Opinions  of  the  Becent  Schools.  Translated 
from  tlie  Q«rman  by  Alpbed  Tülk.  Post 
Byo.  price  8s.  6d. 

Chapman.— History  of  Gustavns  Adol- 
ph us,  and  of  the  Thirty  Years'  War  up  to  the 
King*s  Death :  With  some  Account  of  its 
Conclusion  by  the  Peace  of  WestpluJia.  By 
B.  CuAFXAK,  MA.,  Yicar  of  Letherheaii. 
8to.  [/« tAeprest. 

Ghevrenl  On  the  Harmony  and  Gontrast 

of  Colours,  and  their  Applications  to  tho 
Arts :  Includbig  Painting,  Interior  Decora- 
tion, Tapestries,  Carpets,  Mosaics,  Coloured 
Glazing,  Paper  Stauung,  Calico  Printing, 
Letterpress  Printing,  Map  Colouring,  Dieaa, 
Landscape  and  Flower  Qardening,  &c, 
Translated  from.  the  French  by  Chablbs 
Mabtel.  Second  Edition ;  with  4  Plates. 
Crown  8to.  lOs.  6d. 

Glinton.~Literary  Remains  of  Henry 

Fynes  Clinton,  M.A.,  Author  of  the  Ftuii 
UfUenieit  the  Fatti  Romanik  &c :  Comprislng 
an  Autobiography  and  Literary  Journal, 
and  brief  Essays  on  Theologicid  Subjects. 
Edited  by  the  Bev.  C.  J.  Fynss  Cluttok, 
M.A.    Post  8to.  9s.  Od, 

Gonybeare.*— Essays,  Ecclesiastical  and 

Social :  Beprint^,  with  Additions,  from  the 
Edinburgh  Review,  By  the  Ber.  W.  J. 
CoirrBEABE,  M.A.,  late  Fellow  of  Trinity 
College,  Cambridge.    8to.  128. 

Gonybeare  and  Howson.~The  Life  and 

Epistles  of  Saint  Paul:  Comprising  a 
complete  Biography  of  the  Apostle,  and 
a  Translation  oi  his  Epistles  inserted  in 
Chronological  Order.  By  the  Bev.  W.  J. 
CoNYBBARB,  M.A.,  late  Fellow  of  Trinity 
College,  Cambridge ;  and  the  Ber.  J.  S. 
Howsoir,  M.A.,  Principal  of  the  CoUegiate 
Institution,  Liverpool.  With  40  Engrarings 
on  Steel  and  100  Woodcuts.  2  toIs.  4to. 
price  £2.  8s. 

Copland. —  A  Dictionary  of  Fractical 

Medicine:  Comprising  General  Pathology, 
the  Nature  and  Treatment  of  Diseases, 
Morbid  Structures,  and  the  Disorders  es- 
pecially incidental  to  Climates,  to  Sex,  and 
to  the  differeut  Epochs  of  Life ;  with  nume- 
rous  approved  FormulsB  of  the  Medicines 
recommended.  By  James  Coplakd,  M.D., 
Consulting  Physicmn  to  Queen  Charlotte*s 
Lying-in  Hospital,  &o.  Vols.  I.  and  II.  8vo. 
price  £3 ;  and  Parts  X.  to  XVII.  4s.  6d.  each. 

•^*  Part  XVIII.,  completing  the  work,  is  pre- 
paringfor  publication. 
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Cre^y.— An  EnejdopflBdia  Of  Civil  Engi- 
neering, Historioal,TbeoFetical,and  Pnctioal. 
Bj  EoWABD  Obbst,  F.S.A.,  C.E.  HIub- 
tnted  by  upwaroU  of  8,000  Woodcuts, 
explanatory  of  the  Piinciples,  Machinery, 
and  Constructions  which  come  imder  the 
direction  of  the  Civil  Engineer.  8to. 
price  £3.  ISfl.  6d. 

The  Gricket-Field;  er,  the  Science  and 

History  of  the  Ghime  of  Criclet.  By  the 
Author  of  FrimcipleM  of  Scientific  Batting, 
Second  Edition,  greatly  improved;  with 
Plates  and  Woodcuts.  Fcp.  8to.  price  58. 
half-bound. 

Lady  Gast's  Invalid's  Book.  —  The  In- 

Talid*s  Own  Book :  A  Collection  of  Becipes 
firom  yarious  BooIes  and  various  Countnes. 
By  the  Honourable  Lady  Cübt.  Second 
Edition,    Fcp.  8to.  price  2s.  6d. 

Dale.~The  Domesüc  Utorgy  and  Family 

Chaplain,  in  Two.  Partis :  The  First  Part 
being  Ghurch  Services  adapted  for  Domestic 
XTbC,  vixih.  Prayers  for  erery  day  of  the  week, 
selectcdexc-lusiTely  from  theBook  of  Common 
Prayer ;  Part  II.  comprising  an  appropriate 
Sermon  for  every  Sunday  in  the  year.  Bt 
the  Key.  Thomas  Dals,  M.A.,  Canon  Besi- 
dentiary  of  St.  Paul's.  Second  Edition. 
Post  4to.  price  21s.  cloth  ;  31s.  6d.  calf ; 
or£2.  lOs.  morocco. 

{Thb  Familt  CHAPLAnr,  12s. 
TheDombstic  LiTrBGY,10s.6d. 

Davy  (Dr.  J.)  — The  Angler  and  his 

Fricnd ;  or,  Piscatpiy  Colloquies  and  Fish- 
ing  Excursions.  By  John  Davy,  M.D., 
F.B.S.,  &c.    Fcp.  8vü.  price  6s. 

Delabeche.— Report  on  the  Geology  of 

Comwall,  Devon,  and  West  Somerset.  By 
Sir  Hbnby  T.  Dslabechb,  F.R.S.,  late 
Director-Qeneral  of  the  Geological  Survey. 
With  Maps,  Woodcuts,  and  12  Plates.  8vo. 
price  14s. 

DelaRive.— A  Treatise  on  Electricity, 

in  Theory  and  Practice.  By  A.  De  la  Rive, 
Professor  in  the  Academy  of  Gteneva.  Trans- 
lated  for  the  Author  by  C.  V.  Walkbb, 
F.B.S.  In  Three  Volum  es ;  with  numerous 
Woodcuts.  Vol.  1. 8vo.  price  18s.  Vol.  II. 
price  28s. 

Dennistoun.  —  Memoirs  of  Sir  Robert 

Strange,  Knight,  Engraver,  Member  of 
several  Foreign  Academies  of  Design  ;  and 
of  his  Brother-in-law,  Andrew  Lumisden, 
Private  Secret4iry  to  the  Stuart  Princes,  and 
Author  of  The  Aniiquities  of  Rome.  By 
Jambb  Deknistoun,  of  Dennistoun.  2  vols. 
post  8vo.  with  lUustrationi,  2l8. 


Desprez.— The  Apocalypse  Fnlfilled  in 

the  Consummation  of  the  Mosaic  Economy 
and  the  Coming  of  the  Son  of  Man :  An 
Answer  to  the  Apoeaiyptic  Sketches  and  The 
Endy  by  Dr.  Curaming.  By  the  Rev.  P.  S. 
Desfbbz,  B.D.  Second  Edition^  enlarged. 
8vo.  price  12s. 

Discipline.   By  the  Anthor  of  "  Lettera 

to  my  Unknown  Friends,*'  &o.  Second 
Edition,  enlarged.    18mo.  price  2s.  6d. 

Dodd.— The  Food  of  London :  A  Sketch 

of  the  chief  Varieties,  Sources  of  Supply, 
probable  Quantitics,  Modes  of  Arrival,  Pro- 
cesses  of  Manufacture,  suspected  Adultera- 
\ion,  and  Machinery  of  Distribution  of  the 
Food  for  a  Community  of  Two  Millions  and 
a  Half.  By  Georoe  Dodd,  Author  of 
British  ManufactureSf  Ac.  Post  8vo.  lOs.  6d. 

Dnberly.  —  Journal    kept    dnring   the 

Bussian  War,  from  the  Departure  of  the 
Army  from  England  in  AprU  1854,  to  the 
Beduction  of  Sebastopol.  By  Mbs.  Henby 
Dübebly.  Second  Edition.  Post  8vo.  10b.  6d. 

Easüake.— Materials  for  a  History  of  Oil 

Painting.  By  Sir  Chablbb  Loge  Eabtlabb, 
F.B.S.,  F.S.A.,  President  of  the  Boyal 
Academy.     8vo.  price  16s. 

The  Eclipse  of  Faith ;  or,  a  Visit  to  a 

Beligious  Sceptic.  7M  Edition.  Fcp.  8vo.  5s. 

Defenoe  of  The  Eolipie  of  Faith,  \q  iti 
Author:  Being  a  Bejoinder  to  Professor 
^ewman's  Replif :  Including  a  füll  Ezami- 
nation  of  that  Writer's  Criticism  on  the 
Character  of  Christ ;  and  a  Chapter  on  the 
Aspects  and  Pretensions  of  Modem  Deism. 
Second  Edition,  revised.     Post  8vo.  5s.  6d. 

The  Englishman'sGreek  Goncordance  of 

the  I^ew  Testament :  Being  an  Attempt  at  a 
Verbal  Connexion  between  the  Greek  and 
the  English  Texts ;  including  a  Concordanoe 
to  the  Proper  Names,  with  Indexes,  Ghreek- 
English  and  English- Greek.  New  Edition, 
with  a  new  Index.    Boyal  8vo.  price  42s. 

The  Englifhman's  Hehrew  and  Chaldee  Gon- 
cordance of  the  Old  Testament :  Being  an 
Attempt  at  a  Verbal  Connection  between 
the  Original  and  the  English  Translations ; 
with  Indexes,  a  List  of  the  Proper  Namea 
and  their  Occurrences,  &c.  2  vols.  royal 
8vo.  £3.  13s.  6d. ;  large  paper,  £4. 148.  6d. 

W.  Erskine,  Esq.  — History  of  India 

under  B&ber  and  Humäyun,  the  First  Two 
Sovereigns  of  the  House  of  Taimur.  By 
WiLLiAK  EBSKnns,  Esq.    2  vols.  8vo.  820. 
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Ephemera.  —  A  Handbook  of  Angling ; 

Teaching  Fly-fishing,  Trolling,  Bottom- 
fishing,  Salmon-flflhing ;  with  the  Natural 
History  of  Birer  Fish,  and  the  best  modea 
of  Catching  them.  Bj  Ephehsba..  Third 
and  eheaper  Edition,  corrected  and  im* 
proved  j  with  Woodcuta.    Fop.  Syo.  60. 

Sphemera.— Th«  Book  of  tlie  Salmon:  Ck>iii- 
prifling  the  Theory,  Principles,  and  Frac- 
tico  of  Fly-fiflliing  for  Salmon;  Lista  of 
good  Salmon  Flies  for  everygood  Biver  in 
the  Empire  1  the  Natural  History  of  the 
Salmon,  all  its  known  Habits  described,  and 
the  best  way  of  artificially  Breeding  it  ex- 
plained.  By  Ephei^ba  ;  assisted  by 
AiTBRBW  Youifö.  Fcp.  8to.  with  coloured 
Plates,  price  14s. 

Fairbaim.— üseM  Information  for  En- 

gineers :  Being  a  Series  of  Lectures  delirercd 
to  the  Working  Engincers  of  Yorkshire  and 
Lancashire.  With  a  Series  of  Appendices, 
containing  the  Besults  of  Experimental  In- 
quirics  iuto  the  Strength  of  Materials,  the 
Gauses  of  Boiler  Explosions,  &c.  By 
William  Fairbaibn,  F.B.S.,  F.a.S.  With 
Plates  and  Woodcuts.   Eoyal  8vo.  price  15s. 

Faraday  (Professor).  —  The    Subject- 

Matter  of  Six  Lectures  on  the  Non-Mctallic 
Elements,  dehrerod  before  the  Members 
of  the  Boyal  Institution,  by  Professor 
Fabadat,  D.C.L.,  F.B  S.,  &c.  Arranged  by 
permission  from  the  Lecturer's  Notes  by 
J.  ScoFPBBN,  M.B.    Fcp.  870.  price  5s.  6d. 

Francis.— Ghronicles  and  Gharacters  of 

the  Stock  Exchange.  By  John  Fbakcib. 
New  Edition,  reyised.    8fo.  10b.  6d. 

Gilbart— A  Practical  Treatise  on  Bank- 
ing. By  Jähes  William  Gilbabt,  F.R.S., 
General  Manager  of  the  London  and  West- 
minster  Bank.  Sia-th  Eäition,  reyised 
throughout  and  cnlarged  ;  with  Portrait  of 
the  Author.    2  toIs.  12mo.  price  I63. 

Gilbart  —  Logic  for  the   Million:   a 

Familiär  Exposition  of  the  Art  of  Beasoning. 
By  J.  W.  Gilbabt,  F.B.S.  4th  Edition  ; 
with  Portrait  of  the  Author.    l2mo.  Ss.  6d. 

Oilbart—Logie  for  the  Young:  eonsistixig  of 
Twenty-flye  Lessons  in  the  Art  of  Beasoning. 
Selected  from  the  Loffie  of  Dr.  Isaac  Watta. 
By  J.  W.  Gilbabt,  F.B.S.    12mo.  Is. 

The  Poetical  Works  of  Oliver  Goldsmith. 

Edited  by  BoLTOif  Cobkey,  Esq.  Hlustrated 
by  Wood  Enrnrings,  from  Designs  by 
Members  of  the  Etching  Club.  Square 
crown  8to.  cloth,  2l8. ;  morocco,  £1. 16t. 

Gosse. —  A    Naturalist's    Sojoom    in 

Jamaica.  By  P.  H.  GossB,  Esq.  With 
Plates.    Post  8to.  price  14b. 


Mr.  W.  R.  Greg's  Contribntions  to  The 

Edinburgh  Beview. — ^Essays  on  Political  and 
Social  Science.  Contributed  chiefly  to  th« 
Edinburgh  Review,  By  WllxiAlC  B.  GbbO. 
2  Tols.  8to.  price  24b. 

Grove.  — The  Gorrelation  of  Physical 

Forces.  Bj  W.  B.  Gbove,  Q.C.,  M.A., 
F.B.S.,  Ck)rresponding  Member  of  the  Aca- 
demies  of  Borne,  Turin,  &c.  Third  Edition  / 
with  NotoB  and  Beferences.    8to.  price  7b. 

Gomey.— Historlcal  Sketches,  illnstrat- 

ing  some  Memorable  Erents  and  Epochs, 
from  A.D.  1,400  to  A.D.  1,546.  By  the  Bey. 
J.  Hamfden  Gübkxt,  M.A.  New  Edition. 
Fcp.  870.  [/«  thepreu, 

Gumey.— Bt  Lonli  and  Henri  IV.:  Being  a 
Second  Series  of  Ilistorical  Sketches. 
By  the  Bev.  J.  Hakfdsn  Gxtbnet,  M.A, 
Fcp.  8yo.  6s. 

Evening  Becreations;  or,Samples  from 

the  Lecture-Boom.      Edited  by  the  Bct. 

John  IIampden  GübnkIt,  M.A.,  Eector  of 

St.  Mary*s,  Marylebone.    Crown  8vo.  5s. 

SuldecU.  Leeturer». 

EnKÜBh  Descriptive  Poetrr Rev.  H.  Alford,  B.D* 

Recolloctionsof  St.  Petersburg... .  Rev.  C.  M.  Birrell. 

Sir  ThonuM  More Charles  Buxton,  Esq. 

The  FaU  of  Mexico  Rev.  J.  H.Qumey,  M.A. 

The  Uouseof  Coiuinons:  iisiStrag- 

ffles  and  Triumphs  G.  K.  Riokards,  Esq. 

John  Buro'an Rev.  E,  J.  Rose,  M.A. 

Tho  Reformation Rev.  A.  P.Stanley.  M.A, 

Gwilt— AnEncyclopsedia  of Architectnre, 

Ilistorical,  Thcoretical,  and  Practica!.  By 
Joseph  Gwilt.  With  more  than  1,000 
Wood  Engrayings,  from  Designs  by  J.  S. 
Gwilt.    Third  Edition.    870.  42e. 

Hamilton. — Discnssions  in  Philosophy 

and  Literature,  Education  and  ünirersity 
Beform.  Chiefly  from  the  Edinburgh  Review  ; 
corrected,  vindicated,  enlarged,  in  Notesand 
Appendices.  By  Sir  William  HAMiLToir, 
Bart.    Second  Edition.    8to.  price  21s. 

Hare  (Archdeacon).— The  Life  of  Luther, 

in  Forty-eight  Historlcal  Engrayings.  By 
Gustav  König.  Wifh  Explanations  by 
Arehdeacon  Habe  and  Subakka  Wink- 
WOBTH.    Fcp.  4to.  price  288. 

Harrison.— The  Light  of  the  Forge ;  or, 

Counsels  drawn  from  the  Sick-Bed  of  E.  M. 
By  the  Bot.  W.  Habrisoit,  M.A.,  Bomestio 
Chaplain  to  H.B.H.  the  Duohess  of  Garn* 
bridge.    Fcp.  8to.  price  58. 

Harry  Hieover.— Stahle  Talk  and  Tahle 

Talk ;  or,  Spectacles  fo^  Young  Sportsmen. 
By  Habby  Hieoyeb.  I9^ew  Edition,  2  vols. 
8to.  with  Portrait,  price  24f. 

Harry  meover.- The  Eniitlng-Ticlld.  By  Harry 
HiEOTEB.  With  Two  Plates.  Fcp.  8to. 
Ss.  lialf-bound. 
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Hany  Hiao^er.— Praciical   Horseman- 

■hiD.  Bt  Habkt  HiBOYXB.  'Seeonä  Edition ; 
with  2  f  latei.    Fcp.  8to.  5t.  hAlf-bound. 

HazT7  Kaormr.— The  Btnd,  for  Praetioal  Pnr- 
poM8  and  Practical  Men:  bcing  a  Guide 
io  the  Choioe  of  a  Hone  for  use  more  tkan 
for  flhow.  Bj  Ha&by  Hibotbb.  With  2 
Piatee.    Fcp.  8to.  prioe  5t.  half-bound. 

Harry  Kaorer.— Hie  Poeket  and  tlie  Btnd;  or, 
Practical  Hints  on  the  Management  of  the 
Stahle.  B^  Habby  Hiboybb.  Second 
Edition;  with  Portrait  of  the Author.  Fcp. 
8to.  price  5s.  half-bound. 

Hassall  (DrJ— Food  and  its  Adoltera- 

tions :  Compruing  the  Beportt  of  the  Ana- 
Irtical  Sanitaiy  Commission  of  the  Lancei 
for  the  Years  1851  to  1854  inclusive,  revisod 
and  extended.  Bj  Abthdb  Hill  Hassall, 
M.D.,  &c,,  Chief  Analyst  of  the  Commission; 
Author  of  Mieroteopical  Jnaiomy  of  ike 
Human  Body,  870.  with  159  Woodcuts,  28s. 

CoL  Hawker's  Instructions  to  Tonng 

Sportsmen  in  all  that  relates  to  Guns  and 
Shooting.  lOth  Edition,  rerised  and  brought 
down  to  the  Present  Time,  bj  the  Author*8 
Son,  Major  P.  W.  L.  Hawkbb.  With  a 
New  Portrait  of  the  Author,  from  a  Bust  bj 
W.  Behnes,  Esq. ;  and  numerous  explana- 
'    tory  Plates  and  Woodcuts.    8to.  21s. 

Haydon.— The  Life  of  Benjamin  Robert 

Haydon,  Historical  Painter,  from  bis  Auto- 
biography  and  Journals.    Edited  and  com- 

?il«l  by  Tom  Taylob,  M.A.,  of  the  Inner 
'empl^Esq.    8  toIs.  post  8vo.  Sls.  6d. 

Haydn's  Book  of  Digniües :  Gontaining 

BoUs  of  the  Official  Personages  of  the  British 
Empire,  Civil,  Ecclesiasticai,  Judicial,  Mili- 
tary, Naval,  and  Municipal,  from  the  Earhest 
Periode  to  the  Present  Time;  CompUed 
ohiefly  from  the  Bocords  of  the  Public 
Offices.  Together  with  the  Sovereigns  of 
Europe,  from  the  foundation  of  their  re- 
tpectiye  States ;  the  Pcerage  and  Nobility  of 
Great  Britain,  and  numerous  other  Lists. 
Being  a  New  Edition,  improved  and  conti- 
nued,  of  Beatson*s  Political  Index.  B7 
J06BFH  Haydn.   8to.  price  258.  half-bound. 

Herring.  —  Paper   and   Paper-Making, 

Andent  and  Modem.  By  Bichabd  Hbb- 
BIKO.  With  an  Introduction  by  the  Key. 
Gbobgb  Cboly,  LL.D.  Second  Edition, 
with  Additions  and  Corrcctions;  Plates 
and  Specimens.    8to.  price  78.  6d. 

Sir  John  HerscheL— Ontlines  of  Astro- 

Domy.  By  Sir  Johw  F.  W.  Hebscuel, 
Bart.  &o.  New  Edition  ;  with  Plates  aud 
Wood  Engravinge.    870.  price  18s. 


HilL-Travels  in  Siberia.   By  S.  S.  Hill, 

Esq.,  Author  of  JVttvtlM  on  the  SkoreM  of 
the  Baltie,  With  a  large  Map  of  European 
and  Asiatio  Bussia.    2  toIs.  post  8vo.  %4m, 

Hints  on  Etiqnette  and  the  üsages  of 

Society:  With  a  Glance  at  Bad  Habits. 
New  Edition,  reyised  (with  Additions)  by  a 
Lady  of  Bank.  Fcp.  8to.  price  Half-a-Chrown. 

Holland.— Medical  Notes  and  Reflec- 

tions.  By  Sir  Henry  Holland,  Bart., 
M.D.,  F.R.S.,  &c.,  FeUow  of  the  Eoyal 
College  of  Physicians,  Physician  in  Ordinary 
to  Her  Majesty  the  Queen  and  to  His  Boyal 
Highness  Prince  Albert.  Third  Edition, 
with  Alterations  and  Additions.    8vo.  ISs. 

Holland.- Chapten  on  Mental  Phyiiologj.  By 
Sir  Hbnby  Holland,  Bart.,  t'.B.S.,  &o. 
Founded  chiefly  on  Chapters  contained  in 
the  First  and  Second  Editions  of  Medical 
Notes  and  Reflectiont  by  the  same  Author. 
8to.  price  10s.  6d. 

Hook.— The  Last  Days  of  Oor  Lord's 

Ministry:  A  Course  of  Lectures  on  the 
principal  Events  of  Passion  Week.  By 
the  EeT.  W.  F.  Hook,  D.D.  New  Edition. 
Fcp.  8to.  price  66. 

Hooker.— Eew  Gardens;  or,  a  Populär 

Guide  to  the  Boyal  Botanic  Ghu^ens  of 
Eew.  By  Sir  Willlim  Jackbon  Hookbb, 
K.H.,  D.C.L.,  F.B.A.,  and  L.S.,  &c.  &o. 
Director.  New  Edition;  with  numerous 
Wood  Engrayings.     16mo.  price  Sixpenoe. 

Hooker.'Maseam  of  Economic  Botany ; 

or  a  Populär  Guide  to  the  Useful  and  Be- 
markable  Yegotable  Products  of  the  Museum 
in  the  Boyal  Gardens  of  Eew.  By  Sir  W.  J. 
HooKEB,  K.H.,  &c.,  Director.  With  29 
Woodcuts.     16mo.  price  Is. 

Hooker  and  Amott.— The  British  Flora ; 

Comprisinff  the  Pheenogamous  or  Flowering 
Plauts,  and  the  Fems.  Seventh  Edition, 
with  Additions  and  Corrections ;  and  nu- 
merous Figures  illustrative  of  the  Umbelli- 
ferous  Pkmts,  the  Composite  Plauts,  the 
Grasses,  and  the  Fcms.  By  Sir  W,  J. 
HooKEB,  F.B.A.  and  L.S.,  &c.,  and  G.  A. 
Walkbb-Aknott,  LL.D.,  F.L.S.  12mo. 
with  12  Plates,  price  14s. ;  with  the  Plates 
coloured,  price  21s. 

Home.  —  The    Gommonicant's    Com- 

pNftnion ;  comprising  an  Historical  Essay  on 
the  Lord' 9  Supper ;  Meditations  and  Prayers 
for  the  use  of  Communicanis ;  and  the  Order 
of  the  Administration  of  the  Lord*s  Supper 
or  ITo/y  Communion,  By  the  Bey.  T.  Habt- 
WBLL  HoBNE,  B.D.  Boyal  32mo.  28.  6d. ; 
morocco,  4s.  6d. 
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Home's   Introdnction  to  the  Gritical 

Study  and  Slnowledge  of  the  Hely  Sorip- 
iure».  A  New  Edition,  revised,  corrected, 
and  bronght  down  to  the  present  time,  bj 
T.  Habtwell  Hohne,  B.D.  (the  Author) ; 
the  Rey.  Samuel  Datidson,  D.D.,  of  the 
Uniyeniitj  of  Halle,  and  LL.D. ;  and  S. 
Pbidsaux  Tbboelles,  LL.D.   4  yoIs.  8to. 

[/» the  prest, 

Honie.— A  Crompendioiu  IntrodnetloiL  to  the 
Study  of  the  Bible.  By  the  Bev.  T.  Habt- 
WBLL  HoBKB,  B.D.  Being  an  Analysis 
of  hia  Introduction  to  the  Criiical  Sttufy  and 
Kno»ledffe  qf  the  Holy  Scriptures,  New 
Edition,  with  Maps  and  other  Engravings. 
12mo.  Sb. 

How  to  Nnrse  Sick  Ghildren :  Intended 

especially  as  a  Help  to  the  Nuraes  in  the 
Hospital  for  Sick  Children  ;  but  containing 
Directions  of  seirice  to  aU  who  haye  the 
Charge  of  the  Young.    Fcp.  8to.  Ib.  6d. 

Howitt  (A.  M.)  — An  Art-Student  in 

Munich.  By  Anna  Maby  Howitt.  2 
Tols.  pott  8to.  price  148. 

Howitt.- The  Ghildren's  Tear.  By  Mary 

Howitt.  With  Four  Illustrations,  frora 
Deeigns  by  Akna  Maby  Howitt.  Square 
16mo.  6b. 

Howitt  — Land,  Labonr,   and    Gold; 

or,  Two  Years  in  Victoria :  "With  Visit  to 
Sydney  and  Van  Diemen*B  Land.  By 
William  Howitt.  2  rols.  post  8vo. 
price  21s. 

Howitt.— "^nsit  to  Bemarkable  Places; 

Old  Halls,  Battle-Fields,  and  Sccnes  illu«tra- 
tiye  of  Strikinff  Passages  in  English  History 
and  Poetry.  Bj  William  Howitt.  With 
numerouB  Wood  EngraTingB.  First  and 
Second  Seriei.    Medium  8to.  2l8.  each. 

WiUiam  Howitt*s  Boy*!  Conntry  Book;  being 
the  Real  Life  of  a  Country  Boy,  written 
byhimself ;  exhibiting  all  the  Amüsements, 
Pleasures,  and  Pursuits  of  Children  in  the 
Country.  New  Edition;  with  40  Wood- 
cuts.   Fop.  8to.  price  Gs. 

Howitt— The  Eural  Luis  of  England«  By 
William  Howitt.  New  Edition,  cor- 
rected  and  revised;  with  Woodcuts  by 
Bewick  and  Williams.    Medium  8to.  2l8. 

Hnc— The  Chinese  Empire:  A  Seqnel 

to  Huc  and  Gabet's  Joumey  through  Ttrrtary 
and  Thibet.  By  the  Abbe  Huo,  formerly 
Missionary  Apostolic  in  China.  Copyright 
Translation,  with  the  Author's  snnction. 
Sreond  Edition;  with  coloured  Map  and 
Index.     2  vols.  8vo.  243. 


Hndson.— Flain  Directions  for  Making 

Wills  in  Conformity  with  the  Law :  with  a 
dear  Exposition  of  the  Law  relating  to  the 
distribution  of  Personal  Estate  in  the  case 
of  Intestacy,  two  Forms  t)f  Wills,  and  much 
useful  Information.  B^  J.  C.  Hin)80N,  Esq. 
New  and  enlarged  Edition ;  including  the 
Provision  s  of  the  Wills  Act  Amendment 
Act  of  1852.   Fcp.  8to.  price  2s.  6d. 

Hudson.  — The  Ezecntor's  Guide.    By 

J.  C.  Hudson,  Esq.  New  and  enlarged 
Edition ;  with  the  Addition  of  Directions 
for  paying  Succession  Duties  on  Real  Pro- 
pertv  under  Wills  and  Intestacies,  and  a 
Table  for  finding  the  Yalues  of  Annuities  and 
the  Amount  of  Legacy  and  Succession  Duty 
thereon«    Fcp.  8to.  price  6s. 

Humboldt's  Cosmos.   Translated,  with 

the  Author*s  authority,  by  Mrs.  Sabivs. 
Vols.  I.  and  II.  16mo.  Half-a-Crown  eauh, 
sewed ;  Ss.  6d.  each,  cloth  :  or  in  post  8yo. 
12s.  6d.  each,  cloth.  Vol.  III.  post  8to. 
12s.  6d.  cloth  :  or  in  16mo.  Part  I.  2s.  6d. 
sewed,  38.  Cd.  cloth ;  and  Part  II.  3s.  sewed, 
4s.  cloth. 

Humboldt's  Aspects  of  Nature.  Trans- 
lated, with  the  Author's  authority,  by  Mrs. 
Sabine.  New  Edition.  16mo.  price  6s. : 
or  in  2  yoIs.  3s.  6d.  each,  cloth;  2s.  6d. 
each,  sewed. 

Hunt  —  Besearches  on  Light   in  its 

Chemical  Kelations  ;  embracing  a  Con- 
sideration  of  all  the  Photographic  Processes. 
By  BoBEBT  Hunt,  F.R.S.,  Professor  of 
Physics  in  the  Metropolitan  School  of 
Science.  Second  Edition,  thoroughly  re- 
Tised ;  with  extensive  Additions,  a  Plate, 
and  Woodcuts.    8to.  price  10s.  6d. 

Idle.— Hints  on  Shooting,  Fishing^ftc 

both  on  Sea  and  Land,  and  in  the  Fresh- 
watcr  Lochs  of  Scotland  :  Being  the  Expe- 
rienccs  of  Chbistofhes  Idi2,  Esq.  Fcp. 
8vo.  5s. 

Jameson.~A  Commonplace   Book  of 

Thoughts,  Memories,  and  Fancies,  Original 

and  Selected.    Part  I.  Ethics  and  Charactcr ; 

Part   II.    Litcrature  and  Art.     By  Mbs. 

Jamxson.    Second  Edition^  revised  tlu^jugh- 

out    and   corrected ;    with    Etchings    and 

Wood  Engravings.    Crown  8to.  188. 

*•  Thit  elegant  volame  which,  llke  all  Mrs. 
Janio8on*s  late  procloctions,  is  rieh  in  artistic 
beatity,  etching^t  and  woodcuts  alike  redolcnt  of 
f^racc,  is  destiaed  to  extcnd  still  more  widely  the 
repiitation  oi  the  authoressas  one  vrho  thinks  deeply 
and  nrites  wisely."  Notes  and  Qubri&s. 

Urs.  Jameson.— Sisters  of  Charity,  Catholio 
and  Protestant,  Abroad  and  at  Ilonie.  By 
Mrs.  Jamsson,  Author  of  Sacred  and  Legend' 
ary  Art,  Second  Edition,  with  a  ncw  Pre» 
face.    Fcp.  8vo.  4s. 
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Mrs.  Jameson's  Legends  of  the  Saints 

SDd  Martyn.  Forming  tbe  First  Serie«  of 
Sacred  and  Legendary  Art,  Seeond  Edition ; 
with  numerous  Woodcuts,  and  16  Etchings 
bj  the  Author.  Square  crown  8ro.  price  28s. 

Mn.  Jameion's  Legendf  of  the  Xonastic 
Orders,  as  reprcsented  in  the  Fine  Arts. 
Forming  the  Seeond  Series  of  Sacred  and 
Letjendaiy  A.i.  Seeond  Edition,  enhtrged  ; 
with  11  Etchings  by  the  Author,  and  88 
Woodcuts.    Square  crown  Svo.  price  28s. 

Mrs.  Jameson*!  Legends  of  the  Madonna, 
as  reprcsented  in  the  Fine  Arts.  Forming 
the  Third  Series  of  Sacred  and  Legendary 
Art,  With  55  Drawings  by  the  Autlior,  and 
152  Woodcuts.    Square  orown  Sto.  28s. 

Jaqnemet.— A  Compendiam  of  Chrono- 

logy  :  Containing  the  moät  important  Dates 
of  General  History,  Political,  Ecclesiastical, 
and  Literary,  from  the  Creation  of  the 
World  to  the  end  of  the  year  1854.  By 
F.  H.  Jaqüemet.  Edited  by  the  Eev. 
John  Alcobn,  M.A.    Post  8yo.  7s.  6d. 

Lord   Jefßresr's   Contribations  to  The 

Edinburgh  Beview»  A  New  Edition,  com- 
plete  in  One  Volume,  with  a  Fortrti  en- 
graved  by  Henry  Bobinson,  and  a  Vignette. 
Square  crown  8vo.  2l8.  cloth ;  or  30s.  calf : 
Or  in  S  vols.  8to.  price  42s. 

Bisbop  Jeremy  Taylor's  Enüre  Works : 

With  Life  by  Bishop  Hebeb.  Heviscd  and 
corrected  by  the  Ileir.  Chables  Page  Edek, 
Fellow  of  Oriel  College,  Oxford.  Now 
complete  in  10  vols.  8yo.  lOs.  6d.  each. 

Johns  and  Nicolas.— The  Galendar  of 

Victory  :  Being  a  Record  of  British  Valour 
and  Conquest  by  Sea  and  Land,  on  Every 
Day  in  the  Year,  from  the  Earliest  Pcriod 
to  the  Battle  of  Inkermann.  Projected  and 
commcnccd  by  tlie  late  Major  Johns,  B.M.  ; 
continued  and  completed  by  Lieutenant 
P.  H.  Nicolab,  B.M.    Fcp.  8Vo.  12s.  6d. 

Johnston.— A  Dictionary  of  Geography, 

Descriptiye,  Physical,  Statistical,  and  Histori- 
cal:  Forming  a  complete  General  Qazetteer 
of  the  World.  By  A.  Keith  JoHxNBTon, 
F.E.S.E.,  F.E.Ö.S.,  F.a.s.,  Geographer  at 
Edinburgh  in  Ordinary  to  Her  Majosty. 
Seeond  Edition,  brought  down  to  1855 ; 
in  1  vol.  of  1,360  pages,  comprising  about 
50,000  t^amesofPkces.  Sto. 36s. cloth;  or 
half-bound  in  russia,  41s. 

Jones  (Owen).— Flowers  and  their  Ein- 

dred  Thoughts :  A  Series  of  Stanzas.  By 
Maby  Anne  Bacon.  With  beautiful  Illus- 
trations  of  Flowers,  designed  and  executed 
in  illuminated  printing  by  Owen  Jones. 
Beprinted.  Imperial  8vo.  price  31s.  6d.  calf. 


Ealisch,— Historical  and  Critical  Com- 

mentary  on  the  Old  Testament.  By  Dr. 
M.  Kalisch,  M.A.  First  Portion — ^Exodus : 
in  Hebrewand  Engli^h,  with  copiouis  Notes, 
Critical,  Philplogical,  and  Explanatory. 
8vo.  15s. 


'•*  An  Edition  of  the  £raJu«,  «s  »bore  (for  Uie  uk  of  Enellfth 
readem,  eompricing  the  Engliah  TnmkhUion,  and  an  abrulged 
CommcaUry.    bvo.  price  12«. 

Eemhle.— The  Saxons  in  England:  A 

History  of  the  Euglisli  Commonwealth  tili 
the  period  of  the  Norman  Conquest.  By 
JouN  Mitchell  Eembls,  M.A.,F.C.P.S.» 
&o.    2  Tols.  8to.  price  288. 

Eemp.— The  Phasis  of  Matter :  Being 

an  Outline  of  the  Discoyeries  and  Applica- 
tions of  Modem  Chemistry.  By  T.  LiIND- 
LEY  Kevp,  M.D.,  Author  of  The  Natural 
History  of  Creation,  &c.  With  148  Woodcuts. 
2  vols.  crown  8yo.  21s. 

Eennard.  —  Eastem   Experiences   col- 

lected  during  a  Winter*s  Tour  in  Egypt  and 
the  Holy  Land.  By  Adak  Steiniuctz 
Eennakd.    Post  8to.  lOä.  6d. 

Eesteven.— A  Manual  of  the  Domestic 

Practice  of  Medicine.  By  W.  B.  Kesteten, 
Fellow  of  the  Boyal  College  of  Surgoons  of 
England,  &c.    Square  post  Svo.  price  7s.  6d. 

Eirhy  and   Spence's   Introdaction   to 

Entomoloey ;  or,  Elements  of  the  Natural 
History  of  Insects  :  Comprising  an  acoount 
of  noxious  and  useful  Insects,  of  tlieir  Meta- 
morphoses,  Food,  Stratagems,  Habitations, 
Societies,  Motions,  Noises,  Hybomation, 
Instinct^  &c.  New  Edition.  2  yoIs.  8vo. 
with  Plates,  price  31s.  6d. 

Dr.  Latham  on  Diseases  of  the  Heart. 

Lectures  on  Subjects  connected  ?rith  Clinical 
Medicine :  Diseases  of  the  Heart.  By  P.  M. 
Lathait,  M.D.,  Physician  Extraordmary  to 
the  Queen.  New  Edition.  2  vols.  12][n0f 
price  16s. 

Mrs.  R.  Lee's  Elements  of  Natural  Eis- 

tory ;  or,  First  Principles  of  Zoolog  :  Com- 
prising the  Principles  of  Classification,  inter- 
spersod  with  amusing  and  instructive  Ae* 
counts  of  the  most  remarkable  Animals. 
New  Edition;  Woodcuts.    Fcp. Syo. 78. 6d. 

Le  Qnesne.— Constitutional  History  of 

Jersey.  By  Cuables  Lb  Qüesne,  Esq., 
Jurat  of  the  Royal  Court,  and  Member  of 
the  States.    8to.  price  18s. 

Letters  to  my  ünknown  Friends.    By 

a  Lady,  Author  of  Leitert  on  üappineu, 
Fourth  and  cheaper  Edition.  Fcp.  8ro. 
price  5s. 

Letten  on  Happinesa,  addresaed  to  a  Friend. 
By  a  Ladt,  Author  of  Leiters  io  my  ünknoicn 
Friends»    Fcp.  8yo.  prioe  6b. 
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KEW  WORKS  AXD  KEW  EDITIOKS 


LABDNER'S  GABINET  CYGLOP^DIA 

Of  History,  Biogrsphy,  litoratnre,  tlie  Ärti  and  Sdenoei,  Katnral  History,  and  XanofutiUM 

A  Series  of  Original  Works  by 


Sir  John  Hbrschbl, 
Sir  James  Mackintosh, 
RoBBRT  South  BY, 
Sir  Datid  Drbwstbr, 


l^OMAS  KbIGHTLBY, 

John  Förster, 
Sir  Walter  ScotTi 
Thomas  Moobb 


Bishop  Thirlwall, 
Thb  Rbv.  O.  R.  Glbio, 
J.  C.  L.  De  Sismondi, 
John  Phillips,  F.R.S.  G.S. 


And  othbb  Eminent  Wbitbrs. 

Complete  in  183  yols.  fcp.  Svo.  witb  Vignette  Titles,  price,  in  cloth,  Nineteen  Gaineas. 
Tbe  Works  »eparately,  in  Sets  or  Series,  price  TLree  Shillings  and  Sixpence  each  Volnme. 


A  Litt  of  the  Works  compoting  ihe  Cabinkt  Ctclop^bdia: — 


1.  Beirs  History  of  Russia 8  vols.  lOs.  6d. 

9.  Beirs  Lires  of  British  PoeU..3  vols.  7s. 

8.  Brew8ter*s  Optics 1  vol.  8s.  0d. 

4.  Ckx>ley*s  Maritime  and  Inland 

Discovery  8  vols.  10s.  6d 

6.  Crowe's  History  of  France. ...  8  vols.  10s.  6d. 

6.  De  Morgan  on  Probabilities  . .  1  vol.  Ss.  6d. 

7.  De  Sisinondi*s  History  of  the 

Italian  Republics 1  vol.  8s.  0d. 

8.  De  Sismondi's    Fall    of   the 

Roman  Empire a  vols.  7s. 

9.  Donovan's  Chemistry 1  vol.  3s.  6d. 

10.  Donovan'a  Domeatic  Bconomy,3  vols.  7s. 

11.  Dunham'sSpain  and  Portugal,  6  vols.  17s.  6d. 

13.  Dnnham*sHistoryof  Denmark, 

Sweden,  and  Norway 8  vols.  10s.  6d. 

18.  Danbam's  History  of  Poland. .  1  vol.  8s.  6d. 

14.  Donham's  Germanic  Empire. .  8  vols.  10a.  tA, 
16.  Danham*s  Europe  during  the 

Middle  Ages 4  vols.  14s. 

16.  Dunbam's  British  Dramatists,  3  vols.  7s. 

17.  Dunham's    Livea    of    Barly 

Writers  of  Oreat  Britain  . .  1  vol.  8s.  0d. 

18.  Fergus's  History  of  the  United 

States  9  vols.  7s. 

19.  Fosbruke'sGrecian  and  Roman 

Antiquities  9  vols.  7s. 

90.  Forster*s  Uves  of  tbe  States- 

men  of  tbe  Commonwealth,  6  vols.  17s.  6d. 

91.  Gleig's  Lives  of  British  MUi- 

tary  Commanders 8  vols.  10s.  6d. 

93.  Grattan's     History    of    the 

Netberlands 1  vol.  8s.  6d. 

98.  Henslow*s  Botany 1  vol.  8s.  6d. 

94.  Hersebers  Astronomy 1  vol.  8s.  tA, 

95.  Herschel*s  Discourse  on  Na- 

tural Philosophy 1  vol.  8s.  6d. 

96.  History  of  Rome 3  vols.  7s. 

97.  History  of  Switxerland 1  vol.  8s.  6d. 

98.  Holland's    Mannfactures    in 

Metal   8  vols.  10s.  6d. 

99.  James*sLivesof  Foreign  States- 

men 5  vols.  17s.  6d. 

80.  Kater  and  Lardner'sMechanics,!  vol.  8s.  6d. 

81.  Keightley'sOutlinesof  HiBtory,l  vol.  Ss.  6d. 

83.  Lardner*s  Aritbmetic  1  vol.  8s.  6d. 

88.  Lardner*»  Geometry 1  vol.  8s.  6d. 


84.  Lardneron  Heat 1  vol.  Ss.6d. 

85.  Lardner's   Hydrostatics  and 

Pnenmatics   1  vol.  8s.  6d. 

86.  Lardner  and  Walker's  Blectri- 

city  and  Magnetism   3  vols.  7s. 

87.  Mackintosh,      Forster,     and 

Coartenay's  Lives  of  British 

Statesmen 7  vols.  948. 6(L 

88.  Mackintosh, Walhice,andBelPs 

History  of  England 10  vols.  858. 

89.  Montgomery     and     Shelley's 

eminent  Italian,    Spanish, 

and  Portuguese  Authors   .  8  vols.  10s.  6d. 

40.  Moore's  History  of  Ireland  . .  4  vols.  148. 

41.  Nicolas's  Chronology  of  Hist.  1  vol.  Ss.  6d. 
43.  Pbillips'sTreatiseon  Geology,  3  vols.  7s. 

43.  PowelPs  History  of  Natural 

Philosophy 1  vol.  Ss.  6d. 

44.  Porter*s  Treatise  on  the  Mano- 

nufacture  of  Silk 1  vol.  Ss.  6d. 

45.  Porter*s  Mannfactures  of  Por- 

celain  and  Glass  1  vol.  Ss.  6d. 

46.  Ro8Coe*s  British  Lawyers  ....  1  vol.  Ss.  6d. 

47.  Scott's  History  of  Scotland  ....  3  vols.  7s. 

48.  Sbelley*s   Lives    of     eminent 

French  Authors 3  vols.  7s. 

49.  Shuckard  and  Swainson'slnsects,  1  vol.  Ss.  6d. 

50.  Southey's    Lives    of    British 

Admirals S  vols.  178. 6d. 

61.  Stebbing*s  Church  History. ...  9  vols.  7s. 

63.  Stebbing*8    History    of    tbe 

Reformation 3  vols.  7s. 

68.  Swainson's  Discourse  on  Na- 

tural History 1vol.  Sa.  6d. 

64.  Swainson*s  Natural  History  8K 

Classification  of  Animals  . .  1  vol.  Ss.  6d. 

65.  Swainson*8  Habits  8K  Instincts 

of  Animals 1  vol.Ss.6d. 

66.  Swainson's  Birds 3  vols.  7s. 

67.  Swainson's  Fish,  Reptiles,  6ec.  9  vols.  7s. 

68.  Swainson's  Quadrupeds 1  vol.  Ss.  6d. 

69.  Swainson's  Shells  and  Shell- fish,  1  vol.  Ss.  6d. 

60.  Swainaon's  Animals  in  Mena- 

gerie   1  vol.  Ss.  6d. 

61.  Swainson's    Tkxidermy    and 

Biography  of  Zoologists. ...  1  vol.  Ss.  6d. 

69.  Tbirlwairs  History  of  Greece.  8  vols.  38s. 


■  v 


rüBUSHiD  BT  LONQMAN,  BB0W5,  m>  00. 


18 


Lewis'B  Book  of  En^^sh  Rivers.    An 

Acooimt  of  the  BiYen  of  England  and  Wales, 
particnlarifling  their  respectiTe  Counes,  their 
most  striking  Soenerr,  and  the  chief  Places 
of  Interest  on  their  Banks.  Bj  Samuel 
Lewis,  Jun.    Fcp.  870.  8s.  6d. 

L.  E.  L.— The  Poeücal  Works  of  Letitia 

Elizabeth  Landon ;  comprising  the  lmpr(h 
vhairiee,  the  Fetietian  Braeelet,  the  Golden 
VioMt  the  IVaubadaur,  and  Poetical  Bemains. 
New  Edition ;  with  2  Yignettes  bj  R.  Dojle. 
2  Tols.  16mo.  lOs.  cloth ;  morocco,  2l8. 

Lindley.— The  Theory  and  Practice  of 

Horticulture  ;  or,  an  Attempt  to  explain 
the  Principal  Operations  of  Q^rdening  upon 
Physiological  Grounds :  Being  the  Second 
Edition  of  the  TAeoryof  Horticulture  ^  much 
enlarged;  with  98  Woodcuts.  By  John 
LnrDJJSY,  Ph.D.  F.R.S.    8yo.  price  2l8. 

Dr.  John    Lindley's  Introdaction   to 

Botanj.  "Nerw  Edition,  with  CoTrections  and 
coplous  Additions.  2  toIs.  8to.  with  Six 
Plates  and  numerous  Woodcuts,  price  24fl. 

Lhiwood.— Anthologia  Ozoniensis,  sive 

Florilegium  e  lusibus  poeticis  diYersorum 
Oxoniensium  Grascb  et  Latinis  deoerptum. 
Oorante  Q-ulielmo  Linwood,  M.A.  ^dis 
Christi  Alummo.    870.  price  148. 

Long.— An  Inqniry  conceming  Religion. 

By  Gbobge  Long,  Author  of  TAe  Moral 
Nature  of  Man,  *'  The  Conduct  of  Life,"  &c. 
8?o.  price  9b.  6d. 

Lorimer's  (G.)  Letters  to  a  Toung  Master 

Mariner  on  some  Subjects  connected  with 
bis  Calling.    New  Edition.  Fop.  8yo.  5s.  6d. 

London's  Encyclopsedia  of  Ghurdening; 

comprising  the  Theory  and  Practice  of  Hor- 
ticulture, Floriculture,  Arboriculture,  and 
Landscape  Ghardening:  Including  all  the 
latest  improvements  ;  a  C^neral  History  of 
Gbrdening  in  all  Countries;  a  Statistical 
View  of  its  Present  State ;  and  Sugeestions 
for  its  Future  Progress  in  the  Britun  Isles. 
With  nriany  hundred  Woodcuts.  New  Edi- 
tion, corrected  and  improTed  by  Mrs. 
LouDOK.    Svo.  price  50s. 

London's  Encyclopaedia  of  Trees  and 

Shrubs;  or,  the  Arboretum  et  Fruticetum 
JBrüoHtticum  abridged :  Containing  theHardy 
Trees  and  Shrubs  of  Great  Britain,  Natiye 
and  Foreign,  Scientificaliy  and  Popularly 
Described ;  with  their  Propagation,  Culture, 
and  Uses  in  the  Arts ;  and  with  Engrarings 
of  nearly  all  the  Spedes.  Adapted  for  the 
nse  of  Nurserymen,  Gfardeners,and  Foresters. 
With  about  2,000  Woodcuts.  8to.  price  50s. 


London's  Encyclopsddia  of  Agricnltnre ; 

comprising  the  Tbieoiy  and  Practica  of  the 
Taluation,  Transfer,  Laying-out,  Improre- 
ment,  and  Management  of  Luided  Propertj, 
and  of  the  Cultiyation  and  Economy  of  the 
Animal  and  Yegetable  Productions  of  Agri- 
culture;  Including  all  the  latest  LnproT^ 
ments,  a  gcneral  Histoiy  of  Agriculture  in 
all  Countries,  a  Statistical  View  of  its  present 
State,  and  Suegestions  for  its  futureprogresa 
in  the  British  Isles.  New  Edition }  with 
1,100  Woodcuts.    Syo.  price  50s. 

London's  Encyclopaedia  of  Planta :  Com- 
prising the  Specific  Charaoter,  Desoription« 
Culture,  History,  AppUcation  in  the  Arts, 
and  eyery  other  desirable  Particular  respect- 
ing  all  the  Planta  indigenous  to,  oultivated 
in,  or  introduced  into  Great  Britain.  New 
Edition,  corrected  to  the  Present  Time  by 
Mbs.  Loüdok  ;  assisted  by  Gbobob  Dok, 
F.L.S.  and  Dayid  Woostbb,  late  Curator 
of  the  Ipswich  Museum.  With  upwards  of 
12,000  Woodcuts  (more  than  2,000  new). 
Sto.  price  £3  ISs.  6d. — Second.  Supplement, 
with  aboTe  2,000  Woodcuts,  price  21s. 

London's   EncyclopsBdia    of    Cottage, 

Farm,  and  Villa  Architecture  and  Fumiture: 
containing  numerous  Designs,  from  the  Villa 
to  the  Cottage  and  the  Farm,  including  Farm 
Ilouses,  Farmeries,  and  other  Agrioultural 
Buildings;  Country  Inns,  Public  Houses, 
and  Parochial  Schools;  with  the  requisite 
Fittings-up,  Fixtures,  and  Fumiture,  and 
appropriate  Offices,  Gktrdens,  and  Garden 
Soenery.  New  Edition,  edited  by  Mrs. 
LovDON ;  with  more  than  2,000  Woodcuts. 
Sto.  price  6Ss. 

London's  Hortns  Britanniens ;  or,  Cata- 

logue  of  all  the  Planta  indigenous  to,  oulti- 
yated  in,  or  introduced  into  Britain.  An 
entirely  New  Edition,  corrected  throughout; 
With  a  Supplement,  including  all  the  New 
Plauts,  and  a  New  Gheneral  Index  to  the 
whole  Work.  Edited  by  Mb8.  LoiTDOir; 
assisted  by  W.  H.  Baxteb  and  David 
WooBTEB.  8vo.  price  31s.  6d. — ^The  Srp- 
PLEMENT  separately,  price  14s. 

Mrs.   London's    Amatenr    Gardener's 

Calendar:  Being  a  Monthly  Guide  as  to 
what  should  be  avoided  as  well  as  what 
should  be  done,  in  a  Ghurden  in  each  Month ; 
with  piain  Bules  Aow  to  da  what  is  requisite. 
16mo.  with  Woodcuts,  price  7s.  6d. 

Low.— A  Treatise  on  the  Domesücated 

Animalsof  the  British  Islands:  Comprehend« 
ing  the  Natural  and  Eoonomical  £ustory  of 
Species  and  Varieties ;  the  Description  of 
the  Propertics  of  eztemal  Form ;  andObser- 
yations  on  the  Principles  and  Practice  of 
Breedinff.  By  D.  Low,  Esq.,  F.R.S.E. 
With  Wood  Engrayings.    8yo.  price  25a. 
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Low.-— Elementsof  PracticalAgricaltnre ; 

comprehendins  the  OultiTation  of  Planta,  tlie 
Hüsbandrj  of  the  Domestio  Animals,  and 
the  Economy  of  the  Farm.  B  j  D.  Low,  Esq. 
F.B.S.E.  New  Edition ;  with  200  WoodcuU. 
8to.  price  21s. 

Macaolay.— Speeches  of  the  Right  Hon. 

T.  B.  Maoeulaj,  M.F.  Corrected  by  Hik- 
BSL7.    8?o.  price  12a. 

Macanlay.  —  The  History  of  England 

from  the  Accession  of  James  II.  Bj 
Thomas  Babinotoit  Macaülat.  New 
Edition.  Yols.  I.  and  II.  8to.  prioe  828. ; 
Vols  III.  and  IV.  price  36s. 

Mr.  Macaiilay|8  Gritical  and  Historical 

Essays  contributed  to  The  Edinburgh 
Beyiew.    Four  Editions,  as  foUows : — 

1.  A  LiBSABY  Edition  (the  Eighth)^  in 

8  yols.  8yo.  price  d6s. 

2.  Complete  in  Onb  YoLimx,  with  Por- 

trait and  Vignette.      Square  orown 

Byo.  price  2l8.  cloth ;  or  308.  calf. 
8.  Another   New  Edition,    in  3  yols. 

fcp.  8yo.  price  2l8. 
4.  The  PsoPLB*a  Edition,   in   2   yols. 

crown  8?o.  price  Ss.  cloth. 

Macaulay.—Lays  of  Ancient  Rome,  with 

lyjy  and  the  Armada.  Bj  Thomas 
Babingkton  Macaülat.  New  Edition. 
16mo.  price  4s.  6d.  cloth;  or  lOs.  6d. 
bound  in  morocco. 

Mr.  Macaulay's  Lays  of  Ancient  Rome. 

With  numerous  lUustrations,  Original  and 
from  the  Antique,  drawu  on  Wood  by 
Gheorge  Scarf,  Jun.,  and  engrayed  by  Samuel 
Williams.  New  Edition.  Fop.  4to.  price 
2l8.  boards  ;  or  42s.  bound  in  morooco. 

Mac  Donald.~Within  and  Withont:  A 

Bramatic  Poem.  By  Gsobgb  Mao  Donald. 
Crown  Byo.  78.  6d. 

Macdonald.— Villa  Verocchio;  or,  the 

Youth  of  Leonardo  da  Vinci :  A  Tale.  By 
the  late  Diana  Loüisa  Macdonald. 
Fop.  8yo.  price  Gs. 

Sir  James  Mackintosh's  History  of  Eng- 
land from  the  EarUest  Times  to  the  final 
Establishment  of  the  Beformation.  Library 
Edition,  reyised  by  the  Author*s  Son.  2  yols. 
8yo.  price  21s. 

Sir  James  Mackintosh's  Miscellaneons 

Works :  Including  bis  Contributions  to  The 
Edinburgh  Beyiew.  Complete  in  One 
Volume ;  with  Portrait  and  Vignette. 
Square  crown  8yo.  price  2l8.  cloth  ;  or  308. 
bound  in  calf:  Or  in  8  yols.  fcp.  8yo. 
price  21s. 


M'Intosh    and    Eemp.  — The   British 

Year-Book  for  the  Country  for  1856 : 
Being  an  Annual  of  AgricuUure,  Horti- 
culture,  Floriculture,  and  Arboriculture. 
Edited  by  C.  M'Intos^,  Esq.,  Author  of 
The  Book  qftke  Garden,  &c.  j  and  T.  Lindley 
Kbmp,  M.D.,  Author  of  JgricuUural  i*//y- 
iiology,    Fcp.  8yo.  price  4s.  6d. 

Macleod.— The  Theoryand  Practice  of 

Banking:  With  the  Eiementary  Principles 
of  Currency,  Prices,  Credit,  and  Exchanges. 
By  Henry  Dünnino  Macleod,  of  the 
Inner  Temple,  Esq.,  Barrister-at-Law  ; 
Fellow  of  the  Cambridge  Philosophical 
Society.    2  yols.  royal  8yo.  price  SOs. 

M'Clnre.— A  Narrative  of  the  Discovery 

of  the  North-West  Passage.  By  II.M.S. 
Inveitigator^  Capt.  Sir  Robebt  M*Cli7BB, 
B.N.  Edited  by  Capt.  Shbrabd  Osbobn, 
B.N.,  from  the  Logs,  Journals,  and  Priyate 
Letters  of  Sir  B.  M*Claro  ;  and  illustrated 
from  Sketches  taken  by  Commander  S. 
Gumey  Crcsswell.    8yo.       [/»  the  preu, 

M'Gnlloch.  —  A  Dictionary,    Practical, 

Theoretical,  and  Hiätorical,  of  Commerce 
and  Commercial  Nayigation.  Illustrated 
with  Maps  and  Plans.  By  J.  B.  M^Culloch. 
Esq.  N  ew  Edition,  corrected  to  the  Present 
Time ;  with  a  Supplement.  8vo.  price  6O0. 
cloth ;  half-russia,  558. 

M'Golloch.— A  Dictionary,  Geographical, 

Statistical,  and  Historical,  of  the  yarious 
Countries,  Plaoes,  and  principal  Natural 
Objects  in  the  World.  By  J.  R.M*Cülloch, 
Esq.  Illustrated  with  Six  large  Maps.  New 
Edition, reyised;  with a  Supplement.  2 yols. 
8vo.  price  63s. 

Maitland.— The  Ghnrch  in  the  Gata- 

conibs  :  A  Description  of  the  Primitiye 
Church  of  Bome.  Illustrated  by  its  Sopul- 
chral  Bemains.  By  the  Bey.  Chablbs 
Maitland.  New  Edition ;  with  many 
Woodcuts.    8yo.  prioe  148. 

Mann.~The  Philosophy  of  Reprodnction. 

By  Bobebt  James  Mann,  M.D.  F.B.A.S. 
Fcp.  8yo.  with  Woodcuts,  price  4e.  6d. 

General  Manstein's  Memoirs  of  Rnssia, 

Historical,  PoUtical,  and  Mihtary,  from  the 
Year  1727  to  1744;  a  period  comprising 
many  Bemarkable  Eyents,  including  the 
firBt  Conquest  of  the  Crimea  and  Finland 
by  the  Bussiau  Arms.  First  edited  (in 
1770)  by  Dayid  Hume ;  and  now  reedited, 
carefuUy  compared  with  the  original  French, 
and  briefly  illustrated  with  Notes.  By  a 
'^Hbbtfobdbhibs  Incumbent.*'   Post  8yo, 
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Mrs.  Bf&reet'B  ConveiBations  on  Ghemis- 

trj,  m  which  the  Elements  of  that  Science 
aro  familiarlj  explained  and  illostrated  bj 
Experiments.  iS'ew  Edition,  enlarged  and 
improTcd.    2  Tols.  fcp.  8to.  price  1^. 

Mrs.  Marcet's  Gonversations  on  Natural 

Philosophy,  in  which  the  Elements  of 
that  Science  are  familiarlj  explained.  "New 
Edition,  enlarged  and  corrected;  with  28 
Plates.    Fcp.  8vo.  price  lOs.  6d. 

Mrs.  Marcet's  Gonversations  on  Political 

Economj,  in  which  the  Elements  of  that 
Science  are  famüiarij  explained.  New 
Edition.    Fcp.  8to.  price  7s.  6d. 

Mrs.  Marcet's  Gonversations  on  Vege- 

table  Fhjsiologj ;  comprehending  the  Ele- 
ments  of  Botuij,  with  their  Application 
to  Agriculture.  New  Edition ;  with  4 
Plates.     Fcp.  8yo.  price  9s. 

Mrs.  Marcet's  Gonversations  on  Land 

and  Water.  New  Edition,  reyised  and 
corrected;  with  a  coloured  Map,  shewing 
the  comparatire  Altitude  of  Mountains. 
Fcp.  Svo.  price  6a.  6d. 

Marryat.^ Mountains  and  Molehills; 

or,  Kccollcctions  of  a  Bumt  Journal.  Bj 
Fbane  Mabbtat.  With  manj  lUustra- 
tions  on  Wood  and  in  Colours  from  Drawings 
hy  the  Author.     8to.  21s. 

Martinean.— Endeavoorsafterthe  Ghris* 

tian  Lifo :  Discourses.  Bj  James  Mab- 
TiNEAü.     2  Tols.  post  8yo.  78.  6d.  each. 

KartineaiL— MisoellaxLiM.  Compriaiiig  Essaya 
on  Dr.  Pricstley,  Arnold*s  &fe  and  Corre- 
tpondence^  Church  and  St^te,  Theodore 
Parkcr*8  Ducourse  of  Ueligiony  "Phases  of 
Faith,"  the  Church  of  England,  and  the 
Battle  of  the  Ohurchee.    By  James  Mab- 

TINEATT.      Post  Svo.  9s. 

Mannder's  BlographicalTreasniy;  con- 

sisting  of  Merooirs,  Sketches,  and  brief 
Notices  of  above  12,000  Eminent  Persons  of 
All  Ages  and  Nations,  from  the  Earliest 
Period  of  Üistory ;  forming  a  new  and  com- 
plcte  Dictionary  of  Universal  Biography. 
jN^inth  Edition,  revised  throughout.  Fcp.Svo. 
lOs.  cloth ;  bound  in  roan,  12s. ;  calf,  128.  6d. 

Mannder's  Historical  Treasoir;  com- 

prising  a  General  Introductorj  Outline  of 
Universal  History,  Ancient  and  Modem, 
and  a  Series  of  separate  Histories  of  every 
principal  Kation  that  exists ;  their  Aise, 
Progress,  and  Present  Gondition,  the  Moral 
and  Social  Charactor  of  their  reepective  in* 
habitants,  their  Religion,  Manners  and  Cus- 
toms,  &c.  New  Edition  ;  revised  throngh- 
out,  with  a  new  Index.  Fcp.  Svo.  lOs.  doth ; 
roan,  128. ;  calf,  12s.  6d. 


Mannder's  Scientific  and  Literary  Trea- 

Bury :  A  new  and  populär  Encyclopiedia  of 
Science  and  the  Belles-Lettre« ;  including 
all  Brauches  of  Scienc-e,  and  every  subjcct 
connected  with  Literature  and  Art.  New 
Edition.  Fcp.  Svo.  price  lOs.  cloth ;  bound 
in  roan,  12s. ;  calf,  12s.  6d. 

Mannder's  Treasnry  of  Natural  History ; 

Or,  a  Populär  Dictionary  of  Animated 
Nature :  In  which  the  Zoological  Character- 
istics  that  distinguish  the  different  äasses, 
Genera,  and  Species,  are  combined  with  a 
varioty  of  interesting  Information  illustrative 
of  the  Habits,  Instincts,  and  General  Eco- 
nomy  of  the  A^i^^^^  Kingdom.  With  900 
Woodcuts.  New  Edition.  Fcp.  Svo.  price 
lOs.  cloth ;  roan,  12s. ;  calf,  12s.  6d. 

Mannder's  Treasnry  of  EInowledge,  and 

Library  of  Reforence.  Comprising  an  Eng- 
lish  Dictionary  and  Grammar,  an  Universal 
Gtizctteer,  a  Classicol  Dictionary,  a  Ohrono- 
logy,  a  Law  Dictionary,  a  Synopsis  of  the 
Peerage,  numerous  useful  Tables,  &c.  The 
Tweutieth  Edition,  carcfully  revised  and 
corrected  tliroughout :  With  some  Additions« 
Fcp.  8vo.  price  lOs.  cloth  ;  bound  in  roan, 
12s. ;  calf,  128.  6d. 

Merivale.  —  A  History  of  the  Bomans 

under  the  Empire.  By  the  Bev.  Ghablbs 
MsBiYALB,  B.D.,  late  Fellow  of  St.  John's 
College,  Cambridge.  Vols.  I.  to  III.  Svo. 
price  £2.  2s. — Vols.  IV.  and  V.,  comprising 
Augustus  and  the  Claudian  Casart,  are  now 
ready. 

Merivale.— Th«  Fall  of  the  BomaaBepnUio; 
•A  Short  History  of  the  Last  Century  of 
the  Commonwealth.  By  the  Bev.  Cuablbs 
Mebiyalb,  B.D.  New  Edition.  12mo. 
price  78. 6d. 

Merivale.— An  Aoooimt  of  the  Life  and  Lotten 
of  Cicero.  Translated  from  the  German  of 
Abeken ;  and  edited  by  the  Bev.  Chablss 
MssiYALB,  B.D.     12mo.  9s.  6d. 

Miles.— The  Horse's  Foot,  and  How  to 

Xeep  it  Sound.  The  Eighth  Edilion ;  with 
an  Appendix  on  Shoeing  in  general,  and 
Hunters  in  particular,  12  Plates  and  12 
Woodcuts.  By  Williasi  Mileb,  Esq. 
Imperial  Svo.  price  128. 6d. 

*  .*  Two  Taft»  nr  Modrl»  of  Off  Forc  FeH,  Vö,  1,  Shodßar  All 
PurpoteSf  So.  2,  8hoä  %cith  Leather^  oa  Mr.  Mile«'«  plan,  nuy  be 
bad,  price  3«.  each. 


.  j.— A  Piain  Treatife  on  Horfe4aioeIng. 
By  William  Milbs»  Esq.  With  Plates  and 
Woodcuts.    Small  4to.  price  5s. 

Milner.— Rnssia,  its  Rise  and  Progress, 

Tragedies  and  Bevolutions.  By  the  Bev. 
T.  MiLWEB,  M.A.,  F.R.G.S.  Post  Svo. 
with  Plato,  price  10s.  6d. 
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Milner.— The  Crimea,  its  Ancient  and 

Modem  History  :  The  Khans,  the  Sultans, 
and  the  Czars  :  With  Sketches  of  its  Scenerj 
and  Population.  Bj  the  Key.  T.  Milnbb, 
M^.    Post  Syo.  with  8  Maps,  prioe  10s.  6d. 

Milner.— The  Baltio;  Its  Oates,  Shores,  and 
aties :  With  a  Notice  of  the  White  Sea. 
By  the  Eev.  T.  Milnbe,  M.A.,  F.K  Ö.S. 
Post  8to.  with  Map,  price  10s.  6d. 

lülner's  History  of  the  Chnrch  of  Christ. 

With  Additions  bj  the  late  Key.  Isaao 
MiLHEB,  D.D.,  r.R.S.  A  New  Edition, 
reyised,  with  additional  Notes  bj  the  Rey. 
T.  Gbaitthah,  B.D.    4  yoIs.  8yo.  price  62s. 

Monteith.-;Kars  and  Erzeroom:  With 

the  Campaigns  of  Prince  Paskiewitch  in  the 
Years  1828  and  1829 ;  and  an  Account  of 
the  Russian  Gonquests  South  of  the  Gau- 
casus  down  to  the  Treaty  of  Turcoman  Ghie 
and  Adrianople.  By  Lieutenant- General 
MONTEITH,  of  the  Madras  Engineers,  19 
years  attached  to  the  Persian  Embassy. 
With  Map  and  Illustrations.    8yo.  15s. 

Montgomery.^Memoirs  of  the  Life  and 

Writings  of  James  Montgomery :  Including 
Seleotions  from  his  Gorrespondence,  Remains 
in  Prose  and  Verse,  and  Gonversations.  By 
John  Holland  and  Jaxsb  Eyebbtt.  With 
Portraits  and  Yignettes.  Yols.  I.  to  lY. 
post  8yo.  prioe  lOs.  6d.  each.  . 

•,i*  Yols.  Y.,  YI.,  and  YII.,  completing 
the  work,  are  in  thepress, 

James  Montgomery's  Poeücal  Works : 

Goliectiye  Edition ;  with  the  Author*s  Auto- 
biographical  Prefaces,  complete  in  One 
Yolume ;  with  Portrait  and  Yignette.  Square 
orown  8yo.  price  lOs.  6d.  cloth;  morocco, 
2l8. — Or,  in  4  yols.  fcp.  8yo.  with  Portrait, 
and  7  other  Plates  prioe  148. 

James  Montgomery's  Original  Hymns 

for  Public,  Social,  and  Priyate  Deyotion. 
18mo.  prioe  5s.  6d 

Moore.— The  Power  of  the  Sool  over  the 

Body,  considered  in  relation  to  Health  and 
Monis.  By  Gbobob  Moobe,  M.D.,  Member 
of  the  Royal  Gollege  of  Physicians.  FißA 
and  cheaper  Edition,    Fcp.  8yo.  price  6s. 

Xoore.— Xan  and  his  Xotlves.  By  George 
MoOBB,  M.D.,  Member  of  the  Royal  Gollege 
of  Physicians.  Third  and  cheaper  Edition, 
Fop.  Syo.  price  Gs. 

Xoore.~The  TTse  of  the  Body  in  relation  to  the 
Mind.  By  Gkobqb  Moobe,  M.D.  Member 
of  the  Royal  Gollege  of  Physicians,  l^ird 
and  cheaper  Edition.     Fcp.  8yo.  68. 


Thomas  Moore's  Poeücal  Works :  Com- 

prising  the  Author^s  recent  Introductiona 
and  Notes.  Gomplete  in  One  Yolume, 
printed  in  Ruby  Type;  with  a  Portrait. 
Grown  8yo.  12s.  6d.  cloth ;  morooco  by 
Hayday,  21s. — Also  an  Edition  complete  in 
1  yol.  medium  8yo.  with  Portrait  and  Vig- 
nette, 21s.  cloth;  morocco  by  Hayday,  42s. 
— Another,  in  lOyols.fcp.  8yo.  with  Portrait^ 
and  19  Plates,  price  36s. 

Moore's  Irish  Melodiös  ülastrated.   A 

New  Edition  of  Moore's  Irish  Melodies,  illus- 
trated  with  Thirteen  Steel  Plates,  engrayed 
from  Original  Designs  by 

I       G.  W.  GoPE,  R.A. ;       D.  Maclise,  R.A.  ; 
'       T.  Gbeswick,  R.A. ;    J.E.MiLLAiB.A.KA.; 
A.  L.  £oo,  A.R.A. ;     W.  Mülbbadt,  R.A. ; 

W.  P.  FbITH,  R.  A.  ;       J.  SaNT  ; 

W.E.Fbost.A.R.A.;  F.Stone,A.R.A.;  and 
J.  G.  Hobsley  ;  E.  M.  Wabd,  R.A. 

Uniform  with  the  Illuttrated  Edition  of 
Moore's  Lalla  Bookk.  Square  crown  8yo. 
prioe  21s.  cloth ;  or  31s.  6d.  handsomely 
bound  in  morocco. 

Moore's  Iriih  Melodiea.  ülnstrated  by  B. 
Maclise,  R.A.  New  Edition ;  with  161 
Designs,  and  the  whole  of  the  Letterpreea 
engraynd  on  Steel,  by  F.  P.  Becker.  Super- 
royal  8yo.  31s.  Bd.  boards  ;  £2. 12s.  6d. 
morooco,  by  Hayday. 

Moore*!  Iriah  Melodies.  New  Edition,  printed 
in  Diamond  Type;  with  the  Preface  and 
Notes  from  the  collectiye  edition  of  Moor^M 
Poeiical  Works,  the  Adyertisements  originally 
prefixed  to  the  Melodies,  and  a  Portrait  of 
the  Author.  32mo.  2s.  6d. — An  Edition 
in  16mo.  with  Yignette,  5s.;  or  12s.  6d. 
morocco  by  Hayday. 

Moore's   Lalla   Rookh:    An   Oriental 

Romance.  With  13  highly-fiiüshed  Steel 
Plates  from  Designs  by  Gorbould,  Meadows, 
and  Stephano£f,  enicrayed  under  the  super- 
intendenoe  of  the  late  Gharles  Heath.  New 
Edition.  Square  crown  8yo.  price  158. 
cloth  I  morocco,  28s. 

Moore's  Lalla  Bookh.  Kew  Edition,  printed 
in  Diamond  Type ;  with  the  Preface  and 
Notes  from  the  coUective  edition  of  Moores 
Poetical  Works,  and  a  Frontispicce  from  a 
Design  by  Kenny  Meadows.  d2mo.  2s.  6d. 
— ^An  EcUtion  in  16mo.  with  Yignette,  5s. ; 
or  12s.  6d.  morocco  by  Hayday. 

Moore.— Songs,  Ballads,  and  Sacred 

Songs.  By  Thomas  Moobe,  Author  of  LaUa 
Rookh,  &o.  First  collected  Edition,  with 
Yignette  by  R.  Doyle.  16mo.  price  5s.  cloth  ; 
128.  6d  bound  in  morocco. — A  Diamond 
Edition,  with  Froutispiece^  is  in  the  press. 
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Moore.— Memoin,  Journal,  and  Corre- 

•pondenoe  of  Thomas  Moore.  Edited  by 
tbe  Bight  Hon.  Lord  John  Bubbell,  M.P. 
With  Portrait«  and  Vignette  Illustrations. 
8  toIb.  post  870.  prioe  lOs.  6d.  each. 

Moseley.— The  Mechanical  Principles  of 

Engineering  and  Architectore.  Bj  H. 
M06BLST,  M.A.,  F.B.S.,  Canon  of  Bristol ; 
Corresponding  Member  of  the  Institute  of 
France.  Second  Edition,  enlarged;  viith 
nnmerouB  Corrections  and  Woodcuts.  8yo. 
price  246. 

Mnre.— A  Critical  Hietory  of  the  Lan- 

guage  and  Literature  of  Ancient  Greeoe. 
By  William  Mubk,  M.P.  of  G^dweli 
Second  Edition.  Yols.  I.  to  JII.  8yo.  prioe 
808. ;  Vol.  IV.  price  ISs. 

Morray'B  fincyclopffidia  of  Geography ; 

Comprising  a  complete  Description  of  the 
Barth  :  Exhibiting  its  Belation  to  the 
Heayenly  Bodies,  ita  Phjsical  Structnre,  the 
Natural  History  of  each  Country,  and  the 
Industry,  Commerce,  Political  Institution«, 
and  CiTil  and  Social  State  of  All  Nations. 
Second  Edition  ;  with  82  Maps,  and  upwards 
of  1,000  other  Woodcuts.    8to.  price  608. 

Neale.— The  Glosing  Scene;  or,  Chris- 

tianity  and  Infidelity  contrasted  in  the  Last 
Hours  of  Bemarkable  Persona.  By  the 
Bey.  Ebsxins  Nealb,  M.A.,  Bector  of 
Kirton,  Sufiblk.  New  Editions  of  the  First 
and  Second  Series.  2  yoIs.  fcp.  8to.  price 
128. ;  or  separately,  6s.  each. 

Newman.  —  Discourses    addressed    to 

Mized  Congregations.  By  Johk  Hbkby 
Nbwmak,  Priest  of  the  Oratory  of  St.  Philip 
Neri.    Second  Edition.    8to.  price  12b. 

Oldacre.— The  Last  of  the  Old  Sqnires. 

A  Sketch.  By  Csdbic  Oldacbb,  Esq.,  of 
Sax  •  Normanbury,  sometime  of  Christ 
Chureh,  Oxon.    Crown  870.  price  98.  6d. 

Owen.  — Lectores  on  the  Comparative 

Anatomy  and  Physiology  of  the  Invertebrate 
Animals,  delivered  at  the  Boyal  College  of 
Surgeons.  By  Bichabd  Owen,  F.B.S., 
Hunterian  Professor  to  the  College.  Second 
Edition,  greatly  enlarged ;  with  235  Wood- 
cuts.   8to.  2l8. 

Professor  Owen's  Lectnres  on  the  Com- 
parative Anatomy  and  Physiology  of  the 
Vertebrate  Animals,  delivored  at  the  Boyal 
College  of  Surgeons  in  1844  and  1846.  With 
numerous  Woodouts.    Vol.  I.  8to.  price  148. 


The  Complete  Works  of  Blaise  PascaL 

Translated  from  the  French,  with  Memoir, 
Introductiona  to  the  yarious  Works,  Edito- 
rial  Not«8,  and  Appendices,  by  Gbobgb 
Peabcb,  Esq.  8  toU.  post  Sro.  with  Por- 
trait, 258.  6d. 

TOI«.  1.    PASCAI«*8  PROTISrCIAI«  I«KT« 

ten :  with  M.  ViUrmitiii'a  Eamj  on  PmmI  prefljMd.and  Aa«w 
Mcmoir.    Fwt  8vo.  Portnat,  8«.  M. 


TOI«.  9.    PASCAI«*S  THOVGHTS  OM 

llgioB  and  Evidmic««  of  ChrUtUaitt,  with  AddiUoM,  from 
Original  MSS. :  from  M.  raogir«'*  Edition.    Poot  (»vo.8s.6d. 

TOI«.  S.    PASCAI«*S     MI8€BI«I.AlfKOV8 

Wrttinirt.Corretpondsnce,  Detached  Thonghta,  Ae. :  from  K. 
FaugAr**«  EdiUon.    Foat  8to.  8».  6d. 

Dr.  Pereira's    Elements    of    Materla 

Mcdica  and  Therapcutics.  Third  Edition^ 
enlarged  and  improved  from  the  Author'a 
Materials,  by  A.  S.  T.atlob,  M.D.  and 
G.  O.  Bbes,  M.D.  :  With  numerous  Wood- 
cuU.  Vol.I.8vo.28s.;  Vol.  II.  Part  1. 21fl. ; 
Vol.  n.  Part  II.  248. 

Dr.  Pereint*!  Treatise  on  Food  and  Biet:  "^fh 
Observations  on  the  Dietetical  Begimen 
suited  for  Disordered  States  of  the  Digestiye 
Organs  ;  and  an  Account  of  the  Dietaries  of 
some  of  the  principal  Metropolitan  and  other 
Establishments  for  Paupers,  Lunatics,  Cri- 
minals,  Children,  the  Sick,  &c.    8to.  16b. 

Dr.  Pereira's   Lectnres   on   Polarised 

Light,  together  with  a  Lecture  on  the 
Microscope,  delivered  before  the  Pharma- 
ceutical  Society  of  Gh*eat  Britain,  and  at  the 
Medical  School  of  the  London  Hospital. 
2d  Edition,  enlarged  from  Materials  lefb  by 
the  Author,  by  the  Be7.  B.  Powell,  M.A., 
&c.    Fcp.  8to.  with  Woodcuts,  7b. 

Peschers  Elements  of  Physics.  Trans- 
lated from  the  G^rman,  with  Notes,  by 
E.  West.  With  Diagrams  and  Woodcuts. 
3  yols.  fcp.  8to.  2l8. 

Pfeiffer.  — A  Lad^s   Second   Jonmey 

round  the  World:  From  London  to  the 
Cape  of  Good  Ilope,  Boruco,  Jaya,  Sumatra, 
Celebes,  Oram,  the  Moluccas&c.,  Cahfomia, 
Panama,  Peru,  Ecuador,  and  the  United 
States.  By  Madame  Ida  Pfeiffbb. 
2  Tols.  post  8to.  price  21s. 

Phillips's  Elementary  Introdnction  to 

Mineralogy.  A  New  Edition,  with  extenslTO 
Alterations  and  Additions,  by  H.  J.  Bbooxb, 
F.R.S.,  F.G.S. }  and  W.  H.  Millbb,  M.A., 
F.G.S.,  Professor  of  Mineralogy  in  the 
University  of  Cambridge.  With  numerous 
Wood  Engrayings.    Post  8to.  price  18b. 
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Phillips.— A  Guide  to  Geolog;.  By  John 

Philups,  U.a.,  F.R.S.,  F.a.s.,  Dsputj 
Bcader  in  Qeolog;  in  tbe  UniTenit;  ot 
Oxford  I  Honorarj  Member  of  tba  Imperial 
AoadBmjorSaienceiofMoMow.&c.  Fourth 
Edition,  corrected  to  the  PreeeDt  Time ; 
irith  4  PUlm.    Fcp.  Svo.  price  5a. 

PUUIpi.  —  FignrM  ud  DeMripÜim«  «f  Uia 
Falnozaie  FoasUs  of  Cornvatl,  IIotod,  uid 
Weat  Somenet ;  obeerreil  in  the  couric 
of  the  Ordnanca  Oeulogü^aJ  Surrey  of  thal 
Dietrict.  BjJoHK  Phillips, P.R.g.,F.Q.S. 
&o.    8to.  «ith  60  Pialea,  price  9i. 

Piesse's  Art  of  Perfluneir,  and  Hethods 

ofObtaining  the  Odour«  of  Planla :  With 
InatruottonsfortheHBnufactureof  Perfurae* 
for  the  Handkerchicf.  Scented  Pawd««, 
Odoroua  Vinegar»,  Dentifricas,  Pomatums, 
CoemJtiquea,  l'erfumed  Soap,  ic. ;  and  an 
Appendix  oa  the  Coloura  of  Flovera,  Arti- 
fioial  Fruit  Bsaencei,  &a.  With  30  Wood- 
out»,    Crown  8»o.  price  7a.  6d. 

nacator.— The  Cholce  and  Cooker;  of 

Fiahi  A  Practical  Treatiae.  Fcp.  Sto. 
price  5a.  6d. 

Captain  Portlock'B  Report  on  the  Geology 
of  the  County  of  Londondenj,  and  of  Paiia 
of  [rrrone  and  Fennanagh,  eiauiined  and 
describedunderthe  Aulhoritj  of  theMaiter- 
Qeneral  and  Board  of  Ordnanoe,  8to.  with 
48  Platea,  price  24*. 

Powell.— EssayB  an  the  Spirit  of  the 

Inductire  Philoaophj,  the  Ünityof  Worlda, 
and  the  Phaosophy  of  Creation.  By  the 
KeT.Bii>EsPowiLL,M.A.  P.R.S.  F.E.A.S. 
F.a.s.,  Sarüian  Profesaor  of  Oeometry  in  tbe 
UniTeraity  of  Oxford.  Cruwa  Sro.  with 
Woodout«,  prioe  J2a.  6d. 

Pycroft's  Coorse  of  En^sh  Beading, 

mdapted  to  arery  Taat«  and  Capacity  :  Witb 
Literat?  Anecdolea.  New  and  oheaper 
"  ""         Fop.  8to.  price  6a. 
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BaikoB.— A  Portion  of  the  Jonmal  kept 

bTTHOKiB  Raikss,  Eaq.  from  1831  to  1847: 
Compriaing  Reminiscenoet  of  Social  and 
Pohtical  Life  in  London  and  Paria  during 
that  period.  Toll.  I.  and  II.  poit  Sto.  with 
Portrait,  price  2l8. 


Reade.— Hau  in  Paradise:  A  Poem  in 

Sil  Boolis.  With  Lyrical  Poems.  6i 
JoHir  Edmund  Beasi,  Anihor  of  "Italy, 
"  Berelationi  of  Life,"  AÖ.     Fcp.  8to.  5i. 


Dr.  Beece'8  Kedical  Guide ;  for  the  nae 

of  the  Clergy,  Heada  of  Faroiliea,  Scbooli, 
and  Junior  Medlcat  Practitioner« :  Cotn- 
prislng  a  complete  Modern  Di>penaatoi7, 
anda  Practica]  Trestiieon  the  distingnishing 
Symptoma,  Cauaes,  Prevention,  Cure  and 
Palhalion  of  the  Diaeasea  incident  to  tba 
Human  Frame.  With  LhelalfiatDiaooTerie« 
in  the  diflerent  departmenla  of  the  Healing 
Art,  Malori»  Medica,  4o.  Serenteenth 
Kdition,  con 
Antno 
6>o.  pnce  12t. 

Rieh's  ninstrated  Compaulon  to  the 
Latin  Dictionaryand  Qreeklieiioon :  Form- 
ing  a  aioBsary  ofall  the  Worda  repreaenting 
Viiible  Ohjecta  connected  with  the  Art«, 
Manufacturea,  and  Every-day  Life  of  the 
Ancienta.  With  Woodcut  Kepresentationa 
of  nearly  2,C)0O  Ohjecta  from  the  Antique. 
Poat8TO.  price  21i, 

Bichardson  (Captain).— Horeemanshlp ; 

or,  the  Art  of  RidingandUanagingaHorae, 
adapted  to  tlie  Quidance  of  lAdie«  and  Oen- 
ttemen  on  the  Boad  and  in  the  Field :  Witb 
InetructionsforBreaking-in  Coltsand  Young 
Honea.  B^  Captain  Blcu.iBDaotl,  lata  rf 
the  4tb  Light  Dragoon».  With  6  Lina 
EngraTinga.    Square  crown  6to.  price  14a, 

lUckards.  —  Population    and    Capital : 

Betng  B  Courae  of  Lecturea  delivcrad  beforg 
the  UniTCnity  of  Oiford  in  18S3  and  1864. 
By  OiOBOE  K.  RiCKiBDB,  &f.A.,  Profoaaor 
of  Political  Economy.    Poat  6to.  6a. 

Biddle's  Complete  LaÜn-Englieh  and 

Engtiah-Latin  Dictionarj,  for  the  uae  of 
Collegea  and  Schoot*.  Nev  and  cheapar 
Edilion,  reriaed  and  corrected.    Sro.  81a. 

.    (  The  English'Latin  Dictionary,  7i, 
'"^    ^  lTheLatin-EngliahDictionary,15*. 

Biddla**  MamAnd  Tititln-Engliih  Slstloiuii? ! 
A  Guide  to  the  Meaning,  Quality,  and 
righlAccentuationofLatinClaaaicaiWordi. 
Boyal  32mo.  prioe  4a. 

Biddle's  Coplons  and  CriUcal  Latin- 

SngUsh  Leiicon,  founded  on  the  Oennan- 
Lstin  Dictionaries  of  Dr.  WilUam  Fraund. 
NswiBif  c^i^«rEdition.    Poat  4to.  31a.  ed. 

lUvers's  RoBe-Amatenr's  Guide ;  contain- 

ing  ample  Beacriptiona  of  all  t)ie  Qne  leading 
Tarietie*  of  Hoaes,  regularty  cUsaed  in  their 
reapectiTe  Familie* ;  their  Hiatory  and 
moda  of  Culture,  Fifth  Edition,  corrected 
and  improTcd;  inoluding  a  füll  Account  of 
the  Aathor"*  «iperienee  m  the  Oulture  of 
Botst  in  Pota.    Fcp.  8to.  price  3*.  6d. 
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Bobins.— The  Whole  E?idence  against 

the  Claims  of  thd  Boman  Churoh.  By  the 
Bey.  Sanpebson  Bobinb,  M.A.,  Bootor  of 
St.  James^s,  Dover.    8to.  price  lOs.  6d. 

Dr.  E.  Bobinson's  Greek  and  English 

Lexicon  to  the  Ghreek  Testament.  A  New 
Edition,  revised  and  in  great  part  re-written. 
8to.  price  18«. 

Mr.  Henry  Bogers's  E8sa3rs  selected  from 

Contributions  to  the  Edinburgh  Review. 
Seoond  and  cAra/)/T  Edition,  with  Additions. 
8  Tols.  fcp.  8to.  21s. 

Dr.  Boget's  TheBaoms  of  English  Words 

and  Phnises  Chissified  and  arronged  so  as  to 
faoilitate  the  Expression  of  Ideas  and  assist 
in  Literary  Composition.  Third  Edition, 
reyised  and  improTcd ;  and  printed  in  a 
more  conrenient  form.  Crown  8vo.  lOs.  6d. 

Rowton's  Debater :  A  Series  of  complete 

Debates,  Outlines  of  Debates,  and  Questions 
for  Discussion  ;  with  ample  Beferenccs 
to  the  best  Sources  of  Information  on 
each  particular  Topic.  New  Edition.  Fcp. 
8to.  price  6s. 

Letters  of  Bachel  Lady  Basseil.  A  New 

Edition,  induding  seyeral  unnublished  Let- 
ters, together  with  those  edited  bj  Miss 
BxBBT.  With  Portraits,  Yignettes,  and 
Facsimile.    2  toIs.  post  870.  price  15s. 

The  Life  of  William  Lord  BnsselL   By 

the  Bight  Hon.  Lord  John  Russell,  M.P. 
The  Fourth  Edition,  complete  in  One 
Volume  ;  with  a  Portrait  engrayed  on  Steel 
by  S.  Bellin,  from  the  original  bj  Sir  Peter 
Lelj  at  Wobum  Abbej.    Post  Sto.  10s.  6d. 

St  John  (Mrs.)— Anduhon  the  Natu- 
ralist in  the  New  World  :  His  Adventures 
and  DiscoTcries.  Bj  Mbs.  IIobace  St. 
JoHir.    Fcp.  8vo.  price  28.  6d. 

The  Saints  onr  Ezample.  BytheAuthor 

oi  Letten  to  My  Vnknown  Frieadt^  &c.  Fcp. 
8to.  price  7s. 

Schmitz.— History  of  Greece,  from  the 

Earliest  Times  to  the  Taking  of  Corinth  bj 
the  Bomans,  B.c.  146,  maiardv  based  upon 
Biahop  Thirlwail*s  History  of  Greece.  Bj 
Dr.  LsoKHA&D  Schmitz,  F.B.S.E.,  Bector 
of  the  High  School  of  Edinburgh.  New 
Edition.    12mo.  price  7s.  6d. 

Scrivenor.— History  of  the  Iren  Trade, 

from  the  Earliest  Becords  to  the  Present 
Period.  By  Habby  Sceivbwob,  Author  of 
The  BMtlways  of  the  United  Kingdom,  New 
Edition,  revised  and  corrected.  8to.  lOt.  6d. 


Scott— The  Dane«  and  the  Swedes: 

Being  an  Account  of  a  Visit  to  Denmark, 
induding  Schleswig-Hobtein  and  the  Danish 
Islands ;  with  a  Peep  into  Jutland,  and  a 
Joumey  across  the  Peninsula  of  Sweden. 
Embracing  a  Sketch  of  the  most  interesting 
points  in  the  History  of  those  Countries. 
By  Chablks  Henkt  Scott,  Author  of  The 
BfUtic,  the  Black  Stfa,  and  the  Crimea,  Post 
8vo.  price  10s.  6d. 

"  Mr.  Scott  gxveB  as  the  best  modern  account  of 
Denmark  and  Sweden  which  we jpossess ;  and  thoogh 
bis  work  is  more  detrriptiye  tban  historical,  tbere 
are  many  pertinent  illustrations  of  recent  events 
connected  with  both  countries,  as  well  as  of  aome  of 
the  oKlen  time.  We  could  make  numerous  extracts. 
We  hsTe  rarely  read  a  volume  of  the  same  eztent 
which  offers  more  passnges  apt  for  Quotation.  But 
ou.  room  iscircumscrilted;  and  therefore  we  oiost 
concluilo  with  heartily  recommeuding  the  book  to 
our  readers."      Naval  and  Military  Gazsttk. 

Sewell.— Amy  Herhert.    By  a  Lady. 

Edited  by  the  Bcv.  William  Sewbll,  B.D. 
Fellow  and  Tutor  of  Exet  er  College,  Oxford. 
New  Edition.     Fcp.  8to.  price  6s. 

SewelL-The  Earl's  Daughter.   Bythe 

Autlior  of  Amy  Herbert,  Edited  bj  the  Ber. 
W.  SswELL,  B.D.    2  Tob.  fcp.  8to.  98. 

Sewell.  —  Gertrade  :  A  Tale.    By  tbe 

Author  of  Jmy  Herbert,  Edited  bj  the  Ber. 
W.  Sswbll,  B.D.  New  Edition.  Fop. 
8to.  price  6s. 

Sewell.— Laneton  Parsonage :  A  Tale  for 

Children,  on  the  Practical  Use  of  a  porticn 
of  the  Church  Catechism.  By  the  Author 
of  Amif  Herbert,  Edited  by  the  Bev.  W. 
Sewsll,  B.D.  New  Edition.  8  rols.  fcp. 
8to.  price  16b. 

Sewell.  —  Margaret  PercivaL    By  tbe 

Author  of  Amy  Herbert,  Edited  by  the  Ber. 
W.  Sewsll,  B.D.  New  Ediüon.  2  toIs. 
fcp.  8to.  price  12s, 

By  the  tarne  Author^ 
CHeve  HalL   2  yoIs.  fop.  8vo.  prioe  12s. 

The  Ezperienoe  of  Life.    Hew  Edition.    Fep. 
8to.  price  Ts.  6d. 

Katharino  AihtoiL      Hew  Edition.     2  volt. 
fcp.  8vo.  price  12s. 

Baadinga  for  Every  Bay  in  Lent :   CompBad 

from  the  Writings  of  Biahop  Jebsxt 
Tatlob.    Fcp.  8vo.  price  5s. 

Beadingf  for  alfonfh  preparatory  to  Conflrma- 

tion  :  Compilcd  from  the  Works  of  Writers 
of  the  Early  and  of  the  English  Churoh. 
New  and  eheaper  Edition.     Fcp.  8to.  46. 
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Sir  Edward  Seaward's  Narrative  of  bis 

Shipwreck,  and  consequent  Discovery  of 
oertain  Islands  in  the  Caribbean  Sea. 
Third  Edition,  2  V03.  post  870.  2l8.— An 
Abbidgment,  in  16mo.  price  28. 6d. 

The  Sermon  in  the  Monnt.    Printed  by 

0.  Whittingham,  uniformly  with  the  Thumb 
Bible ;  bound  and  clasped.  64mo.  price 
Eighteenpence. 

Bowdler's  Family  Shakspeare :  In  which 

nothing  is  added  to  the  Original  Text ;  but 
those  words  and  expressions  are  omWed 
which  cannot  with  propriety  be  read  aloud. 
New  Edition,  in  Pocket  Yoluroes  ;  with  ;^6 
Woodcuts,  from  Designs  bj  Smirke,  Howard, 
and  other  Artist«.    6  vols.  fcp.  8vo.  30s. 

*ii*  A  LiBRABY  Edition,  with  the  same 
Illuatrations,  in  1  vol.  medium  Bto.  price  21s. 

Sharp's  New  British  Gazetteer,  or  Topo- 

graphical  Dictiouarj  of  the  British  Islands 
and  Narrow  Seas :  Comprising  ooncise  De- 
Bcriptions  of  about  Sixty  Thousand  Places, 
Seats,  Natural  Features,  and  Objects  of  Note, 
founded  on  the  best  Authorities  ;  füll  Par- 
ticulars  of  the  Boundaries,  Begistcred  Elec- 
tors,  &c.  of  the  Parliamentarj  Boroughs ; 
with  a  reference  under  everj  name  to  the 
Sheet  of  the  Ordnance  Survej,  as  far  as  com- 
pleted ;  and  an  Appendix,  containing  a 
General  Yicw  of  the  Eesouroes  of  the  United 
Kinfrdom,  a  Short  Chronology  and  an 
Abstract  of  Certain  Besults  of  the  last 
Census.    2  yols.  8to.  price  £2.  16s. 

Short  Whist;  its  Eise,  Progress,  and 

Laws :  With  Observations  to  make  anj  one  a 
Whist  Player.  Containing  also  the  Laws  öf 
Piquet,  Cassino,  Ecart^,  Cribbage»  Back- 
gammon.  By  Major  A.  New  Edition  ;  to 
which  are  added,  Precepts  for  Tyros,  by 
Mrs.  B.    Fcp.  8to.  Ss. 

Sinclair.  —  The  Joumey  of  Life.    By 

CATHBBnni  SnrcLAiB,  Author  of  The  Btui- 
nett  of  Life.     New  Edition,  corrected  and 
'  enlarged.    Fcp.  8to.  5s. 

Sir  Boger  De  Coverley.  From  The  Spec- 

tator.  With  Notes  and  Illustrations,  by 
W.  Henbt  W1LL8 ;  and  12  Wood  Engrav- 
ings  from  Designs  by  F.  Tayleb.  Second 
and  eheaper  Edition.  Crown  8to.  10s.  6d. ; 
or  21s.  in  morocco  by  Hayday. — An  Edition 
without  Woodcuts,  in  16mo.  price  Is. 

Smee*8  Elements  of  Electro-Metallnrgy. 

Third  Edition,  reyised,  corrected,  and  con- 
siderably  enlarged;  with  ElcQtrotypes  and 
numerouB  Woodcuts.  Post  8to.  price  10t.6d. 


Smith  (G.)  Sacred  Annais;  or,  Researches 

into  the  History  and  Religion  of  Mankind. 
By  Geobge  Smith,  F.A.S.  &c.  8  Tola. 
crown  8to.  price  £1.  148. ;  or  separately  as 
foUows : — 

ToL.  I — THE  PATRIARCHAL  ACE,  from  the  Cnatüm  to 
the  Death  of  Isaae.    Crown  6vo.  price  10s. 

Vol.  II.— THE  HEBREW  PEOPLE,  from  the  Origin  of  th« 
laraelite  Nation  to  the  Time  of  Chrui.  Crown  8vo.  in 
2  ParU.  pric«  128. 

ToL-IIL-THE   GENTILE   NATIONS-Eicyptiaaa.   Any. 
riana,Babyloniana,Uedea,  Peraiana,  Greeas,  and  Bomaaa 
Crown  8to.  in  2  Part«,  price  12«. 

A  Memoir  of  the  Rev.  Sydney  Smith. 

By  his  Daughter,  Lady  Holland.  With 
a  Selection  from  )iis  Letters,  edited  by 
Mbs.  Aübtin.  Fourth  Edition^  2  rols.  870. 
price  28s. 

The  Rev.  Sydney  Smith's  Miscellaneons 

Works  :  Induding  his  Contributions  to  The 
Edinburgh  Eeyiew.    Three  Editions  : — 

1.  A  Libbaby  Edition  (the  Fourth) ,  in 

3  Tols.  8to.  with  Portrait,  36s. 

2.  Complete  in  One  Volumb,  with  Por- 

trait and  Vignette.     Square  crown 
8vo.  price  21s.  cloth  ;  or  30s.  calf. 

3.  Another  New  Edition,  in  3  toIs.  fcp. 

8to.  price  21s. 

The  Rev.  Sydney  Smith's  Elementary 

Sketches  of  Moral  Philosophy,  delivered  at 
the  Koyal  Institution  in  the  Years  1804^ 
1805,  and  1806.  Third  and  eheaper  Edition. 
Fcp.  8to.  7s. 

Rohert   Soathey's   Complete    Poeücal 

Works ;  containine  all  the  Author's  last  In- 
troductions  and  Notes.  Complete  in  One 
Volume, with  Portraitand Vignette.  Medium 
8to.  price  21s.  cloth ;  42s.  bound  in  morocco. 
Or  in  10  vols.  fcp.  8vo.  with  Portrait  and 
19  Plates,  price  35b. 

Select  Works  of  the  British  Poets ;  from 

Chaucer  to  Lovelace  inclusive.  With 
Biographical  Sketches  by  the  late  Bobsbt 
SoüTHEY.    Medium  8to.  price  308. 

Soathey's  Correspondence. — Selections 

from  the  Letters  of  Robert  Southey,  &c. 
Ediied  by  his  Son-in-Law,  the  Rev.  JoHN 
Wood  Wabteb,  B.D.,  Vicar  of  West 
Tarring,  Sussex.  In  4  volumet.  Vols.  I. 
and  II.  post  8to.  price  21s. 

The  Life  and  Correipondence  of  the  late  Bobort 
Southey.  Edited  by  his  Son,  the  Rev. 
C.  O.  Southey,  M.A.,  Vicar  of  Ardleigh. 
With  Portraits,  and  Landscape  Illuatra* 
tioni.    6  TOI0.  poBt  8vo.  price  63a. 
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Sontbejr'B  The  Doctor  ftc.   Complete  in 

One  Yolome.  Edited  by  the  Ber.  J.  W. 
Wabtsb,  B.D.  With  Portrait,  Vignette, 
BuAt,  and  coloured  Flate.  New  Edition. 
Square  orown  8vo.  price  21b. 

Bonthey*!  Oommonplaee  Bookf.  €k>mpriimg— 
1.  Choice  Passages:  With  CoUections  for 
the  History  of  Manners  and  Literatare  in 
England;  2.  Special  CoUections  on  yarioiis 
Historical  and  Theological  Subjects ;  S.Ana- 
Ijtical  Beadings  in  yarious  branches  of 
Literature  ;  and  4.  Original  Memoranda, 
Literarj  and  Misceüaneous.  Edited  bj 
the  Eev.  J.  W.  Wabtbb,  B.D.  4  toIb. 
Square  crown  8to.  price  £3. 18s. 

Each  CbmmioHpUu«  Bookf  eompUto  n.  iXult,  vulj  b«  had  »epa- 
rktelj  M  foilowt  :— 

Fl  MT  Ssmi  BS— CHOICE  PASSAGES,  Ae.    18«. 
BicoMD  SBRin— SPECIAL  COLLECTIONS.    18«. 
Thikd  Smibb-ANALTTICAL  BEADINGS.    als. 
FocKTH  Sbux»-ORIOINAL  MEMORANDA,  ftc    Hb. 

Soatheys  Life  of  Wesley ;  and  Eise  and 

Progress  of  Methodism.  New  Edition,  with 
Notes  and  Additions.  Edited  bj  the  Bev. 
C.  C.  SoüTHEY,  M.A.  2  Tols.  8to.  with 
2  Portraits,  price  28s. 

Spencer.— The  Principles  of  Psychology. 

By  HsBBEBT  Spexosb,  Author  of  Social 
Stalici,     8to.  16s. 

Stephen.— Lectnres  on  the  History  of 

France.  By  the  Bight  Hon.  Sir  Jahss 
Stephen,  E.C.B.  LL.D.  Professor  of  Modem 
History  in  the  UniTcrsity  of  Cambridge. 
Second  Edition.    2  toIs.  8to.  price  248. 

Stephen.— Essasrs  in  Ecciesiastical  Bio- 

graphy  ;  from  The  Edinburgh  Beview.  By 
the  Bight  Hon.  Sir  James  Stephen,  E.C.B. 
LL.D.    Third  Edition.    2  Tob.  870.  24s. 

Stonehenge.— The  Greyhonnd:  Being  a 

Treatise  on  the  Art  of  Breeding,  Bearing, 
and  Training  Grejhounds  for  Public  Bun- 
ning ;  their  Diseases  and  Treatment :  Con- 
taining  also,  Bules  for  the  Management  of 
Coursing  Meetings,  and  for  the  Decision  of 
Courses.  By  Stonshsnoe.  With  numerous 
Portraits  of  Greyhounds,  &c.  engrayed  on 
Wood,  and  a  Frontispiece  engraved  on 
Steel.    Square  crown  8to.  price  21b. 

Stov7.— The  Training  System,  the  Moral 

Training  School,  and  the  Normal  Seminary 
for  preparing  School- Trainers  and  Go> 
Temesses.  By  David  Stow,  Esq.,  Honorary 
Secretary  to  the  Glasgow  Normal  Free 
Seminary.  Tenth  Edition ;  with  Plates  and 
Woodcuts.    Post  8yo.  price  6b. 


Strachey.— Hehrew  Politics  in  the  Times 

ofSargonandSennacherib:  An  Inquiry  into 
the  Historioal  Meaning  and  Purpose  of  the 
Prophecies  of  Isaiah,  with  some  Notice  of 
their  bearings  on  the  Social  and  Politioal 
Life  of  England.  By  Edwabd  Stbaohet, 
Esq.     Ckeaper  haue,    8vo.  price  8s.  6d. 

%*  This  Tolume  attemptR  to  investiffate  eriHeallw, 
the  qoestions  of  the  autbonhip  of  the  Book  of  iMdah, 
a»d  its  writer*«  me«uinK :  hutoricaUy,  the  Jewiah, 
and  non^ewish,  rocords,  iududinK  aU  the  yet  decijohend 
Cttneiform  InacriptionH.  of  the  period :  po/«Mco«jr,  the 
Constitution  and  conditiun  of  the  Jewish  Kiugdom,  and 
the  worklne  of  the  former  at  hoine  by  statesmanah^  and 
popolar  optnion,  and  abroad  by  wani.  allianoea,  and 
commerce:  and  reiMoialp.  the  leitsona  which  (apfdi- 
cable  to  all  mankind)  wero  dcduccd  fl*om  the  eventa  of 
their  own  timea  by  the  prophetn,  whose  offloe  ia  iilua- 
trated  by  it«  analoges  with  that  of  the  Greek  and  Roman 
orators,  and  the  modern  «peakerB,  preachers,  and  wrlten. 
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The  prodnction  of  a  man  of  leaminfr  and  inde- 

pendent  tbtnkinf^ The  historian,  the  politician, 

and  the  divine  may  read  it  with  advanta^^e." 

British  Quabterly  Rbtibw. 

By  ike  tarne  Author^ 

Mirades  and  Seienoe.     Poit  8yo.  prioe  (hie 

ShiUing. 

Tagart— Locke's  Writings  and  Philo- 

sophy  Historically  considered,and  yindioated 
from  the  charge  of  contributing  to  the 
scepticism  of  Hume.  By  Edwabd  Tagabt, 
F.S.A.,  F.L.S.    8to.  12s.  6d. 

Täte— On  the  Strength  of  Materials; 

Containing  yarious  original  and  useful  For- 
mul»,  specially  applied  to  Tubulär  Bridges, 
Wrought  Iron  and  Gast  Iron  Beams,  &o. 
By  Thokas  Tatx,  F.B.A.S.    8to.  5s.  6d. 

Tayler.—Christian  Aspects  of  Faith  and 

Duty :  Twenty  Discourses.  By  John 
Jähes  Taylbb,  B.A.  Second  Edition. 
Post  8^0.  price  7s.  6d. 

Taylor.— Loyola :  And  Jesniüsm  in  its 

Budiments.  By  IsAiC  Taylos.  Post  8to. 
with  Medallion,  price  10s.  6d. 

Taylor.— Wesley  and  Methodism.    By 

IsAiO  Taylob.  Post  Svo.  with  a  Portrait^ 
price  10s.  6d. 

Tegoborski.— Commentaries  on  the  Fro- 

ductiye  Forces  of  Bussia.  By  L.  Ds 
Teoobobsxi,  Friyy-Councülor  and  Member 
of  the  Imperial  Council  of  Bussia.  YoL  I. 
8yo.  14s. 

ThirlwalL-The  History  of  Greece.   By 

the  Bight  Bey.  the  Lobd  Bishof  of  St. 
David's  (the  Bey.  Connop  Thirlwall).  An 
improyed  Library  Edition ;  with  Maps.  8 
yofc.  8yo.  price  £^, 

*«*  Also,  an  Edition  in  8  yols.  fcp.  8yo. 
with  Vignette  Titlet,  prioe  28b. 
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Thomson  (the  Rey.  W.)— The  Atoning 

Work  of  Chriat,  reviewed  in  relation  to  some 
current  Theorie« ;  in  Eight  Bampton  Lee- 
tures,  with  numerous  Notes.  By  the  Bev. 
W.  THOMBoy,  M.A.,  Provost  of  Queen's 
College,  Oxford.    870.  8s. 

Thomion.— An  Outline  of  the  Lawi  of  Thonght : 
Being  aTreatise  on  Pure  and  Applied  Logic. 
B7  the  Rev.  W.  Thomson,  M.A.  Third 
Edition,  enlarged.    Fcp.  8vo.  price  78. 6d. 

Thomson's  Tables  of  Interest,  at  Three, 

Four,  Four-and-a-Half,  and  Five  per  Cent., 
from  One  Found  to  Ten  Thousand,  and  from 
1  to  865  DajB,  in  a  regulär  progression  of 
Single  Dajs ;  with  Interest  at  all  the  abo?e 
Rates,  from  One  to  Twelve  Months,  and 
from  One  to  Ten  Years.  Also,  numerous 
other  Tables  of  Exchanges,  Time,  and  Dis- 
counts.   New  Edition.     12mo.  price  8s. 

Thomson'B  Seasons.   Edited  by  Bolton 

CoRNST,  Esq.  lUustrated  with  77  fine 
Wood  £ngra?ings  from  Designs  hj  Mem- 
bers  of  the  Etohing  Club.  Square  crown  8ro. 
2l8.  oloth  j  or,  86s.  bound  in  morocco. 

Thombnry.— Shakspeare's  England ;  or, 

a  Sketch  of  our  Social  History  during  the 
Beign  of  Ehzabeth.  Bj  ö.  W.  Tuobnbubt, 
Esq.,  Author  of  HUtor^  of  the  BuecaneerSf 
&c.    2  Tols.  crown  8ro.  [Just  reaihf, 

The  Thomb  Bible ;  or,  Verbom  Sempi- 

temum.  Bjr  J.  Taylos.  Being  an  Epi- 
tome  of  the  Old  and  New  Testaments  in 
English  Yerse.  Beprinted  from  the  Edition 
of  1693 }  bound  andclasped.    64mo.  Is.  6d. 

Tooke.— History  of  Prices   and  of  the 

State  of  the  Circulation,  from  1847  to  the 
olose  of  1855.  Bj  Thomas  Tooks,  F.B.S. 
With  Contributions  bj  William  Nkw- 
XABOH.  Beins;  the  Fiflh  and  concluding 
Volume  of  Tooxe's  ÜUtoty  ofFriees,  with  an 
Index  to  the  whole  work.    8vo. 

Sharon  Tnmer's  Sacred  History  of  the 

World,  attempted  to  be  Philosophicallj 
considered,  in  a  Series  of  Letters  to  a  Son. 
New  Edition,  edited  by  the  Bev.  S.  TüBVsa. 
8  Tols.  post  8yo.  price  31b.  6d. 

Sharon  Tomer's  History  of  England 

during  the  Middle  Ages:  Comprising  the 
Bdigns  from  the  Norman  Conquest  to  the 
Aooession  of  Henry  VIII.  Fifth  Edition, 
reyised  bj  the  Bey.  S.  TüSNSS.  4  toIb. 
8to.  prioe  508. 

Sharon  Tomer's  History  of  the  Anglo- 

Saxons,  from  the  Earliest  Poriod  to  the 
Norman  Conquest.  Serenth  Edition,  rcrised 
by  the  BeV.  8.  TirsKSB.    8  toIb.  Sto.  86a. 


Townsend.— Modem  State  Trialsrevised 

and  illustrated  with  Essays  and  Notes.  By 
W.  C.  T0WN8END,  Esq.  M.A.  Q.C.  2  toIb. 
8to.  price  SOs. 

TroUope.— The  Warden.    By  Anthony 

Tbollope.    Post  8vo.  lOs.  6d. 

Dr.  Tnrton's  Manual  of  the  Land  and 

Fresh-water  Shells  of  the  British  Islands. 
A  New  Edition,  with  cousiderable  Additions 
by  John  Edward  Gray  :  With  Woodcut«, 
and  12  coloured  Plates.    Post  8to.  price  ISs. 

Tnson.— The  British  Consol's  Manual : 

Being  a  Practical  Guide  for  Consuls,  as  well 
as  for  the  Merchant,  Shipowncr,  and  Master 
Mariner,  in  all  thcir  Consular  Transad  ions ; 
aud  containing  the  Commercial  Treaties 
beti*een  Great  Britain  and  Foreign  Coun- 
tries,  brought  down  to  the  present  date.  By 
E.  W.  A.  Trsopr,  of  the  Inner  Temple; 
Chancellor  of  the  Imperial  Austrian  Con> 
sulate-Gcneral  in  London.     Sro.  price  ISs. 

Twining.— Types  and  Figures  of  the 

Biblc,  lUustrated  by  the' Art  of  the  Early 
and  Middle  Agos.  By  Miss  Loüiba 
TwiNiNG.  With  64  Plates,  comprising  207 
Figuros.     Post  4to.  21s. 

Dr.  üre's  Dictionary  of  Arts,  Mannfac- 

tures,  and  Minee :  Containing  a  clear  Expo- 
sition of  their  Prinoiples  and  Practioe. 
Fourth  Edition,  much  enlarged  ;  most  of 
the  Articles  being  entirely  re-written,  and 
many  new  Articles  added.  With  nearly 
1,600  Woodcuts.    2  vob.  8vo.  price  60s. 

Vehse.— Memoirs  of  the  Court,  Aristo- 

cracy,  and  Diplomacy  of  Austria.  By  Dr.  E. 
YsBSB.  Translated  from  the  Gkrman  by 
Frakz  Dehhlsr.  2  Tols.  post  8yo.  [Just ready, 

Waterton.— Essays  on  Natural  History, 

chiefly  Omithology.  By  C.  Waterton,  Esq. 
With  an  Autobiography  of  the  Author,  and 
Views  of  Walton  Hall.  New  and  cheapor 
Edition.    2  vols.  fcp.  8to.  price  lOs. 

Wehster  and  Parkes's  Encyclopffidia  of 

Domesiic  Economy ;  Comprising  such  sub- 
jects  as  are  most  immediately  connected  with 
Housekeeping :  As,  The  Construction  of 
Domestic  £difices,with  the  modesofWarm- 
ing,  Yentilating,  and  Lighting  them — A  de- 
scription  of  the  various  articles  of  Fumiture, 
with  the  nature  of  their  Materials — Duties  of 
Serrants,  &c.  New  Edition ;  with  nearly 
1,000  Woodcuts.    8to.  price  50s. 

Weld.— A  Vacation  Tour  in  the  United 

States  and  C^ada.  By  C.  B.  Wsld,  Barria- 
terat-Law.    Post  8vo.  with  Map,  10s.  6d. 
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THE  TMYELLER'S  LIBRARY, 

To  be  completed  in  FIFTT  VOLÜBfES,  price  HALF-a-CROWM  each. 

Lisi  qf  48  YoLüMBS  alreadjf  publUhed. 
Vol.  1.    Mr.  BfACAULAY's  ESSAYS  on  WARREN  HASTINGS  «nd  LORD  CLIVB   ,,.,%/% 
3. ESSAYS  on  PITT  «nd  CHATHAM,  RANKE  and  GLADSTONB  ....  S/tt 

5.  LAINO'8  RESIDENCE  in  NüRWAY    »/» 

4.    IDA  PFEIFFER'!  LADY's  V0YA6B  ROUND  the  WORLD S/tt 

6.  ROTH EN,  or  TR ACES  of  TRAVEL  from  the  E AST S/« 

6.  HUCs  TRAVELS  in  TARTARY,  THIBET,  «nd  CHINA   1/» 

7.  THOMAS  HOLCROFT's  MEMOIRS 3/6 

8.  WERNR'8  AFRICAN  WANDERINGS »/» 

9.  MRS.  JAMESON*!  SKETCHES  in  CANADA   >/« 

10.  Mr.  MACAULAY's  ESSAYS  on  ADDISON,  WALPOLE,  and  LORD  BACON....  2/t 

11.  JERRMANN'i  PICTURES  from  ST.  PETERSBURG   3/6 

la.    THE  REV.  G.  R.  GLE1G*8  LEIPSIC  CAMPAIGN  3/« 

18.    HUGHES'8  AUSTRALIAN  COLONIES 3/6 

14.    SIR  EDWARD  SEAWARD*8  SHIPWRECK 3/6 

16.    ALEXANDRE  DUMAS'  MEMOIRS  of  •  MAITRE  D*ARMES S/6 

16.  OUR  COAL  FIELDS  and  OUR  COAL  PITS 3/6 

17.  M'CULLOCH'8  LONDON;  and  GIRONIERE»8  PHILIPPINES  3/6 

18.  SIR  ROGER  DE  COVERLEY;  and  SOUTHEY's  LOVE  STORY  3/6 

(LORD   CARLISLE'i   LECTURES    and    ADDRESSES;     and\ 

'••|jEFFREY'8  ESSAYS  on  SWIFT  and  RICHARDSON j     ' 

90.  HOPE»8  BIBLE  in  BRITTANY,  and  CHASE  in  BRITTA NY 3/6 

31.  THE  ELECTRIC  TELEGRAPH;  and  NATURAL  HISTORYofCREATION  ..  3/6 
33.  MEMOIRof  the  DUKE  of  WELLINGTON;  LIFE  of  MARSHAL  TURENNE..  3/6 
38.  TURKEY and  CHRISTENDOM;  &  RANKE's  FERDINAND  and  MAXIMILIAN,  3/6 

(  BARROW'i  CONTINENTAL  TOUR ;  and                                    1 
^- \  FERGUSON»!  SWISS  MEN  and  SWISS  MOUNTAINS J  ^ 

fSüUVBSTRE'8  ATTIC    PHILOSOPH  ER  in  PARIS,  and'» 
^•|  WORKING  MAN'SCONFESSIONS....  j"  *^ 

f  Mr.  MACAULAY'8  ESSAYS  on  LORD  BYRON  and  the  COMIC  DRAMATISTS ; "» 
^'\  and  bis  SPEECHES  on  PARLIAMENTARY  REFORM  (1831-82) J  ^ 

rSHIRLEY   BROOKS'8   RUSSIANS  of  the  SOUTH;  and  1 
*^|dR.  KEMP's  INDICATIONS  of  INSTINCT J '^* 

38.  LANMAN's  ADVENTURES  in  the  WILDS  of  NORTH  AMERICA  3/6 

39.  RUSSIA.    By  the  MARQUIS  DE  CUSTI NE  S/6 

80.    SELECnONS  from  the  Rev.  SYDNEY  SMITH'S  WRITINGS,  Vol.  1 3/6 

(  BODENSTEDT  and  WAGNER'S  SCHAMYL;   and|^ 
'*\M*CULL0CH'S  RUSSIA  and  TURKEY  )    *^* 

32.  LAING'S  NOTES  ofa  TRAVELLER,  First  Seriet 3/6 

83.  DURRIEU'S  MOROCCO;  and  an  ESSAY  onMORMONISM 3/6 

84.  RAMBLES  in  ICELAND,  by  PLINY  MILES 3/6 

85.  SKLECTIONS  from  the  Rcv.  SYDNEY  SMITH'S  WRITINGS,  Vol.  11 3/6 

jHAYWARD'8  ESSAYS  on  CHESTERFIELD  and  SELWYN ;   an^)  ^^ 

JMISS  MAYNE'S  ARCTIC  VOYAGES  and  DISCOVERIES   J    ' 

87.  CORNWALL:  its  MINES,  MINERS,  and  SCENKRY 3/6 

88.  DE  FOR  and  CHURCHILL.    By  JOHN  FÖRSTER,  Esq 3/6 

89.  OREGOROVIUS'S  CORSICA,  translated  by  RUSSELL  MARTINEAU,  M.A...  8/6 
Q  r  FRANCIS  ARAGO'S  AUTOBIOGRAPHY,  translated  by  the  Rev.  B.  POWELlI  ^ 

1  STARK'S  PRINTING:  lU  ANTECEDENTS,  ORIGIN,  and  RESULTS J  ' 

41.    MASON^S  LIFE  with  the  ZULUS  ofNATAL,  SOUTH  AFRICA 2/6 

43.  FORESTER'S  RAMBLES  in  NORWAY    ?/6 

f  BAINES'S  VISIT  to  the  VAUDOIS  of  PIEDMONT \ 

^''tsPENCER'S  RAILWAY  MORALS  and  RAILWAY  POLICY..  |    *'* 

44.  HUTCHINSON»!  NIGER,  TSHADDA,  and  BINUE  EXPLORATION  2/6 

45.  WILBERFORCE»8  BRAZIL  and  the  SLAVE-TRADE  2/6 

f  Mr.  MACAULAY»!  ESSAYS  on  FREDERIC  the  GREAT  and  \ 

*^'  \  H ALLAM»!  CONSTITUTIONAL  HI8TORY  . . .  )     *''* 

47.    VON  TSCHUDFs  SKETCHES  of  NATURE  in  the  ALPS 2/6 

{Mr.  MACAULAY»!  ESSAY  on  CROKER»!  EDITION  of  BOSWELL»!  LIFB  of  \ 
JOHNSON:  With  MRS.  PIOZZI»!  ANECDOTBS  of  DR.  JOHNSON..  J   *^* 
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NEW  WOBES  PVBLISHXD  BT  I/yNQUÄS  ajxd  CO. 


West.  —  Lectores  on  fhe  Diseases  of 

InfanoT and Childhood.  ByChablss Webt, 
^  M.D.,  Physician  to  the  Hospital  for  Siok 
Children;  Phjsician-Accoucheur  to,  and 
Lecturer  on  Midwifery  at,  St.  Bartholomew*B 
Hospital.    Third  Edition.    8?o.  146. 

Wheeler  (H.  M.)~A  Populär  Harmony 

of  the  Bible,Historicallj  and  Chronologicallj 
arranged.  By  Henby  M.  Wheeles,  Author 
of  Hebrew  for  AdulU^  &c.    Fcp.  8vo.  5b. 

Wheeler  (J.T)— The  Life  and  Travels  of 

Herodotus  in  the  Fiith  Century  before 
Christ :  An  imaginary  Bio^phy,  founded 
on  fact>  illustratiTex)f  the  History,  Manners, 
Beligion,  Literature,  Arts,  and  Social  Con- 
dition  of  the  Greeks,  Egyptians,  Persians, 
Babylonians,  Hebrews,  Scythians,  and  other 
Ancient  Nations,  in  the  Days  of  Pericles 
and  Nehemiah.  By  J.  Talboys  Wheelbb, 
F.B.G.S.    2  Tols.  post  8vo.  with  Map,  2l8. 

Wheeler.— The  Oeography  of  Eerodotni  De- 
Teloped,  Explained,  and  lUustrated  from 
Mooem  Besearches  and  Discoveries.  By 
J.  Talboys  Wheelbb,  F.R.G.S.  With 
Maps  and  Plans.    8to.  price  ISs. 

Whitelocke's  Jonmal  of  the  English 

Embassy  to  the  Court  of  Sweden  in  the 
Years  1653  and  1654.  A  New  Edition, 
revised  by  Henby  Beste,  Esq.,  F.S.A. 
2  Tols.  8to.  24s. 

Whittingha]n.~Notes  on  the  late  Ex- 
pedition against  the  Bussian  Settlements  in 
Eastem  Siberia ;  and  of  a  Visit  to  Japan 
and  to  the  Shores  of  Tartary  and  of  the  Sea 
of  Olthotsk.  By  Captain  Berxabd  Whit- 
.  TivaHAM,  Boyal  Enginecrs.  Post  8vo.  with 
Chart,  price  lOs.  6d. 

¥nilich's  Popnlar  Tables  for  ascertaining 

the  Yalue  of  Lifehold,  Leasehold,  and  Church 
Property,  Benewal  Eines,  &c.  Third  EdUioftt 
with  additional  Tables  of  Natural  or  Hyper- 
bolic  Logarithms,  Trigonometry,  Astronomy, 
Geography,  &c.  Post  870.  price  Qs.  — 
SüFPLEMENT,  price  Is. 

Lady  Willonghby's  Diary  (1635  to  1663). 

Printed,  omamented,  and  bound  in  the  style 
of  the  period  to  wliich  The  Diary  refers. 
New  Edition  ;  in  Two  Parts.  Square  fcp. 
8to.  price  Ss.  each,  boards ;  or,  bound  m 
morocco,  ISs.  each. 

Wilmot's  Abridgment  of  Blackstone's 

Commentarics  on  the  Laws  of  England,  in- 
tended  for  the  use  of  Young  Persons,  and 
comprised  in  a  series  of  Letters  from  a  Father 
to  his  Daughtcr.  A  New  Edition,  corrcct«d 
and  brought  down  to  the  Present  Day,  by 
Sir  John  E.  Eabdley  Wilmot,  Bart. 
12mo.  price  6s.  6d. 


Wilson.  —  Bryologia  Britannica:  Gen- 

taining  the  Mosses  of  Great  Britain  and 
Ireland  systematically  arranged  and  described 
according  to  the  Method  of  Bruch  and 
Schimper ;  with  61  illustrative  Plates,  in- 
cluding  25  new  ones  engraved  for  the  present 
work.  Being  a  new  Edition,  with  many 
Additions  and  Alterations,  of  the  Mmeologui 
Britannica  of  Mesars.  Hooker  and  Taylor. 
By  William  Wilson,  President  of  the 
Warrington  Natural  History  Society.  8to. 
42s. ;  or,  with  the  Plates  coloured,  £4. 46. 

Woods.— The  Fast  Campaign :  A  Sketch 

of  the  War  in  the  East,  from  the  Departure 
of  Lord  Baglan  to  the  Fall  of  Sebastopol. 
By  N.  A.  Woods,  late  Special  Correspon- 
dent  to  the  Morning  Herald  at  the  Seat  of 
War.     2  Tols.  post  8ro.  price  21s. 

Tonge.— A  New  English-Greek  Lezicon : 

Containing  all  the  Greek  Words  used  by 
Writers  of  good  authority.  By  0.  D. 
YoKOE,  B.A.  Second  Edition^  rerised  and 
corrected.    Post  4to.  price  21s. 

Tonge's  New  Latin  Gradns :  Containing 

every  Word  used  by  the  Poets  of  good 
authority.  By  Authority  and  for  the  Use 
of  Eton,  Westminster,  Winchester,  Harrow, 
Charterhouse,  and  Bugby  Schools ;  King's 
College,  London ;  and  Marlborough  College. 
Third  Edition,  Post  8vo.  9s. — Appendix 
of  Epithets  classified  according  to  their 
English  Meaning,  price  8s.  6d. 

Yonatt.— The  Horse.  By  William  Yonatt. 

With  a  Treatise  of  Draught.  New  Edition, 
with  numerous  Wood  Engrarings,  from 
Designs  by  William  Harrey.  (Messrs. 
LoNOMAN  and  Co.'s  Edition  should  be  or- 
dered.)    8vo.  price  10s. 

Yonatt.— The  Dog.   By  William  Yonatt 

A  New  Edition ;  with  numerous  Engravings, 
from  Designs  by  W.  Harvey.      8to.  6s. 

Yonng.—The  Mystery  of  Time ;  or,  the 

All  in  All :  A  Search  for  Light  and  Bight. 
By  the  Bev.  John  Youno,  LL.D.,  formerly 
of  Albion  Chapel,  Moorfields.    Post  Svo. 

[Just  ready, 

Yonng.—The  Christ  of  History:    An 

Argument  grounded  in  the  Facts  of  His 
Life  on  Earth.  By  the  Bev.  John  YouNa, 
LL.D.,  formerly  of  Albion  Chapel,  Moorfields. 
Post  8vo.  7s.  6d. 

Znmpt's  Grajnmar  of  the  Latin  Lan- 

guage.  Translatcd  and  adapted  for  the 
use  of  EngHsh  Students  by  Dr.  L.  Schhitz, 
F.B.S.E.  :  With  numerous  Additions  and 
Corrections  by  the  Author  and  Translator. 
4th  Edition,  thoroughly  rcTised.     8vo.  14(i. 

{March  1866. 
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